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Radically elementary analysis of an interacting
particle system at an unstable equilibrium

HEINZ WEISSHAUPT!

Abstract: We investigate an interacting particle system consisting of two types of
particles located at a finite point-lattice. The particles randomly change their type
and neighboring particles randomly interchange positions. The system seems to
remain at equilibrium for a substantial amount of time until it suddenly, at a critical
time 7', leaves equilibrium along what seems to be a deterministic trajectory. The
analysis reveals, however, that the trajectories are determined randomly, but only
by the systems behavior at very early times, much prior to 7. In the nonstandard
model used, the system randomly ‘chooses’ the trajectory in an infinitesimal interval
[0, ], € = 0, but this choice only becomes visible in the interval [T — &, T]. The
underlying reason for this behavior is revealed by a decomposition of the systems
trajectories with respect to an eigenbasis (g )recxc of the discrete Laplace operator
A . Tt shows that after an initial random period the system’s dynamics behaves,
coordinate-wise, like t > et =Dqy, (W), where X is unlimited (‘infinitely
large’), pgr = Agr and vi(w) denotes a random quantity. The hyperfinite result
obtained is translated into a standard limit theorem.
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1 Introduction

Interacting particle systems have been a prospering field of mathematical studies in a
standard setting (Griffeath [11] and Liggett [15]) as well as a nonstandard one (Helms
and Loeb [12], and Albeverio, Fenstad, Hgegh-Krohn and Lindstrgm [1, Chapter 7]),
the most prominent being the Ising model.
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2 Heinz Weisshaupt

The model under consideration is presented within a nonstandard setting. It shares with
the Ising model the property of being a Markovian lattice model and that there exist two
states for each particle, or equivalently that there are two particle types, or particles and
holes. It differs, however, in that a large number of particles occupies one position at a
time. In this regard, it possesses similarities with discrete-time zero-range processes (in
the sense of Evans and Hanney [10]) or reaction diffusion processes (in the sense of
Chen [7, Section 13.2]).

The system’s dynamics is at first defined only if particles of both types are present at
any position.

We investigate the evolution starting in the unique unstable equilibrium of a correspond-
ing deterministic system (briefly discussed in Remark 5.5). We are only interested
in the way the system leaves this equilibrium. This can equally well be investigated
within any extension of the original system. Thus we extend the system’s dynamics
in a mathematically appropriate way to arbitrary (negative, real valued) quantities of
particles. For the sake of simplicity, we describe the extended dynamics by the deviation
of the pointwise particle concentration from the equilibrium.

The system’s evolution can be divided into three periods. The first and the third period
are very short compared to the second one. During the first and second period the
system stays infinitesimally close to the unstable equilibrium, and during the third
period it drives with high velocity away from this initial state.

In the first period the system’s evolution is particularly governed by stochasticity. In the
second and third one each path of the system stays infinitesimally close to a deterministic
trajectory.” Thus the system’s behavior in periods two and three is approximately
described by a probability distribution on a family of deterministic trajectories. The
effect of stochasticity in periods two and three, therefore, originates approximately
from a random choice of a deterministic trajectory made during period one, while the
additional influence of randomness during periods two and three is rather negligible.

To obtain an intuition for the system’s behavior, suppose that we are unable to recognize
infinitesimal differences. Then the system seems to stay in equilibrium during periods
one and two. In period three we observe that the system drives away from the unstable
equilibrium along a randomly chosen, but deterministic trajectory. We know, however,
that the system has already come to the random decision for this particular trajectory
during period one.

We use the terms trajectory and path in the sense of time-indexed families of
states/configurations, i.e., trajectories and path are functions from time into the state space of
our dynamical system.
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Radically elementary analysis of a particle system 3

The deterministic trajectories associated with the system are solutions of a linear
system of first order infinitesimal difference equations y;;s; = Ly;, where the linear
transformation L is diagonalizable with respect to an eigenbasis of the discrete Laplace
operator. Stochastically the system shows a Gaussian behavior: Projections of the
system’s random-state onto orthogonal eigenvectors of the Laplacian are approximately
independent, approximately normally distributed random variables. The variances of
these variables increase geometrically with time. The velocity of the increase depends
on the corresponding eigenvalues of the Laplacian. This leads to a preference of low
frequencies and represents a certain degree of coherence induced by stochasticity,
although the term ‘stochastic coherence’ seems usually to be associated only with
nonlinear systems (e.g. Sagues, Sancho and Garcia-Ojalvo [23]).

We are interested in the system’s behavior for large numbers of particles. This is
within standard mathematics expressed by limit theorems. Largeness can however
be directly expressed within a nonstandard framework. In such a setting hyperfinite
collections are large compared to standard finite ones. It is further possible to obtain
from results concerning the hyperfinite situation corresponding limit results in standard
mathematical terms. In this way Lindeberg type limit theorems have been proved
in Weisshaupt [28]. Following this idea we characterize the system’s dynamics for
hyperfinite particle-collections first (Theorem 6.5), and apply afterward transfer and the
permanence principle to obtain a corresponding standard limit result (Theorem 7.9).
The article follows Nelson’s axiomatic approach IST [18] to nonstandard analysis. It is
radically elementary in the sense that it is based on (hyper)-finite probability spaces and
the IST-axioms of idealization and transfer, while the IST-axiom of standardization is
not used in the whole article. Only in the formulation of Corollary 7.11 do we make
use of uncountable probability spaces, since the standard limit object involved can not
be defined on a finite probability space. For this reason we also included appendix B
that connects our internal concepts to standard measure theoretic ones. Note however,
that appendix B is still radically elementary in the sense that it only uses idealization
and transfer to establish this connection.

2 Organization of the Article

In Section 3 we describe the basic dynamics of the interacting particle system and
indicate how this dynamics relates to the extended dynamics defined in Section 5. We
further outline the main result and discuss the outline in some detail. We briefly indicate
how our simple interacting particle systems may relate to more complex systems in
chemical reaction kinetics. Finally we discuss the main proof-steps.
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4 Heinz Weisshaupt

Section 4 introduces some fundamental notions and results in nonstandard analysis
like infinitesimals, uniform S-continuity, near intervals and the symbol ©. We further
introduce the discrete Laplace operator and its eigenbasis, which becomes in Section
5 the fundamental tool for the investigation of the extended dynamics. Finally the
concepts of conditional probability, partially defined random variable, stochastic process
and approximately normally distributed variable are introduced.

In Section 5 we introduce the extended model in a mathematically self contained way
not relying on Section 3, however without the motivation and explanation already given
before. The main purpose of Section 5 is to obtain a description of the extended dynamics
in coordinates with respect to the eigenbasis of the discrete Laplacian introduced in
Section 4.

In Section 6 we prove the main results of this article in their internal form (Theorem 6.5
and Theorem 6.9). Both theorems describe the coordinate-wise deviation (with respect
to the eigenbasis of the discrete Laplace operator) of the system from deterministic
trajectories. While Theorem 6.5 deals with the case of a small (standard finite) number
of available particle-positions, the Theorem 6.9 is concerned with the hyperfinite case.
The proof of Theorem 6.5 is based on Theorem A.7, the description of the system’s
dynamics obtained in Section 5 and the Doob inequality (stated as Proposition C.3).
Theorem 6.9 is a consequence of Theorem 6.5 and the axion of idealization.

Section 7 finally turns Theorem 6.5 into the standard limit Theorem 7.9. For this purpose
the mathematical objects in the preceding sections have to be replaced by standard
sequences. The relations fulfilled by the nonstandard elements of these sequences
coincide with the relations fulfilled by the objects of the preceding sections. To obtain
standard limit theorems we translate these relations into assertions concerning the
limits of these sequences. It turns out that this is possible without the use of the
standardization-axiom.

Appendix A is concerned with the internal central limit theorems A.5 and A.7. Under
the hypotheses of these theorems the concatenation of a group homomorphism into
the real numbers with the final state of certain Markov chains (on abelian groups) is
approximately normally distributed. The proof of Theorem A.5 exploits the relationship
between infinitesimal diffusion processes and the diffusion equation in analogy with
Weisshaupt [28], while Theorem A.7 is just a modification of Theorem A.5 obtained by
a time transform. We regard these theorems—as well as their proofs—as interesting in
their own right.

Appendix B relates our external concept of an ‘approximately N(0, id) distributed
random variable’ (Definition 4.22) via the Cramer-Wold device to the standard concept
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Radically elementary analysis of a particle system 5

of ‘convergence toward a N(0, id) distributed random variable’, while Appendix C
collects miscellaneous results.

The article is largely self-contained. It only makes use of some very elementary results
from nonstandard analysis (Remark 4.3), elementary facts concerning discrete Fourier
analysis and the discrete Laplacian (also collected in Section 4), the well-known Doob
inequality (displayed for the readers convenience at the end of Appendix C) and a
consequence (Proposition B.4) of the Cramér-Wold device. We do not make use of
other auxiliary results. We especially state and prove in Appendix A a central limit
theorem along the lines of [28] that is fundamental for the proof of our main results.
Note however that it would have been possible to apply the martingale central limit
theorem (Bhattacharya and Majumdar [4, Section 5.4, Proposition 4.1]) to prove our
main results instead.

3 Description of the basic dynamics

The particle systems under consideration consist of a constant finite number N of
particles described by their position and their type. At a given time-point ¢ a particle
possesses a position x in the finite point lattice H := hZ/7Z with 1/h € N and is either
of type A or of type B.

We suppose for arbitrary x € H that the number of particles located at x is independent
of time and equals hN € N. We further assume that particles of the same type are only
distinguished by their position, but are otherwise indistinguishable. Thus at any time
t the system is completely described by the spatial distribution of type-A or type-B
particles.

Using a nonstandard framework it is convenient to model time by near intervals [0 ... T ],
i.e., hyperfinite—and thus discrete—subsets of [0, T'] introduced in Definition 4.4, and

to denote small time steps corresponding to the spacings of points in near intervals by
ot.

In a small piece of time ¢, one particle may change its type and two neighboring
particles may interchange their position. Which particles interchange and if there is
any interchange at all is a uniformly distributed pure random event independent of the
particle-configuration. The probability that a particular particle at position X changes its
type also depends on the configuration, at position x. The influence of randomness on
the system is expressed by random elements w in some hyperfinite space 2.
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6 Heinz Weisshaupt

We describe the random evolution of our particle system by consecutive reaction and
diffusion steps. We suppose that the reaction steps take place in the time intervals
(t,t + 0t/2] while the diffusion steps follow in (¢ 4 d¢/2, ¢ + 0¢], with the time-points
t being elements of the discrete set [0...7]. Instead of ¢ + 6¢/2 we write tT.Ina
reaction step a particle may change its type, while in a diffusion step two particles may
interchange. It is sufficient to describe the interchange of particles of different types in
the diffusion step, since we are unable to observe the interchange of particles of the
same type.

Let Ny (w) € {0,...,hN }* denote the number of type-A particles at time 7 under the
random influence w at different positions x € H before the reaction step. Let further
Ny +(w) € {0,..., AN} denote the number of type-A particles at time /™ under
the random influence w at different positions x € H before the diffusion step. The
evolution of the system can be described by the functions 7 — N4, and ¢ +— Ny ;+, with
t € [0...T]. We note that the evolution of the system can equivalently be described
by the number of type-B particles given by AN — N, and AN — Ny ,+. We further
let €, = 1 if j = k and ¢jx = O for j # k and define functions e,: H — {0, 1} by
ex(y) :=€exy and Ic: Z — {0, 1} by Tic(x) 1= supcc €kx-

Considering particles of type A only and regarding particles of type B as holes (free
space that may be occupied by particles of type A), our dynamical system is described
by hopping of particles to neighboring positions? (instead of an interchange of particles)
and the overall particle number is not conserved any more. It shares these properties
with discrete-time zero-range processes with non-conservation of particle numbers
in the sense of [10] or reaction-diffusion processes in the sense of [7, Section 13.2].
Fluid limits of reaction-diffusion processes have been considered in [7, Chapter 16] and
Boldrighini, De Masi and Pellegrinotti [6]. Condensation phenomena for zero-range
process with non-conservation of particle numbers have been investigated in Angel,
Evans, Levine and Mukamel [3]. The dynamics considered in all these instances
differ from ours in at least three points: Unstable equilibria (similar to ours) are not
investigated (and thus obtained results are entirely different), hopping rates of particles
do not depend on the occupation number at a neighboring site and reaction-rates are not
‘infinitely’ large compared to diffusion-rates.

We describe the reaction and the diffusion steps in more detail:

*Note that in such a description the hopping rates of particles in our dynamical system do
depend on particle concentration at neighboring sites.
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Radically elementary analysis of a particle system 7

Reaction step:

For Np (w) = na, € {1,...,hN — 11# we let

ey Ny i+ (W) :=Np (W) + Qs (w) with
@) Oasw) {0} U [ J{—er e}
xEH

i.e., the number of type-A particles remains unchanged or changes at exactly one
position by 1. This formalizes the fact that in one reaction step at most one particle in
the system reacts, i.e., changes its type.

The conditional probabilities (Definition 4.15) for these reactions/changes are given by:

A
3) P(Qa,; = €x|NA,t =n4,) = 0t 5 na,(x),
A
4 P(Qa,; = _ex’NA,t =ny,) = 0t ) (hN - nA,t(x))

By equation (3) the probability that one of the type-B particles located at position x
reacts to a type-A particle is proportional to the number of type A particles located at x,
while by equation (4) the same statement holds true with the particle-types interchanged.

Diffusion step:

For Ny j+ (W) =g+ € {1,...,hN — 1} we let

(5) N ot 5i(w) =Ny gt (@) + Qp+ (@) with
(6) Qar () €{0} U | J{—ex + exn, —ex + expan},
x€H

i.e., the system remains unchanged or the number of type-A particles at some position x
decreases by 1 while the number of type-A particles at position x — & or x + & increases
by 1. This formalizes the interchange of a type-A particle at some position x with a
type-B particle at a neighboring position.

The probabilities for this interchange of particles are given by:

ot
@) IP’(QA,#r = —ex+ exﬁ:h‘NA,t+ = nA,ﬁ) =5 ”A,z+(x) (1 -

ny +(x £ h)
h2

hN

i.e., the probability that one of the type A particles located at position x interchanges
with a type B particle at a neighboring position is proportional to the number of type A
particles located at x and proportional to the concentration of type B particles located
at the neighboring position.
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8 Heinz Weisshaupt

We are interested in the system’s dynamics when the reaction rate A in equations (3)
and (4) is large compared to 1, i.e., we are interested in situations when reactions occur
much more frequently than interchanges of particles.

Extended dynamics

Note that the reaction and diffusion steps have till now only been defined if

Nay(w), Ny i+ () € {1,...,hN — 1},

An extension of this system’s dynamics is introduced in Section 5. It is based on random

Na (w —_ N, +(w)
5 = and B4 ) = 2 — 4

variables Z; and =+ that fulfill =(w) = =35 5 as long
as Na (w), Ny +(w) are defined. Note that the random variables =; and Z;+ model the
deviations of generalized concentrations of type-A particles from 1/2. They may take
on arbitrary values in R . Some of these values do not correspond to actual particle
numbers and can not be interpreted as actual particle concentrations. However, up to

the random time

To = max{r € [0...T] néii[l[NA,,(w)](x) >?2 and me%i([NA,t(w)](x) < hN — 2}

the original and the extended system are indistinguishable. The fact that the effects we
are interested in are caused while ¢ < 7, ensures that the extended dynamics captures
the behavior of the particle system.

Outline of the main result

We now outline the main result of the paper. A stronger coordinate-wise version is
provided by Theorem 6.5. The following outline as well as Theorem 6.5 are formulated
within a nonstandard setting. A corresponding formulation as a limit theorem is provided
by Theorem 7.9.

3.1 Theorem Suppose that the particle number N is hyperfinite* and that h and thus
‘H = hZ/Z is standard. Let the reaction rate A be such that

(8) e = 4hN for some limited T € (0, 00).

Let the length of the time steps ¢t be a constant ¢ independent of t and sufficiently
small. Suppose that the initial state of the system is given by =y = 0 and that the
evolution of the dynamical system is governed by Definition 5.3. Then there exists
an approximately N(O, id) distributed random variable I'y: © — R* and a jointly
diagonalizable family (®_;);c0...7] of linear mappings ®_, : R* — R* (Definition

*For a definition of the terms ‘hyperfinite’, ‘limited’ and ‘appreciable’ see Notation 4.1.
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Radically elementary analysis of a particle system 9

6.2) such that for any unlimited v € (0,00) with v/\ € (0...T) infinitesimal, such
that T —v/\ € (v/\...T) and any standard € > 0

= o 2
© P (rT £0 A max IZ) ~ [®- 0 FT]Z(W)HZ > e”“E)) <e.
te[v/A...T] H(I)—t o PT(W)HZ

Further for any standard € > 0

(10) P ( max  ||Z|5 > e_”h_1> <eV(h +o).
1€[0..T—v /]

3.2 Remark Theorem 3.1 is a consequence of Theorem 6.5 and Corollary 6.7. A

proof is given in Section 6.

Discussion

Equation (8) relates the reaction rate A, the overall particle-number N, the number
of available positions 1/h and the approximate time 7 it takes till an effect becomes
visible. If In(1/h) is small compared to In(N) (as it is under the hypothesis that /4 is
standard and N is hyperfinite), then T equals approximately In(N)/2\ and the influence
of h on T is negligible. For times smaller than T — v/ the system stays by (10)
infinitesimally close to 0, while for times larger than v/\ it shows by (9) already
an approximately deterministic behavior. The system ‘approximately decides’ in the
first time period [0...v/)) for some deterministic trajectory (y;(w)),e[, IA.T] =
([P—roI'Tl(W))igrua...71- Tt will follow (y(w))ie,/a...71 during the second time period
[v/X...T —v/X), when it stays infinitesimally close to 0, and during the third time
period [T — v/A...T], when it takes on appreciable values.

By Remark 6.6 the deterministic trajectory (y«(w))sefp .7 fulfills yri5 = Ly, with
L the linear transformation given by Lgr = (1 + pidt)(1 + A\dt)gr, where (gr)rek
denotes an eigenbasis of the discrete Laplace operator and p; denotes the eigenvalue
corresponding to gg.

Our investigations are partially motivated by the following simple chemical reaction
system:

11 2A+B —3A and 2B+ A — 3B,

Let [A] and [B] denote the concentrations of the chemical species A and B. Suppose
that [A] 4+ [B] = 1 and that the kinetic constant of both reactions equals 2. Introduce
further the variable £ = [A] — % . Then the kinetic equation of the reaction system is
given by % = \¢ — 4)\&3. A first order approximation of this kinetic equation at the
unstable equilibrium £ = 0 gives % = X¢. Replacing d€ by E[Q,|Z = &] and df by
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10 Heinz Weisshaupt

ot exhibits an analogy between the first order approximation and (27), i.e., the reaction
steps of our interacting particle system can—in conditional expectation—be viewed as
infinitesimal steps in a first order approximation (at £ = 0) of the dynamics of (11).

Thus the interacting particle system under consideration may be considered as a
linearization of interacting particle systems modeling the spatio-temporal behavior
of more complex chemical reactions. We do not further dwell on the question of
linearization of more complex models in this article.

3.3 Remark Before we start with our introduction to nonstandard analysis, the formu-
lation of the exact hypotheses for our extended model etc., we outline the main steps of
our investigation that lead to the proof of our main results, the Theorems 6.5 and 3.1.

The Hypotheses 5.1 and 5.3 give us the stochastic model under consideration. It
is a discrete time Markov process (=, ..., Z;, &+, . . . , =7). However, by the use of
nonstandard analysis, our model may be considered as quasi-continuous.

By Proposition 5.4 and Definition 5.6 we split the short term evolution of our process =
into a conditional deterministic and a pure random part, summarized in Remark 5.7 by
the formula:

Er=U+MNDE+3%, and Z.5 = (d + 6tAp) E+ + X+
with 3, and X+ random variables possessing expectation 0.

In Proposition 5.9 the conditional covariance E[(3;|n)(X|m) | E; = &] of the
projections of X onto directions n; and 7, is investigated. In Proposition 5.11 the same
is done for the conditional variance E[(X,+|n)? | E,+ = &.+]. These investigations lead
to the insight that mutually orthogonal projections of the random variables 3, show
almost independent behavior, while the variables X,+ are rather small. Consequently it
seems obvious to expand the system with respect to an orthonormal basis. Since the
dynamics involves (id + dt/\;) Z,+ an eigenbasis of the Laplace operator should be a
good choice.

Thus we describe the systems dynamics in Remark 5.13 with respect to such an
eigenbasis (gx)reic as

Ervor = Y Srvork 8k = (14 01) (14 A0 Zrx + 0p) gk + e g k-
ke ke
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Radically elementary analysis of a particle system 11
Letting i,,k =1+ dtp) Xk + Y.+ x we obtain by recursion in Proposition 6.11 that

E= Y, [T @+ 20w+ wou) | s

s€[0...t) \u€(s...t)

By rescaling the random variables f]s => f]s,k g by linear transformations ®; (with
approximately inverse transformations ®_, introduced in Definitions 6.2 and 6.3) the
equality above can also be expressed by (see Proposition 6.11):

=, =& ) with T,:= Z 6T, and OT, := ®,(3,).
s€[0...1)

Note that the operators ®_; are defined in such a way, that—for 6¢ = § independent of
t and A\?§ infinitesimally small—we obtain (compare with Proposition 6.4)

(12) (®_; o Tr) =g XDt (1 + )7,

i.e., t — (P_; o I'r); shows approximately exponential growth with rate A + y and
Hrk =0 e T (1 4+ @)'7 k. (The symbol @ is introduced in Notation 4.6.)

The Proposition 5.17 is obtained from the Propositions 5.9 and 5.11 via the Propositions
5.14 and 5.15. Proposition 5.17 shows that the random variables i,vk and f), j are
for k = j almost independent, possess expectation O and possesses approximately a
variance of %2—1(, From this we derive the formula (77) for the conditional variances of

o0s. We show in Lemma 6.14 that

P Z (1+)\5)2(T—s)/6 20T

e
— = 14+ 0)—
2%5/5 @
2 hN selomm/N) (1 4+ ped)?s 4hN

This is applied (in the proof of Lemma 6.15) to sum the conditional variances of &1
given by equation (77) in Proposition 6.12. Since the random variables 01’y are for
t # s independent, we know from Theorem A.7 that the random variables I'; are for
sufficiently large # approximately normally distributed. Altogether we obtain by the scal-
ing e = AhN(1+©) that T, ~g N(0,idi) forany tin [/ ... T] with v unlimited.

It finally remains to prove that the path of our stochastic process = stay almost
surely infinitesimally close to O on the near interval [0...7T — v/A] and that they
follow almost surely the deterministic trajectories [®_; o I'r](w) on the near interval
[v/\...T],i.e., to prove formulas (66) and (65) in Theorem 6.5 (and thus (10) and (9)
in Theorem 3.1). This aim is achieved by application of the Doob inequality and use of
the linear transformations ®_, in the second step of the proof of Lemma 6.15 and at the
end of Section 6. While (66) and (10) bound the absolute deviation of stochastic paths
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12 Heinz Weisshaupt

from 0, the inequalities (65) and (9) bound the relative deviations of stochastic paths
from deterministic trajectories.

Note that (65) and (12) together imply that 7 +— =, ;(w) behaves for almost all w
and t € [v/\...T] approximately like ¢ s ePATHIC—D) T . Iri(w),ie., t— Z;p(w)
shows approximately exponential growth with rate A + j.

So, to understand the main ideas of the article, one has to decompose the system’s
dynamics with respect to an eigenbasis (g)xci of the Laplacian A, to admit formula
(54), to have a look at the derivation of (77) from (54) in the proof of Proposition
6.12, and the derivation of Lemma 6.14. Going trough the first part of the proof of
Lemma 6.15 one concludes (80)-(83) from Proposition 6.12, Lemma 6.14 and Theorem
A.7. One proceeds with the second part of the proof of Lemma 6.15 that shows (65).
Theorem 6.5 finally follows by some further simple computations.

4 Preliminaries

The notation and argumentation used in this article is supplied by the axiomatic system
IST (see Nelson [18] or F and M Diener [8] and Kanovei and Reeken [13, Chapter 3])
that provides, beside the binary ZFC-predicate €, also an unary predicate s#(.) called
standard. The results and arguments used in this paper however remain valid in other
approaches to nonstandard analysis as well.

The reader familiar with a model theoretic approach (as found in Robinson [21], Stroyan
and Bayod [24] or Lindstrgm [16]), or the axiom system HST [13, Chapter 1], has to
keep in mind that the plain term set is used synonymously with the term internal set and
that we work within one single model. We do not use a *-operation and denote by N
and R the standard sets of all natural and real numbers, i.e., the sets N and R contain
standard as well as nonstandard elements.

The reader new to nonstandard analysis is advised to have a look at the first pages of
[18] or [8] to make himself familiar with the notions of standard, internal and external
formula, the principles of transfer and idealization and some elementary consequences
thereof.

To keep notation simple we write V*x¢(x) instead of Vx(st(x) = ¢(x)) and F'x¢(x)
instead of dx(st(x) A ¢(x)). Given a set M we use x € M as shorthand for x € M A st(x)
and x € M as shorthand for x € M A —st(x).
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Radically elementary analysis of a particle system 13

4.1 Notation Let (X, |.||) be a normed space. We say that x € (X, ||.||) is limited
and write ||x|] < +oo if 3*n € N such that ||x|| < n; otherwise, we say that x is
unlimited. In the case that (X, ||.||) = (R, |.|) we also write —oco < x < 400 instead
of ||x|] < 4o0. For positive unlimited r € (R, |.|) we write r ~ co. We say that
x € (X, ||.|]) is infinitely small or infinitesimal if ¥*'e > 0 ||x|| < e. If x —x’ is infinitely
small we write x = x’. Thus if x is infinitely small we write x ~ 0. We say that x € R
is appreciable if it is limited but not infinitesimal. We call a set hyperfinite if it is finite
and of unlimited (=hyperfinite) cardinality. Note that all the concepts introduced above
are external.

We state some elementary results and definitions that can be obtained in IST without
the axiom of standardization.

4.2 Definition Let (Y, ||.||) be a normed space. We say that the sequence
Onen € YN S-converges to yoo € (Y, I.1D, iff Vv €N y, = yoo.

Let Z be a subset of a normed space (X, ||.||). We say that a function f: Z — Y is
uniformly S-continuous, if

Vz,20 € Z Nz~ 20 = f(2) = f(z0).

4.3 Remark A standard sequence (x,),en S-converges if and only if there exists a
standard x., such that (x,),cy converges (in the usual ZFC-based sense) to xo,. A
standard function f is uniformly S-continuous if and only if it is uniformly continuous
in the usual sense. Both assertions follow from the permanence principle (e.g. Van den
Berg [5, Chapter IV, Section 1]) and transfer. Further a bounded standard function is
limited.

4.4 Definition (Compare with [19, first paragraph of Chapter 6].) Let #p, 7 € R be
limited. A near interval [ty...T] is a finite subset of [fo, T'] such that {7, T} C
[#...T] and the distance of consecutive elements is infinitesimally small. We denote
by t+ 0t € [tg...T] the successor of ¢ € [fy...T ] with respect to the usual ordering
< on [#y...T]. We say that the near interval [0...T] is equally spaced if Jz is a
constant ¢ independent of ¢ and call ¢ the spacing of the near interval [0...T].

Welet [tg...T):=[ty...TI\{T}, (to...T]1:=1[tp...T]\ {to} and (tp...T) :=
[lo...T]\{t(),T}.

4.5 Remark It is convenient to use in some steps (Lemma 6.14) of the proof of
Theorem 6.5 (and thus also in its statement) an equally spaced near interval. However,
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14 Heinz Weisshaupt

we use general near intervals in the formulation of Theorem A.7 and some other results,
since such a formulation may turn out to be useful for further applications. Note that if
we speak of a near interval [ 1y ... T ] we presuppose the limitedness of 7y and T.

4.6 Notation The domain and the range of a function F is denoted by dom(F) and
ran(F). We further introduce the symbol © and the notations <, and =_. We use
them to handle calculations with non explicitly stated infinitesimal quantities, which
simplify our notational effort. Let F(x) and G(y) denote functions of the variables x
and y. We define
(13 F(@) 20 6@ =

(Vo € dom(F) 0 =~ 0= 30 € dom(G) 0 = 0 A F(0o) < G(0)).

The symbol @ is used in the same manner if the character < in (13) is replaced by the
character =, i.e.,

F(@)=, G©):
(VYo € dom(F) 0 ~ 0 = 36 € dom(G) 0 ~ 0 A F(0) = G(d)).

Note that = is not symmetric. (For example, we have p =, © for any infinitesimal
p,but © #_ p forany p € R.) Our definitions imply that

F(0) <, G(0) N G(0) <, H©) = F(©) <, H©)
F(©) <, G©) = F(@)+H©) <, G(©)+ H(©)
and (Ve > 0) (@ <, o).
For a different definition of the symbol @ leading to the same use in calculus see
Koudjeti and Van den Berg [14].
Discrete Fourier Analysis and the Laplacian

We will make use of the following well-known results from discrete Fourier analysis.
For more information on the topic of discrete Fourier Analysis consult Terras [25] or
Luong [17].

4.7 Definition Let i be such that 1/h € N. Let H := hZ/Z. Let K(h) := {k €
Z| — ﬁ + % <k< 2171} and let for k € K(h) functions g € R* be given by

gr(x) = \/fzcos(27rkx) for k = 1/(2h), provided that 1/(2h) € N

gr(x) == \/ﬂcos(Zwkx) for 1/(2h) >k >0

gk(x) := V2hsin(2mkx) for k < 0 and

go(x) := V.
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Radically elementary analysis of a particle system 15

4.8 Definition Let (.|.): R x R* — [0, co) denote the usual euclidean inner product
given by (f|g) := > cy[f - 81(x). We further define the 2-norm (euclidean norm)
2 R* — [0,00) by [[fll2 := \/{fIf) and let SRY) := {¢ € R™ | [|¢[l = 1}
denote the unit sphere.

4.9 Notation We denote the imaginary unit by i and the exponential function by
X — e* or x — exp(x).

4.10 Remark Note that the family (gi)rexcn) of functions g; € R™ defined in 4.7
forms an orthonormal bases of R* with respect to (. | .}, i.e., {gx | &) = €x,. This is
most easily seen using the identities

cos(2mkx) = [e*™ 72 /2 and sin(2mkx) = [X™H — 72T /2
and that for k,[ € K(h) we have

dmith—Dy _ dmith+Dy _
RY T = and by TN = cyr mod 1m0
xeH xeH

4.11 Definition Let 1/h € N andlet H := hZ/Z. Define the discrete Laplace operator
A R* = R¥ by [Af1(x) = (F(x = h) +f(x + 1) = 2f ()h 2.

4.12 Remark Note that the functions g; provided by Definition 4.7 are the eigenvectors
of Ay, i.e., Apgr = urgr. Further

2
(14) i = ph—g = h—z[cos(27rkh) —1]1<0.

This is most easily seen using the identity 2T — cos(2mkx) + isin(2wkx) and
calculating

AheZm'kx — i [827Tik(x+h) + eZﬂ'ik(xfh) _ zeZTrikx]
h2

)
= ks ﬁ[cos(%rkh) —1].

4.13 Remark For standard k € KC(h)—and thus especially for any k € C(h) provided
that 4 is standard—we have —oo < py < 0.
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16 Heinz Weisshaupt

Probabilities and Distributions

4.14 Notation (Compare with Nelson [19, Chapter 1]) Our considerations will be
based on a finite non-degenerate probability space (€2, P), where €2 denotes a finite
set and P a non-degenerate probability on 2%, i.e., P: 2% — [0, 1] fulfills P() =
> wea, PUwD, P(Q) =1 and Vw € Q P({w}) > 0. We call a function X a (partially
defined) random variable if () # dom(X) C Q. If X and Y are random variables we
denote by Y =y the set {w | Y(w) = y} and let X|y—, denote the restriction of the
function X to dom(X) N {w|Y(w) =y} =: dom(X|y—,).

4.15 Definition (Compare with [19, Chapters 1 and 2]) Let X and Y be random

variables. Let P(X = x) := %. Note that dom(X) = €2 implies that

P(X = x) = P(X = x). Given a function f with ran(X) C dom(f) and ran(f) C RV
(with J an arbitrary set), we let E[f o X] = )" P(X = x)f(x). In the case that
dom(X|y—,) # 0 we define by P(X = x|Y = y) := P(X|y=, = x) the conditional
probability that X = x under the hypothesis that ¥ = y. The conditional expectation
E(foX|Y = y) is defined by replacing the probabilities in the definition of the expectation
above by conditional probabilities. Given a function F with ran(Y) C dom(F) we use
P(X = x|Y) = F o Y as a shorthand notation for

(Vy € ran(Y)) (dom(X|y—,) # ) = P(X =x|Y =y) = F(y)).

4.16 Definition (Compare with [19, Chapters 3 and 9]) A stochastic process X =
(XDrer .77 With time [#p...T ] and state space M is an indexed family of random
variables X; € M with Qg C Q. A stochastic process X is Markov if for all ¢ €
(fo...T) and all (xy)se(s..0] € MUo-11 such that (xs)se[1o...0] € Tan ((XS(W))SE[ZO...IJ)
we have

P(Xz+6z = Xr+5z|Xt =Xx) = P(Xeréz = xt+5t‘(Xs‘)s6[to...l] = (Xs)se[to...t])
and it is a martingale if M = RY (for some arbitrary set 7) and
s <t A x €ran(X;) = E[X/|X; = x] = x5.
4.17 Definition Given a topological space X', we denote by (Cp(X), ||.||oo) the space
of all bounded continuous functions f: X — R endowed with the ||.||o-norm defined
by [[f|lcc 1= sup,cx [f(x)]. We further denote by C(R) the space of all n-times

differentiable functions from R to R such that all derivatives (including the 0™y are
continuous and bounded functions. We let C;°(R) := [,y Ch(R).
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Radically elementary analysis of a particle system 17

4.18 Definition (Compare with Weisshaupt [28, Definition 3.3]) Let Y: 2 — R and
let o € (0, 00) be limited. We say that the random variable Y is approximately N(0, o%)
distributed and write ¥ ~¢, N(0, 0?), if

exp(—y*/(20%)) dy)

15 st R E[f o ~
(15) (P'f € Cy(R)) < o] /yeRf(y) N

with fy cr denoting the integral in the sense of Riemann.

4.19 Remark Note that in contrast to [28, Definition 3.3] our Definition 4.18 does not
presuppose almost limitedness of the random variable Y and we do not make use of the
concept of almost limitedness in this article. (For a definition of the concept of almost
limitedness see for example [28, Definition 3.2].) However, an approximately normally
distributed random variable in the sense of Definition 4.18 is almost limited in the sense
of [28, Definition 3.2].

4.20 Remark Let Y be approximately N(0, 1) distributed and let p ~ 0. Then
P(Y? < p) ~ 0.

4.21 Definition Let 7 be a finite set. We let S*(R7) denote the family of all
functionals ¢*: R — R of the from ¢*(€) = . ; 1j(€e;), with ¢; € R and

j
Zjej wjz = 1.

4.22 Definition Let 7 be a finite set and let X:  — RY. We say that the random
variable X is approximately N(0, id) distributed on R and write X ~_ N (0,id7) or
simply X ~_ N(0, id) if

(16) (V¢ € S*RT)) @ (X) ~,, N(O, 1)),

4.23 Remark Definition 4.22 is partially justified by Proposition B.6 in Appendix B.
Note however that the finite set 7 is supposed to be standard in Proposition B.6, while
this is not the case in Definition 4.22.

4.24 Remark Note that X ~_ N(0,id) is equivalent with

exp(—y?/2) >
N

(A7) (+f € Cy(R)) (V4" € S RY)) (E[fo el | o)
ye

which is further equivalent with

(Ve > 0) (Wf € Cp(R)) (V* € S*(RY))
(18) (—y*/2)

* exXp
E[f o X)] — .
‘ [f o 9™ (X)] /yeRf(Y) o dy‘ <e
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18 Heinz Weisshaupt

5 The Model

5.1 Hypothesis Suppose that N € N, A\ ~ oo and that i € (0, 1] is such that

1

19 - eN.
(19) n €N
Let H:=hZ]Z, Kh):=<keZ 1+1<k<1

© = ’ = m 2= =

d let X d ™ L eN and 1<m< i IHCR”
and le =N 2 m an <m< .
Let [0...T] be a near interval® such that
(20) Vte[0...T] 6tAhN =~ 0.

Let further (gi)rex ) denote the eigenbasis of the discrete Laplace operator, introduced
in Definition 4.7, and denote by p the eigenvalue corresponding to gg.

5.2 Remark Suppose that Ny (w), Ny ;+(w) denote the numbers of type-A particles
introduced in Section 3. Then =;(w) and =,+(w), provided by Definition 5.3 be-
low, model the deviation of the concentration of type A particles from %, i.e., for
Nas(@), Ng i+ (W) € {0,..., AN} we have that

_ . Naw 1 L N 1
2D Elw) = =5~ =5 and EpW=— 15—~ 5
and the dynamics specified by (23) and (25) coincides via
04,w)  Qa W)
Qw) = N and Q+(w) = N

with the dynamics given by (3), (4) and (7).
5.3 Hypothesis Let (Z):cro..77 and (=4 )efo...7) be indexed families of random
variables =;, Z,+ : Q — R such that

E= (EOJEO+7"‘7EI751+7"‘7ET)

forms a Markov Chain. We specify this Markov chain by its transitions from =, to =+
and Z,+ to Z,,4, given by random variables Q, and Q,+ respectively, i.e., we suppose
that Zp(w) = 0 € R¥ independent of w and let

(22) EI+ = EI + Qt and El+(5t = Et+ + Qt+‘

Note that this presupposes that 7 is limited, although we are not going to make use of this
fact before Section 6.
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Radically elementary analysis of a particle system 19

If & eXand P(E =&) > 0welet Q€ {0, —&%,+5

(23) P(Qtz ;—N

A 1
ft) = Pit(fnx) = &EhN (2 + fz(x)>

If & € RE\X, P, = &) > 0let Q € { I, SINE — 15,0006 + & | x € H}!
be such that

A
(24) P(Q = o0& & x| 5 = &) = i (€0 = 01 hN.

—_ —extextn —extex—p @
fé&r eXand P(E+ =&+) > 01let Q1 € { )y — e, — xG’H} be such
that

ex + ey
P <Qt+ = Tﬂl St = §t+> :Pzt(fthx)
(25)
ot 1 1 14t

= ﬁhN <2 + fﬁ()()) ( —&Er(x £ h)) 4 n —hN.
If &+ € R\ X and P(Z,+ = &+) > 0 we define Q,+ by
(26) Qr+lz, =¢,, = 6tLp&r

5.4 Proposition Suppose that the Hypotheses 5.1 and 5.3 are fulfilled. For&,,&,+ € R
with P(Z, = &) > 0, P(Z,+ = &+) > 0 we have:

(27) E[Q/|Z; = &] = 6tA &
(28) E[Qu+|E+ = {41 = 0tAREr

Proof In the case that & € R™ \ X equation (27) is immediately derived from (24),
since in this case pj{ (&%) = p;t(g ,X). If & € X then (27) holds since by (23)

1
E[Q; | E = &lx) = P)\ t(gnx) P>\ [(gtax) = OtA §(x).

Thus (27) holds for any &; € ]RH. In the case that &+ € R™ \ X equation (28) is a
consequence of (26). Finally if £,+ € X we obtain from (25) that

E[Q+ [E+ = &+]()

—5 |- (Grew) (3-eurn) - (rew) (3-ww-n)
(3-6w) (3rewn) « (5-6w) (3 +&6-n)

ot
=2 (& (x — h) + §+ (x + h) — 26+ (%)) = S1LpE+ (X).
Thus (28) has been shown for any &,+ € R. O
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5.5 Remark We may associate with the stochastic dynamical system fulfilling the
Hypotheses 5.1 and 5.3 a deterministic system given by:

(29) E =& 0N and &y = &+ OtDRE

While the increments of the stochastic system are given by Q, and Q,+ the increments
of the deterministic system (29) coincide (by Proposition 5.4) in the cases that P(=, =
&) > 0, P(E+ = &+) > 0 with the conditional expectations E[Q,|Z, = &] and
E[Q+|Z+ = &+]. Note further that £ = 0 is an equilibrium of the associated
deterministic system, i.e., { = 0 = £,4s; = 0. For standard % and unlimited A the
equilibrium & = 0 is unique and unstable, since [|& 5> > (1 + 63 ) [|&/|. This last
fact follows from an expansion of the dynamics with respect to the eigenbasis (gi)reicm)
of Ay, provided by®

S =Y vk = (1+ 5N + Stk g
keK(h)

that implies, using —oo < i (Remark 4.13 and 1/h € N) and A =~ 400,
l€saild = D &ron = Y (1+ N+ )6y

ke (h) k€K (h)
> > (402788 = (L + 6tA /2% 45.
ke (h)

5.6 Definition To investigate =, further we define:
(30) %, = O —E[Q|E1 2 Q — 61,

—_ b —_
31) Sioi= O —E[Q 2412 Qs — 6125,

5.7 Remark Note that the equalities (a) and (b) in (30) and (31) follow from (27) and
(28) respectively. From (22), (30) and (31) we obtain that:

(32) Er =0+ XDE+3%, and Z.15 = (id + 6tAp) E+ + X+

5.8 Remark As a consequence of Definition 5.6 we obtain for all &, &+ € R* with
PE =¢&) >0, PE+ =&+) > 0 that

(33) ]E[EAE; = é-[] = 0, E[21+‘Et+ = §;+] - 0

Further for all w € €) we obtain from Definition 5.6 and Definition 5.3 that:

2 2
4 3 < — b < V2—
(34) Bl < o | t+<w)||szhN

®Compare with equation (44) in Remark 5.13.
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5.9 Proposition Suppose that the Hypotheses 5.1 and 5.3 are fulfilled and suppose
that 01,170 € SR™) , & € R™ and P(Z, = &) > 0. Then

(35) <Qt|771> =&l = <E[Qz 5 = §I]|771> = 5t)\<§t‘771>-
For %, given by (30) we obtain

A
(36) ES ) Sdm)IE = &1 =, 5 o (mlm) + )

in the case that &, € X (which implies that &, is limited) and also in the case &; € R* \ X.

Proof (35) holds by (27) and because the finite sums involved in the calculation of the
conditional expectation E[.|=; = &] and the inner product (. | 7;) interchange. We
prove (36) for & € X first. From (23) we obtain

x _ A
6D P(Q = 5| B = &) = P& 0 Py 60 = SSAN
and thus further that
ELQ ) (Qm)IE = &1= Y p (0 = 2|5, = ) MO0
(38) x€H
Aot
=55 mim).

We derive (36) by calculating

E[<Et|771><2 |772> =&l

@ E[<Qt!"71><9z|772>\5 =&l — E[(Qt‘nlﬂgt =&]- E[(Qt‘”ZHE &l

A ot o Aot
2 2 mlm) = 62X (& [ m) (& | m) €, 5 (mlne) + @)

with (a) a consequence of (30), equality (b) concluded from (35), (38) and equality (c)
implied by (20) and the fact that & € X is limited.

In the case & € R* \ X we conclude E[(3;|n)(Z/|m)|Z = &] = %57\/<771|772> using
(30) by calculations analogous to (37) and (38) with Q; replaced by ;. O

5.10 Remark Suppose that we are given a function n € R?. Then

(39) § (extn — ex’77>2 = § (ex—n — ex‘77>2
xeH xeH
and

Qs mEre = &1L (BIQue Es = &e1ln) B 51 ) © Ot(g| ).
(Equality (a) follows by the interchange of finite sums, equality (b) follows from (28)
and equality (c) from the fact that A\, is symmetric, i.e., 2\, acts on R* as a self-adjoint
operator.)
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5.11 Proposition Suppose that the Hypotheses 5.1 and 5.3 are fulfilled. Let n € R™
and let >,+ be given by (31). Suppose that £,+ € X and P(Z,+ = &,+) > 0. Then

161 -
(40) B 15 =) < g [ @R

with 17: R/Z — R denoting a differentiable extension of n and 7] denoting the
derivative of 1.

Proof We calculate for & € X
E[<Zt+‘77>2 En =6+ < E[<Qt+|77>2 B = &+]

@ 1 ot 1 1
< Zﬁz [h2<ex+h ex|m)® + 2 T3 e — ex77>2]

10t 1 1 ot nx—+h) —nx)\>
_ZhNZh2<ex+h exn)’ = 2hN £ ( h

©1 1 i
_ZhNh/( )(x)dx

Note that inequality (a) follows from (25), equality (b) from (39) and inequality (c)
from C.2. O

5.12 Definition Given a random variable X: Q — R™ we define random Fourier
coefficients X; for k € K(h) by series expansion of X with respect to the basis

(8kekm), 1.€., we let

(A1) X =: Z Xkgx orequivalently Xj := (X|gx).
keK(h)

Replacing the letter X in (41) by =, =+, ¥, X+, [} and (®_; o I';) we analogously
define random coefficients =y, =+, 2k, 2t k> Lrg and (P, o ')y by series
expansion of the random variables =;, =+, 3, Y+, ['; and ($_; o I';). (The random
variables I'; are introduced in Definition 6.3.)

5.13 Remark From (32) and Definition 5.12 we obtain that

(42) Eﬁ,k gk = (1 4+ X61) Sy ke gk + 2k 8k

and from (32), Definition 5.12 and Remark 4.12 that

(43) Erysrp 8k = Epr x(id + 0tAp) gk + Lt g 8k = Epr k(1 + 0t g + Lt k. &k
From (42) and (43) we obtain that

(44) Erpork = (1 + 0tp) (L + A00) B + i) + X+ -
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5.14 Proposition Suppose that the Hypotheses 5.1 and 5.3 are fulfilled, that 3, and
3+ denote the random variables introduced in Definition 5.6 and that the subscript k
refers to coordinates with respect to the series expansion introduced in Definition 5.12.
Then for &, &+ € R, with P(E; = &) > 0, P(Z,+ = &+) > 0 we have:

_ 1 6t

(45) LS o) [Zp = €] < 5752k
_ 1 6t

(46) E[(Sq+)?E = &1 < 5m@wkﬁ

Proof From (40) we obtain that
& €X = ElEp o’ [Epn = &1 = B[S |88)* | = &t
(47) 1611 I 1 6t )
< ——- dx < ——Qrk
< SN R/Z(gk) (x) dx < 2hN( k)
with g} R/Z — R given by
24(x) = —27kv/hsin(2mkx) for k = 1/(2h), provided 1/(2h) € N
2 ) = —27k\/2h sin(2mkx) for 1/2h) >k >0
2. = 2mkv/2hcos(2mkx) for k < 0
and g = 0.
From (26) and (31) we obtain that
(48) (¢ ERTA\X = B[S+ )|E+ =&+1=0
and from(47) and (48) we conclude that (45) holds. Since
(EO7EO+7 B 7Etazt+7 s 7ET)

is a Markov chain we obtain from (45) that

E[(ZpL’k)z‘E[ == 5]] == E P(Efr - €[+ |Et == 5;) . ]E[(Eﬁﬁ,k)z’E[Jf = §[+]
£+ €Ty
1 ot )
<
= 3™

with T, := {&+ | P(E+ = &+) > 0}, i.e., we obtain that (46) holds. O

5.15 Proposition Suppose that the Hypotheses 5.1 and 5.3 are fulfilled, that 3, and
3+ denote the random variables introduced in Definition 5.6 and that the subscript k
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refers to coordinates with respect to the series expansion introduced in Definition 5.12.
Then for all £, € R with P(Z; = &) > 0 we obtain'

(49) E[X, - =&l =, 2 hN(ejk + @)
(50) E[Eﬁj : Eﬁ k ‘ =&l < EW(ZF)
A
(S B[y S x| 2 =&l <o \thN(ZWk)(l + @).

Proof We obtain from (36) that

E[S:) - SixlZ = &1 = E[(Silgy) - (Zilge) |2 = ft]

= 2% (ele) + @) =
o N I8k ®2hN

Thus (49) holds for any & € R. From (46) we obtain that
B[S ;- S g | B = &1 < \/E (S P IEr = E1EIE s IS = €]
,7(270 k.

— 2hN
which proves (50). From (46) and (49) we obtain that

RISy S g | 50 = ) < [BISIE, = 61/EIS 2IE: = &)

VA 6t
<o hN(z Th)(1 4 ©).

which proves (51). O

(Ejk + Q).

5.16 Definition Suppose that 3, and X+ denote the random variables introduced in
Definition 5.6 and that the subscript ; refers to coordinates with respect to the series
expansion introduced in Definition 5.12. Let

f)hk =1+ otp) Xk + Y+ and let f], = Z f]t,kgk.
kek(h)

5.17 Proposition Suppose that the Hypotheses 5.1 and 5.3 are fulfilled, that it,k and
Y.; denote the random variables introduced in Definition 5.16. Then for all w € §) and
all & € R with P(=; = &) > 0 we have:

8
(52 IE@k < 43
(53) E[Y; | B =&] =0 e R%
~ o~ . _ A Ot
(54) E[X:) - Xk |2 =&] = =, (6 + @)2 N
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Proof Equation (52) is a consequence of (34), —oco < pux < 0 (Remark 4.13) and
Definition 5.16, while (53) follows from (33) and Definition 5.16 by

E[it’k‘at =&] = E[( + 0tp) k|2 = &1 + B[S+ 4|5 = &)
e 0 + Z P(El+ = €[+|Et g é‘l) . E[(El+,k)|zt+ — §[+] — O
§+ €T,

with T, := {&+ | P(E+ = &+) > 0}. We finally obtain (54) since

IE[it,j : it,k |Et =&l
= E[((1 + 6tpp) Dy + Xt ) - (1 + 0tp) B + Xt ) | Z0 = &1

QA+ O)EIS - SialS = &1+ IS - S 4|5 = &]
(55) +E[E - Sl E = &1+ E[Eﬁ,j ey Er =&l
A\ Ot

()
S@ (1 + @) <(€j7k + ®)2 hN

+VA —271'(] + k) + —(27r) ]k>
(c)
<, 1+ o)+ @) —(1 +0+0) <o (64 +0) At

2 hN 2 hN

with (a) a consequence of —oco < px < 0 (Remark 4.13), (b) a consequence of
Proposition 5.15 and (c) a consequences of A ~ co and standardness of j,k € Z. O

6 The main Theorem

6.1 Remark We use—throughout section 6—the random variables i, introduced in
Definition 5.16 and the random coefficients of the series expansions with respect to
(8)kekc(n introduced in Definition 5.12.

6.2 Definition We define linear operators ®_,: R* — R by:

[I (1 + pu0u) I1 a+ ,ukéu)
(56) g — ®_,(gr) = u€l0...T) g u€l0...t)
Hue[[m]’)(l + /,Lk(sl/l)(l + )\6“) Hue[t T)(l + )\(Sl/i)
with (gu)kexn the eigenbasis of the discrete Laplace operator A introduced in

Definition 4.7 and py the respective eigenvalue of A that corresponds to gi.

6.3 Definition Let ®;: R — R be the linear operator given by

Hue(s...T)(l + Mkéu)(l + )\514) g = Hue(s T)(l + /\(514)
[Lero..7)(1 + pudu) [Liero..s 1 + Mk5u)

gk — Dy(gr) =
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and note that for ¢t > s

(57) [@ 0@ = [ (4 mdw)(1+Nou) g

ue(s...t)

Let further 6I'y = @S(is) and let I'; := ZSE[O...t)éFS' Define further for ¢ €
[v/X...T] random variables’

(58) L= Y 60,=T,—T,).
se[v/A...t)

6.4 Proposition Suppose that Hypothesis 5.1 holds, let [0 . .. T | be an equally spaced
near interval with spacing § and let \>5 ~ 0. Then for s € [0...T] we obtain

(59) D_(g) =, D1 + 2)gx
(60) @12 := sup [ @,(&)]2 <, M (1 + @)
EES(RH)

Proof Equation (59) is a consequence of (56) and Proposition C.1, while (60) is a
consequence of Definition 6.3, A ~ oo and the fact that by Remark 4.13 we have
—oo K py < 0. O

We display now the main theorem in the case that the number ,1; € N of positions
occupied by particles in our dynamical system is standard.

6.5 Theorem Suppose that the Hypotheses 5.1 and 5.3 are fulfilled.® Let T, N, X and
h be such that

(61) e = 4AWN(1 + ).

Let the near interval [0 ... T ] be equally spaced and let the spacing § be such that
(62) N5~ 0.

Let I'7 be the random variable introduced in Definition 6.3. Then

(63) Ir ~, N, idkw).

Let v = oo be such that

(64) v/A € (0...T) isinfinitesimaland T —v/\ € (v/\...T)

"We will specify v & co in (64).
$Remember that T € (0, co) is limited by Hypothesis 5.1.
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and let ®_, be the linear operators introduced in Definition 6.2. Then for any k € KC(h)

max >
t€[v/A...T] |(D_; o Tr)i|? Fszk

Sk — (@ o Tp)l? _ 4e™”
(65) P( ‘ t,k ( t© T)k| > € A FT7k¢0> S® eiu(l‘i‘@),

(66)

Vip € [v/A...T—v/\] P < r[I(l)ax ]Etzk > e_’\(T_"’)) <o e_)‘(T_t")(l + ) ~ 0.
tel0...19 ’

6.6 Remark Note that in the case that 7 is appreciable (61) and (20) imply (62).
Note that A ~ oo and (62) imply Ad ~ 0. Further (56) implies that the trajectories
OwW)ierv/a..T1 = ([®_; o0 FT](w))te[,,/A._T]fulﬁll Yi+5: = Ly; with L the linear
transformation given by Lgr = (1 4+ uxdt)(1 + \é)gy.

6.7 Corollary Under the hypotheses of Theorem 6.5 (v =~ oo etc.) we obtain for any
standard € > 0O that
(67)
= 2
P ( max |ZEix — (P40 Fg)k’ > o v(1-9)
elv/x.T1  [(P_yoI'r)el

T3, > 4e—”€> <, e+ ).

Derivation of Corollary 6.7 from Theorem 6.5 We calculate

(68)
|Etk —(P_,0 1_‘T)k|2 —u(1— _ _
P( max : > e VImIT2 >4 ) P (T2, > 4de "
<ZE[V/)\...T] ‘((I),t ) FT)k|2 - Tk = ( Tk = )
Sk — (@0 Tp)l* _ 4e™” |, _ ) B
<P max . > T2, >4e ¢ | -P ('3, > 4de ¢
B (ze[u/k...T] |(P_; 0 FT)k|2 - F%k Tk =€ ( Tk = 7€ )
[Ek — (P o) _ 4e™” ©)
<P| max : > AT 0] <_e"(0+0).
o (te[u/)\...T] [(®_, o T7)i|? - r%k Tk F =0 ( )

From (63), Remark 4.20 and v ~ oo we obtain that
(69) P(I7;>4e) =, 140

and from (68) and (69) we obtain that (67) holds. O

Derivation of Theorem 3.1 from Theorem 6.5 and Corollary 6.7 Formula (10) is
an immediate consequence of (66) (consider the case 1) = T — v/\), while (9) holds
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since for all standard € > 0

= o 2
B0 n e IO TIGR , o)
t€[v/...T] [@_; o T'r(w)]|3

— o 2
< P< max 12k = @0 Tl o v

IF> 46_”5)

2 puy
kexh) te[v/A...T1] |((I),t o FT)k|
+ Z P (TF, < 4e™)
ke (h)
(a) 0

<, e+ +on ' =
with (a) a consequence of (69) and (67) and (b) a consequence of v ~ oo and the
standardness of /. O

6.8 Remark By the axiom of idealization Theorem 6.5 extends to the hyperfinite
situation:

6.9 Theorem There exists a xy € N such that Theorem 6.5 still holds if the hypothesis
(19) is replaced by
(70) N> 7 <x.
Derivation of Theorem 6.9 from Theorem 6.5 By Remark 4.24 formula (63) says
that for any standard ¢ € (0, co) and for any standard f € C,(R) we have that:
exp(-y7/2) | 6)
V2
Since Theorem 6.5 holds for any & € {1/n | n € N} we obtain that (71) holds for any
(h,f,e) with (h,f,e) € {1/n| x > n € N} x C x £ with C x & an arbitrary standard
finite subset of C;(R) x (0, 0c0) and x € N standard. By an application of the idealization
axiom of IST we obtain that (71) holds for any (h,f,e) € {1/n| X >n e N} xC x &
with ¥ € N and C x & a finite set containing all standard elements of C(RR) x (0, c0).
Le., (71) holds for any standard £ € (0, 00), for any standard f € Cp(R) and any
h € {1/n| X > n € N}, and thus (63) holds for any # that fulfills (70). That there
exists a ¥ € N such that (65) and (66) hold for any /4 that fulfills N > 1/h < ¥ is
obtained by application of idealization in an analogous manner. To complete the proof
of the theorem simply let x := min(Y, X). |

(71) (Vg € S*RMMy) (’E[fw*(Fr)]— / Rf(y)
ye

6.10 Remark Before we prove Theorem 6.5 we prove Proposition 6.11 that expresses
the system’s dynamics with respect to I';, Proposition 6.12 that provides some informa-
tion concerning 61y, Lemma 6.14 that gives a formula for summing the variances of
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the 61"y and Lemma 6.15 that proves (65) and prepares for the final steps in the proof of
Theorem 6.5.

6.11 Proposition Suppose that the linear operators ®_, are given by Definition 6.2
and the random variables 01'; and I'; by Definition 6.3. Then

(72) Za= . | T a+20wa + mow |
s€[0...t) \u€e(s...t)

or equivalently

(73) S= )[R 0®]E)= ) B6Ty) = (T,

s€[0...1) s€[0...1)

Proof By Definition 5.16 the recursion (44) becomes
(74) Eurouk = (1 + o)1 4+ Aow)Zyx + Sz

From Zp = 0 and (74) we obtain by recursion that the coordinate wise system’s
dynamics is given by (72), while equation (73) is just a reformulation of (72) using the
Definition 6.3 and especially (57). a

6.12 Proposition Suppose that the hypotheses of Theorem 6.5 are fulfilled, and that
0Ts, I'y and @y are given by Definition 6.3. Let ©* € S*(R*) be arbitrarily given and
let vy := 1*(gx). Then (denoting the inverse of ®_; by <I>:;)

(75) Vw e Q ||0Ts(w)]2~ 0
(76) E[¢* 0 6T|Ty] = E[¢* 0 D505, | @7 0 5] = 0

\J (1 + \§)2T—9)/6
77 E[(1)*)? 0 6T,|T] = (1 —— ——
(77 [(¥")" o ITs] o (I+ ®)2 hN ke;(h) (a1 + ’uk(g)ZS/é

Ui~ 0.

Proof We conclude (75) from
1752 = [[®5 0 Z@)la < | ®sl2]Zs(@)ll2

(@)
<o

8 )
e”mu +0)<,32e M1 +02)~0

with (a) a consequence of (60) and (52), and (b) a consequence of (61). Further (76) is
a consequence of (73), Definition 6.3, (53) and the linearity of ¢* o ®;. Finally we
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obtain (77) by the following calculation:
E((*)*00T|T5) = EL(W" 0 &, 0 £,)* @7 0 E]
=E[())" 0 ®y0 > Nypg) | ) 0Z]
kEK(h)

(@) HME(S...T)(l +A0) <

ZE Wk | | 9Tl o E
keK(h) 1_[146[0...s](1 + /Lk&)

—S

(1+ 20779701 + @)
- ¥

C
U+ 150071 & oyl Ve E s - Bt @ 0 Bl

N
JkelC(h)

®) (1 +X62T=9/ X § e ©
=, ( s < ——2Ad(1 = 0.
0 (1+0) Z (1 + 6)/5 K2 hN =2 4hN (1+0)

keK ()
Equality (a) follows since ¢, = 1*(gx). Equality (b) follows from (54) since /C(h) is a
standard finite set, while (c) follows from (61) and A\d ~ 0 (Remark 6.6). O

6.13 Remark Note that for any k € KC(h) the stochastic processes (I'; x)ief0...7] and
(Cr)ierv/a...71 are by (76) with 10" () = (v|gk) and Definition 6.3 martingales.

6.14 Lemma Suppose that A\ ~ oo, v =~ 00, 0 = v/A < T < 00, A6 = 0,
—00 < iy < 0 and e*T =, 4hN(1 + ©). Then

éizw e

(78) =, (0+0)—— =, (1+0)
s/6 © ©
ety (o) 4hN
Proof Equation (78) is proved by the following calculation
XS 3 (1+ X6 T=9/°
9 BN 2s/8
2hN s€[0..v/X) a+ Mkd) /
P 1 .
=t 1+ AO)(1 + uyed)> =970
s 2
2IN (14 oyt o =
@A 9 1 (14 AL+ ped)?T/0F2 — (1 + A1 + p1ye6))> = 3)/012
2 AN (1 + )T/ (1 4+ X)(1 + pgd))? — 1
LA S agyrs (A MDA+ md))? — (L4 A9 + p6)) 2R/t
"~ 2hN (1 + XA + b)) —1
®) A o (140) = (1 +@)e 20X A (g
o7 ne 20+ e+ 2)0 M Ty o 11
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n+1

i —xm
Here (a) follows from an application of the formula } 7 ¥ = -7 for summing

] m
finite geometric series, while (b) follows by application of Proposition C.1 in the
cases (k,1) = (\, 1), (k,t) = (\,v/)) and (K, 1) = (g, v/A). The equality (c) finally

follows from v = 0o, /(A + . + @) =, (1 + @) and (61). |

6.15 Lemma Suppose that the hypotheses of Theorem 6.5 are fulfilled, that linear
operators ®_; are given by Definition 6.2 and random variables 6I';, I'; and I'; by
Definition 6.3. Then we obtain for t € [v/\...T], k € K(h), ¥* € S*(R™) and

Y 1= V" (g) that:

The random variable =, can be decomposed by linearity of ®_, as

(79) 2 =0 Ty +T) = (2-Ty) + @)
The variances IE[(¢*)2 o f,o] and IE[(qp*)2 o I';,] can be estimated by
(80) (Vio € [V/A... T1) (B2 0Tyl <, e (1 + 0))
(81) (Vto € [V/A...T1) EI@*)? 0Tyl =, (1 +0))

The distributions of ¢* o Ig and ¥* o Ty fulfill

(82) * ol ~, N(0, e (1 +0))
(83) prol'y ~, NO, (1+0))

The maximum of f?k is bounded by

2 —v 72 -
(84) P (te[ll}}i%.ﬂrt’k >e ) <" El7 ] <, e (1 +©)

and (65) holds.

Proof Equation (79) that describes the system’s dynamics with respect to the random
variable F§ and the stochastic process (f,),e[y /A\..T] follows from (73) and (58).
Next we show that the distribution-properties of I" and r displayed in (82) and (83)
are consequences of (80), (81) and Proposition 6.12. (We just prove (81)=>(83)
since (80)=>(82) follows completely analogous.) To this end we apply Theorem A.7
to the Markov process (I‘,),E[o /A1 introduced in Definition 6.3. We notice that

o Z (01,0)€G) 0I'; o where Z denotes disjoint union,” 6T, denotes the increments
of (T');ef0...,/11 introduced in Definition 6.3, and G, 0I'; y denote the objects introduced

“We identify functions with their graphs.
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in Theorem A.7. Since [0...v/)\) is (by (20) and since v ~ oo) hyperfinite the
conclusions of Proposition 6.12 imply the hypotheses of Theorem A.7 with

s XD 3 (1+ X219/
(14 /o 7

Theorem A.7 therefore applies and—making use of (81) with 7y = v/ A—proves (83),
i.e., (81)=(83) and (80)=>(82) hold.

The equations (80) and (81) are simple consequences of (76) and

(85) > EBI@" o dTy|T] =, (1+©)
s€[0...v/X)

(86) Y Bl o T[Tl =, e (1 + ).
s€[v/A..T)

We just prove (85), since the proof of (86) is analogous. To prove (85), however, it is by
(77)and ), Ky 1/1,% = 1 clearly sufficient to prove

A S > (1 + X6 T=9/°

2N At oy o+

2 hN
s€[0..v/X)

i.e., to apply Lemma 6.14. Consequently we established (85), (86) and thus (80), (81)
and further (82), (83).

Inequality (84) is a consequence of (80) with ©*(7) = (v|gk), Remark 6.13 and the
Doob inequality stated as Proposition C.3.

Thus it remains to prove (65). Under the hypothesis I'7 x # 0 we calculate:

87)
Zk — (@ oTril* @ (@@ — (@ (Tl
= max

max
te[v/A..T] ’(‘I)_, o FT)kP te[v/X...T) |(I)_[(FT)](|2
= = ™2
(b) Tk — Tral? © (Dol + Trih? 4L7
= max —— < max o < ax 5
elv/r.T1  |Iril t€lv/A..T] U7 k] relv/A.11 I'z

with (a), (b) and (c) consequences of (73), (56) and (58), respectively. We conclude that

Sk — (P—y o Dy)l? v
Pl max [Zik — (@ o Ir) > 462
etv/r.T1  [(P_po Tp)if? Iy

N Ty # 0)

(@) - N®
<P max 40 >4e™" | < e7V(1+©)
telv/A.T)

with (a) a consequence of (87) and (b) a consequence of (84), i.e., we conclude that (65)
holds. o
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Proof of Theorem 6.5 From (83) and (82) we obtain
(88) Vy* € S*RM) Yt oTr =" ol + 49" o1 ~, N(O,(1+2)).

From (88) we obtain by Definition 4.22 that I'r ~_ N(0, idk)), i.€., (63) has been
proved. Since (65) has already been proved (Lemma 6.15) it remains to show (66). This
is done by calculating for 7y € [v/A...T]

P ( max =7, > e_’\(T_’O)> @p < max (®_;oT)? > e_’\(T_’O)>
te[0...10 ] ’ te[0...19 ]

2P (g T2 4000 4 0)
© P < max 2, > AT-0)(] + @)) @ e M=) + o) 'E[T2 ]

=@ 1€[0...19 ] bk —o —@ o,k

g@ e—A(T—to)(l +©)

with (a) a consequence of (73), (b) a consequence of (59), (c) a consequence of the fact
that i < 0 (Remark 4.13), (d) a consequence of Remark 6.13 and Proposition C.3,
and (e) a consequence of (81). O

7 Reformulation as a standard limit theorem

7.1 Remark In this section we formulate a limit result (Theorem 7.9). This limit
theorem is still formulated within the realm of finite probability spaces. Its corollary
7.11 makes however use of random variables that are N(0, id) distributed in the usual
ZFC based sense (not in our IST based approximate sense). Such random variables can
not be defined on a finite or countable probability space. For general measure theoretic
probability theory adequate for dealing with random variables on uncountable spaces
we refer the reader to Dudley [9].

7.2 Remark We reformulate parts of Theorem 6.5 as a limit theorem in standard
mathematical terms. To do this we have to consider sequences of interacting particle
systems instead of a single system. We therefore replace the mathematical objects N, A,
§,9,[0...T1,X,E, X T, T and ® introduced in the sections 5 and 6 by sequences
N?)gen. A gen. (0M)pen. (@)gen. (10... T Dpen, (XP)gen. (E%)pen. (%)pen,
(Fﬁ)geN, (Fﬁ)geN and (@5)561\;. Note that ([0...7T7 1)gen denotes a sequence of
finite sets, whose terms are not necessarily near intervals, i.e., [O... T8 ] denotes in
this section a finite set that is not necessarily a near interval.
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7.3 Hypothesis Let (Nﬁ)geN e NN, (Aﬁ)geN € (0,00)" be sequences such that

limgeNNﬁ = 00, limgey M = o0o. Let ([0...Tﬁ])5eN be a sequence of equally

spaced finite sets [O. .. 781 with spacings 88 such that {0, Tﬁ} C[0...T%) C [0, T

and lim supgeyy T8 € [0,00). Let h € {% | n € N} be independent of 3 and suppose
B\BLNB BY258 AT

89 lim 0P A°AN® =0, lim (\”)*6° =0 and lim —— =1

®)  Jm O =0 and - im

7.4 Hypothesis Let (NB)BGN, (Aﬁ)geN, E/B)geN etc. be sequences, such that for any

B € N Hypothesis 5.3 holds with N, X, Z etc. replaced by N?, \?, =P etc. (with X7,

‘H, K(h) provided in analogy with Hypothesis 5.1).

7.5 Definition Define a sequence ((I)é )gen of parametric families <I>€ = (q)é he[0..T8 ]
of linear operators @é e R*’ s RM’ by:
[Lucro..op (1 + pdu) gi
HuE[l...TB )(1 + )‘5514)
with [0...6)% == {u € [0...T®) |u <1}, [t...T?) = {u e [0...T%) | t <

u<T? b (8ke K(hy? the eigenbasis of the discrete Laplace operator A introduced in
Definition 4.7 and p; the respective eigenvalue of A, that corresponds to gi.

(90) g 07 (g =

7.6 Definition Define the sequence (Fgﬂ)ﬁeN of random variables F?ﬂ in analogy
with the definitions given in the sections 5 and 6 starting with =7 instead of = and
replacing objects like X, ® etc. in the consecutive Definitions 5.6, 5.12, 5.16 and 6.3
by consecutively defined objects X7, &7 etc.

7.7 Hypothesis Let (Nﬁ)geN e NN and (Aﬂ)geN € (0, o) be sequences such that
for all 5 € N we have NP eN, \ ~ . Suppose that ([O. .. T8 Dsen 1s a sequence
of equally spaced finite sets [0... 77 ] with spacings 6 such that V3 € N the set
[0...77]is anearinterval and 0 < 7% < oc. Let h € {% | n € N} be independent
of B and suppose that:

On (BN (NI~ 0, (VP %0 and 277 = 4N(1 + )

7.8 Proposition For standard sequences (NfB)geN, ()\B)geN, (55)561\;, ([0...78 Dgen
and for standard h, the Hypotheses 7.3 and 7.7 are equivalent.

Proof Proposition 7.8 is a consequence of transfer (using that [0... 7] C [0, T%] <
T8 £ 0). o
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7.9 Theorem Suppose that the Hypotheses 7.3 and 7.4 are tulfilled. Then

92)
2
R * * (RXM) lim E[f o *1“/3 :/ Md.
WEGE S EY)  lin By 0w @)= | 0=

For any sequence (I/’B)geN € (0, 00)N with
lim % =00, lim v2/N =0, vP/\ e (0...T%)
and TP — P /NP e (V8NP ... TP)

we obtain

(94)
Ve>03beN VB> b Vk € K(h)
Z— @2 0T de”

P max —k =
te[vB/NB.. TP ] ’(‘I)é, ° F?B)k|2 ’F?57k’2

ANTE #0| < +e

and Vi € [VP /NP ... TP — uB /AP ]

8 8
(95) P| max (E[Bk)2 > e NI | < e*)‘ﬁ(Tﬂftﬂ)(l +¢).
te[o...z{f] ’

Proof The theorem is a statement of ZFC. By an application of transfer we suppose
without loss of generality that all objects named in the theorem (including /) are
standard. Thus, by Proposition 7.8, Hypotheses 7.3 implies that Hypothesis 7.7 holds.

The Hypotheses 7.4 and 7.7 imply together with standardness of / that for any 3 € N
the hypotheses of Theorem 6.5 are fulfilled with N, A, § and [0...T] replaced by
NB, N8, 5P and [O... T8 ], respectively. Thus also the conclusions of Theorem 6.5 are
fulfilled with the respective replacements, i.e.,

(96) VBEN TI7, ~, N (0,idcw)
and for any sequence (yﬁ)ﬂeN € (0, 00)" such that

7
(V8 €N)
WeN, vP/\ =0, /N e0...7%) and T? — P /\° € (VPN ... TP)
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we have
(93)

=B B B _
(VBeN) P max e~ (P FTﬂ)HZ > 4o
t€[vB /NP TF ] |(q>§t ° Fl;ﬁ)kp = |F?@ P

AT7s, #0

_uB
<, e’ (1+0),

i.e., (97) implies (98). Since (93) implies (97)—by standardness of the involved
sequences—and (98) implies (by the permanence principle) (94), the formula (94) has
been derived. The proof of (95) is similar to the proof of (94) and thus omitted. It
remains to prove (92). Formula (96) is by Remark 4.24 equivalent with

(VB € N) (W € C(R)) (Vy* € S*RFMY)

©9) .8 exp(—y*/2) )
E[f o T ~ — - 7 d
( [ o ") /yeRf(y) Sy

which further implies by Definition 4.2, Remark 4.3 and standardness of the sequence
(F?ﬁ)BEN that:

(V'f € Cp(R)) (Vop* € S*RFM)

(100) ( exp(—y2/2)aw>

Jim Bf 0 v(T,)] = / =

ye

f
R

By transfer and the fact that the sequence (Féjﬂ )gen is standard the formulas (100) and
(92) are equivalent and consequently (92) has been proved. |

7.10 Remark The meaning of the phrase ‘converges in distribution’ used in Corollary
7.11 is introduced in Definition B.2.

7.11 Corollary Under the hypotheses of Theorem 7.9 the sequence (F?B)BGN of

random variables F?B converges in distribution to an N(0, id) distributed random
variable T on R*™

Proof Corollary 7.11 follows by application of Proposition B.4 to (92). It can also be
derived by application of B.6 and transfer to the sequence (I'7s)gen, since for 5 € N
we have by (99) that I'zs ~¢ N(0, idicy). O

Journal of Logic & Analysis 3:10 (2011)



Radically elementary analysis of a particle system 37

A An internal central limit theorem

A.1 Proposition (Compare with [28, Proposition 3.4]) Let o € (0, 00) be limited. A
random variable Y: Q — R is approximately N(0, 0?) distributed if and only if:

st 00 eXP(—yz/(202)) )
101 Ve e C°(R E[go Y] =~ — = d
(101) (Vg € G (R)) < [go Y] - gy N y

Proof Since C;°(R) C Cp(R) it is by Definition 4.18 clear that for an approximately
N(0, 02) distributed random variable ¥ formula (101) holds. To prove the proposition it
thus remains to show the converse, i.e., to prove that (101) implies (15). Let f € Cp(R)
be an arbitrary standard function and let € € (0, co) be standard but otherwise arbitrarily
chosen. Then there exists a standard n € N such that

2 2 2
(102) / exp(—y~/(207)) by< 5.
yeR\[—n+1,n—1] 2no 6llf||
Let x: R — [0, 1] be a standard C;°(R)-functions with x(y) = 0 fory € [-n+1,n—1]
and x(y) = 1 for y € R\ [—n,n] with n € N arbitrary. We obtain from (101) applied
with g = x and (102) that E(x o ¥) < ﬁ + @ and thus further that

(103) P(Y ¢ [-n,n)) <, ﬁ + 0.

Application of the theorem of Stone Weierstrass (see Willard [29, Theorem 44.6] or
Segal and Kunze [26, Theorem 5.1]) and transfer shows the existence of a standard
function g € C;°(R) such that

19
(104) sup  [f(») — &) < == and [|gloo < [If]lco-
yE[—n,n] 12n

From (101), (102), (103) and (104) we obtain that
exp(—y?/(20%)

(105) ’E[fo Y] — fO) dy| <, e+ ©.

yeR V 27‘(‘0’ ©
Since f € Cp(R) and £ > 0 are standard but otherwise arbitrarily chosen we conclude
(15) from (105). a

A.2 Definition Given a function v: R — R we write v/(x) to denote the second
order derivative of v at x. In doing so we implicitly assume that this derivative exists.
In the case that v depends additionally on further parameters we use g—xzzv to denote
the second order derivative of v with respect to x. Given u: [0,S] X R — R we
write us(.) to denote the function u;: R — R given by u,(x) := u(s,x). We further
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write itg(.) to denote the pointwise derivative of the function s — u,(.), i.e., we let
itg(x) := lim,_q M By displaying it; we implicitly assume that the pointwise
derivative exists.

A.3 Proposition Let f € C2(R). Suppose that f” is uniformly S-continuous and
limited (which is especially the case for standard f with uniformly continuous second
derivative f"). Let S € (0,00). A solution u: [0,5] x R — R of

1
(106) i1 (%) + ”T(x) — 0 with us(x) = f(x)

exists and is for s € [0, S) given by
107)

1 2
us(x) = [f*@l(x) := /f(Y)ff)s(X—)’) dy with ¢4(z) := \/ﬁ eXp (‘2(;_ s)> .

Further u!! = f" * ¢ and the functions (s, x) — u!(x) and (s,x) — it,(x) are uniformly
S-continuous and limited on [0, S] x R.

Proof That (107) is a solution of (106) is well known and easily calculated. That
w! = (f x ¢5)" = f" * ¢ is an easily calculated special case of a well known result
in the theory of generalized functions (see Rudin [22, Theorem 6.30]). Since f” is
uniformly S-continuous and limited the assertion concerning (s,x) — u. (x) is obtained
from u!! = f” x ¢ and the special form of the convolution kernels ¢;. (Note that the
weak limit lim,_,g ¢ is the Dirac measure at 0 and that lim,_,; ¢;(z) = ¢,(z) fort < S.)
The assertion concerning (s, x) — itg(x) then follows from (106). O

AdLemma Letf € C2(R) be standard with uniformly continuous second derivative.
Let S € R be limited. Let © be an abelian group and let ¥*: © — R be a group
homomorphism, i.e., let Y*(0 + 9) = ¢Y*(0) + ¢Y*(9). Let (W:  — O)s¢co..5] be a
finite Markov chain. Let W := {(s, 0) | P(Wy; = 0) > 0}. For (s,0) € W let

Wy g := Wspss — 0)|w,—0
and suppose that for (s,0) € W
(108) ¢ (0W,0) =0, E[)* W)l =0 and E[W*)*(OWse)] =, (1 + 2)ds.
Let #/°Y": W — R be recursively defined by
(109)  #°V7(S,0) :=[f o y*1(0) and #°V (s,0) := E[@°V (s 4 35,0 + dW, )]
If u is a solution of (106) then

(110) Vse[0...S] max_|#°Y(0) — [us 0 *1(0)] = 0.
{6](s,0)eW}

Journal of Logic & Analysis 3:10 (2011)



Radically elementary analysis of a particle system 39

Proof To simplify notation we let i := #°¥". Since x Uy, 5,(x) is by Proposi-
tion A.3 uniformly S-continuous and *(0W;y) ~ @ a second order expansion of
u(s + ds,9*(0) 4+ 1*(0W; g)) with respect to 1p*(0W; g) gives

(111)
u(s + s,9™(0) + " (6Wy 9)) — u(s + ds, 4" (9))

=, P (OWsp) - /(s + 05, 0"(0)) + (V" (GW,0))° - (

u (S+5zs,1/) (0)) +®>

Using the linearity of E[.] we calculate

Efu(s + 05,9 (6) + 1" (6Ws,0)] — uls + ds,¢7(0))

. u”(s + ds,1*(0))
112) 2 Rl (W, )] - < > LG
D (1 + 0)dsTi(s + 55, v () + @1 2, —sli(s + s, ¥ (0)) + O]
with (a) a consequence of (111) and (108), (b) a consequence of (106) and (108), and
(c) a consequence of the fact that s — ity 5,(10*(0)) is by Proposition A.3 limited.
By the fact that s — 1,1 5,(1)*(0)) is by Proposition A.3 uniformly S-continuous a first
order expansion of u(s + ds, ¥*(#)) with respect to —ds gives

(113) u(s + ds, () — u(s, () =, dsli(s + ds,1™(0)) + 1.
By adding (112) and (113) we obtain that
(114) [E[u(s + ds,9™(0) + " (6Wy 9)] — u(s, " (0)| <, ds @ .

We calculate using that ¢* is a group homomorphism

li5(0) — [ty 0 ¥ 1(0)] L |Elity55(0 + W, 0)] — [y 0 *1(0))
S ‘E[ﬁs—s—és(@ + 6W¥,9)] - E[[”s—l—és o w*](e + 5Ws,9):”
(115) + | Elug155(10* () + (W, 0))] — us(10*(8))]
(b) R .
S@ {ﬂl(sggg)ew} ‘Ms—l—(ss(ﬂ) - [MS+5S o ¢ ](19)| %)

with (a) a consequence of (109) and (b) a consequence of (114). From (115) we obtain
that

(116)
As‘g_ S *6 S Av se_ s+os *0 5 .
{al(rs%a;éw}\u( ) — lug 0 ¥"1(0)] <, {e|<s$§§>GW}’”‘+5( ) — g5 0 ™10 + s @

Since by (109) and (106)
is() = [f o *1(.) = [us o ¥*1(.)
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we conclude from (116) using backward induction and limitedness of S that (110)
holds. a

A.5 Theorem Let © be an abelian group and let (W;: Q — ©)sco...5] be a finite
Markov chain. Let W := {(s,0) | P(Ws; = ) > 0} and for (s,0) €¢ W let
6Ws,9 = (Ws‘-l—és - 0)|W5:9'

Suppose that we are given a function f: © — R and that the function W W Ris
recursively defined by

(117) i/(S,0) =F(0) and i/ (s,0) = B[/ (s + 65,0 + W, 9)]
Then for (s,0) € W we have that
(118) E[f o Ws | W, = 0] = #(0).

Suppose that ¢*: © — R denotes a group homomorphism such that W g fulfills
(108) and suppose that Wy = 0. Then * o Wy is approximately N(0, S) distributed and

(119) E[(*)* o Ws] =, (1 + ©)S.

A.6 Remark Note that an approximately N(0, 1) distributed random variable does not
necessarily posses a second moment. Thus it is necessary to prove (119) separately.

Proof of Theorem A.5 Equation (118) is proved by backward induction on [0...S].
The induction hypothesis is correct for t = S since by the definition of conditional
expectation and by (117)

Elf o Ws | Ws = 0] = }(0) = al(0).

Suppose next that the induction hypothesis holds for r = s+ ds, i.e., that for (s+ s, 9) €
W A
E[f o Ws | Wypss = 91 = i, 5,(0).

Then for (s,0) € W

Elf o Ws |We=01= Y P(Wys = 9|W; =0)-EI[f o Ws | Wyys5 = 9]
{9|(s+85,9)eW}

= S RO+ W =)0 0) = Eli, 5,0+ W, 01 "2 #0)
{9|(s+65,9)eW}

i.e., (118) holds for # = s. Thus (118) has been proved by backward induction.
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We prove next that ¢* o Wy is approximately N(0, S) distributed. To do this let f € C;°
be an arbitrary standard function and let f = f o4*. Then the hypotheses of Lemma
A.4 hold and thus also its conclusion (110) is fulfilled. Consequently we calculate

(120)
Elf 0 4" 0 Wsl L Ef o Ws | Wo = 01 2 a0) = 2" (0)

c 1 2
(NN) up(0) @ /f(Y) ﬁexl’ (_;S> dy

where (a) follows from the hypothesis Wy = 0, (b) is a consequence of (118), (c) a
consequence of (110), and (d) follows from (107). From (120) and Proposition A.1 we
obtain that ¢* o Wy is approximately N(0, S) distributed.

Finally to show (119) we calculate (using that ©* is a group homomorphism)

(121)

Bl o Wepssl = D ELW" (6Wep +0)’|Ws = 0] - PW; = 0)
{0|(s,0)eW}
= ) El@* W) + 20" (Wi ) - ¥ (0) + (W (0)] - P(W, = 6)
{0](s,0)eW}

Q. (1+@)0s + El@* o W]

with (a) a consequence of (108) and the linearity of E[.]. From (121) we obtain by
induction along the near interval [0...S) and since Wy = 0 that (119) holds. O

A.7 Theorem Let[0...T] be a near interval and let ty € [0...T]. Let © be an
abelian group and let 1)*: © — R be a group homomorphism. Let (I';),c[0...71 be a
Markov process with values in © such that Ty = 0. Let G := {(¢,0) | P(T', = ) > 0}
and for (t,0) € G let

0T = Crpsi — O)|r,—o-

Suppose that 1)* o 0I'; g =~ 0, E[¢)* 0 4", 9] = 0, E[(x*)? o oLl =, (1 + @)o? with
o? infinitesimal and such that > el0..T) o? is limited. Then

(122) El@*PoT,l=, Y. o?1+0), ¢ oT,~, N[0, > o
te[0...10) te[0...19)

B[ o @7 Tl =, 3 o7(1+0) and
t€(ty...T)

(123)

Pro@r =Ty ~, N[0, Y of
tel1y...T)
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Proof To prove (122) we define a function

(124) [0.. 1] > [0,00) by W= > o2
u€l0...t)

let [0...5] := {u@®)|r € [0...19]} and note that S = «(rp) = Zte[omm)af. Let
(Ws)sero...s1 be the Markov process defined by W, = I';. Then (Wy)sepo...s7 fulfills
the hypotheses of Theorem A.5. Thus application of Theorem A.5 shows that

oy =¢ oWs~, NO,)=N|0, > o}
te[0...19)

and  E[(W")? oL, ] = E[(W" ) o Wsl=, 1+ )=, > 0ol+0)
te[0...1p)

i.e., (122) has been proved. To prove (123) it suffices by'”

(129) vrolr = Ty) :Z{wl(to 7EG} ¥ o = Dirg=

to prove that

PTy, =7 >0 = ¢ o@r—Nr,= ~, N[0, > of
(126) 1€l 19...T)

and B[(Y") o Tr = Nlry=]=, Y, 07(1+0).
telty...T)

The proof of (126) is analogous to the proof of (122). O

B Connection to standard mathematics

B.1 Remark In this appendix we make use of general measure theoretic probability
theory. Probabilities, expectations etc. are defined and used in the sense of standard
measure theoretic probability theory (see for example Dudley [9]) that coincides in the
case of finite probability spaces with our definitions. For a nonstandard characterization
of weak convergence relating the subject to Loeb measure theory see Anderson and
Rashid [2].

[e]

The symbol >~ in (125) denotes the formation of a disjoint union; note that we identify
functions with their graphs.
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B.2 Definition Given a topological space X'. We say that a sequence (X,),cn of
random variables X,,: €2, — X converges in distribution to X, if there exists a
random variable X, : Q- — X such that

(127) (Vf € C(X))  Tim EIf 0 X,] = EIf o Xoc]

B.3 Proposition Suppose that we are given a standard sequence (X,,),cn of random
variables X,,: ), — X and a standard random variable X, : €)oo — X . The sequence
(X)nen converges in distribution to X if and only if

(128) (V'f € Cp(X)) (Vn € N) E[f 0 X,] ~ E[f 0 Xol.

Proof By transfer and standardness of (X,),en and X, we obtain that (127) is
equivalent with

(129) (V'f €CH(X) lim Elf 0 X,] = EIf 0 Xec]

For standard f € Cp(X) the sequence (E[f oX),]),c is also standard. Thus by application
of Definition 4.2 and Remark 4.3 we obtain that (129) and (128) are equivalent. All
together we have proved the equivalence of (127) and (128) and conclude the assertion
of the proposition from Definition (B.2). |

B.4 Proposition Let J be a finite set. A sequence (X,),en of random variables
X,: Q> RI converges in distribution to an N(0, id) distributed random variable X,

if and only if:
(130)
2
(Vf € Cy(R)) (V" € §*RT)) ( lim Blf o)) = [ oS dy>
n—00 JER \/ﬂ

Proof The proposition is a consequence of the Cramér-Wold device (see Pollard [20,
Chapter 8, Sections 6 and 7] or Van der Vaart [27, Section 2, before Example 2.18]). O

B.5 Remark Definition 4.22 is justified by the following implication of Proposition
B.4.

B.6 Proposition Let 7 be a standard finite set and let (X,,),cn be a standard sequence
of random variables X,,: Q — R such that

(131) (Vn € N) X, ~, N(0,idy).

Then (X,),en converges in distribution to an N(0, id) distributed random variable X .
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Proof Formula (131) implies by Remark 4.24 that:
(132)
o . exp(—y*/2)
<W7eaﬂ@xwaeS<RJ»QMVow]amwa/'f@)"AV/@)
yeR 27T
For standard f and ¢* we obtain by standardness of (X,),cn that the sequence
(E([f o ¥*1(X)))nen is standard. Thus by Definition 4.2 and Remark 4.3 we obtain that

(132) is equivalent with:
(V"f € Co(R)) (V'¢* € S*(RT))

(133) < exp(—y?/2)

lim E[[f o ¥*1(X,)] = )d>

00 [f ¢ ( n yeRf(y \/ﬂ y
By standardness of (X,),cn an application of transfer to (133) shows that (130) holds.
Application of Proposition B.4 completes the proof. |

C Miscellaneous Results

C.1 Proposition Suppose that x € R, that t € (0, c0) is limited and that § € (0, c0)
is infinitesimal. Suppose further that k> ~ 0. Then

(1 + K0)*° = (1 4 @).

ents
1+ko

1(2) Py 2’/5_ 1+€'§5—(1+I€5) 2t/6
“\1+kd B 1+ kd)

©) 2t/6

. 1/8 . .
Proof Since a J:;;z, 75 = ( ) the following calculation proves the result:

Jurs/ate) @ 1
° 140
Note that (@) and (c) follow since the exponential function is convex and thus its graph
lies strictly above its tangent at 0, (b) follows from Taylor series expansion of the
exponential function around 0 since xd = 0, and finally (d) follows from k% ~ 0,
1

the S-continuity of the exponential function around 0 and that (1 + @) =, 75. O

C.2 Proposition Let7: [x,x+h] — R be differentiable and denote by 7]’ its derivative.
Then )
x + h) — 7(x) I A
PEEEETE) <o | @rordy
h hJ,
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Proof

~ = 1
—n(x + hlz 7S = / 7'(x+s-h)ds.
0

Thus by Jensen’s inequality

<77(x +h) — ?7(X)>

1 x
/( Plets. h)ds—h/ @) dy. O

C.3 Proposition (Doob inequality) Let (Z;);e[4,..77 be a martingale with Z;, = 0.
Then

1
(134) P < max Z>>e > o) < —E[Z3].
telty...T] £

Proof The Doob inequality can bee found in many textbooks on probability theory.
See for example Nelson [19, Theorem 11.4]. O

Acknowledgement: I would like to thank the referees for their remarks, that helped to
improve the readability of the article.
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