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PFA and complemented subspaces of /., /c

ALAN Dow

Abstract: The Banach space £, /co is isomorphic to the linear space of continuous
functions on N* with the supremum norm, C(N*). Similarly, the canonical
representation of the £, sum of £, /co is the Banach space of continuous functions
on the closure of any non-compact cozero subset of N*. It is important to determine
if there is a continuous linear lifting of this Banach space to a complemented subset
of C(N*). We show that PFA implies there is no such lifting.
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1 Introduction

Our paper is motivated by the question (Drewnowski and Roberts [3], Leonard and
Whitfield [6]) of whether or not C(N*) is primary. A Banach space X is primary if
whenever X is written as the sum A @ B of complemented subspaces, then one of A, B
is isomorphic to X. Negrepontis [8, Corollary 3.2] showed that CH implies that the
closure Y of a non-compact cozero subset of N* is a retract of N*, and, therefore, there
is a norm bounded linear lifting of the Banach space C(Y) to a complemented subset
of C(N*). Later, Drewnowski and Roberts [3] established that the existence of such a
lifting implied that C(N*) is primary. It is already known to be consistent that there is
no such lifting; an even stronger result was shown to hold in the Cohen model in Brech
and Koszmider [1]. However there is still a good reason to investigate this question
under the hypothesis of the proper forcing axiom. We still have no clear path to deciding
if C(N*) is primary in the Cohen model but Koszmider [9, p577] has identified a very
compelling conjecture (as we choose to call it) that C(N*) is not primary in certain
forcing extensions of PFA. Establishing properties of C(N*) in these extensions is very
similar to working within PFA itself (see Velickovi¢ [14], Steprans [12], and Dow and
Shelah [2]). We present our work as progress towards confirming that conjecture. The
paper Grzech [4] announced similar results and gave reference to a paper in preparation
for details. But even now, a number of years later, the details of a proof have not
appeared and there appear to be problems with the sketch described in [4, p306-307];
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we say more on this in Remark 2.1 after establishing more notation. Our own proof
takes quite a different approach. It is modeled on the methods developed in Farah [5]
and Shelah and Steprans [11].

2 PFA implies no lifting

Let {A, : n € w} be a partition of N into infinite sets. Let ¥ be the open subset | J, A7
of N*. Consider the subspace E = {f € C(N*) : f[Y] = {0} }. It is well-known (see
Pearl [9, p574]) that there is a continuous lifting for C(Y) if and only if the subspace E
is complemented in the Banach space (C(N*), || - ||oo). We take as our definition of E
being complemented that there is a projection P from C(N*) to E (a bounded linear
operator) satisfying that P?(f) = P(f) € E for all f € C(N*). Of course the norm of P
is defined as the supremum of {||P(f)|| : ||f|lcc = 1}-

This then provides a complement to £ and an operator T defined by T(f) = f — P(f)
for f € C(N*) onto that complement. Again, it follows that T is bounded, linear, and
satisfies that T2(f) = T(f). We may view T as a lifting of the functions from C(Y) into
C(N*) since it follows that T(f) | Y = f | Y forall f € C(N*). More precisely, for any
h € C(Y), define H(h) to be T(f) where f is any f € C(N*) such that 4 C f. Then H
is a continuous linear embedding (in fact, lifting) of C(Y) into C(N*).

Theorem 1 (PFA) If {A, : n € w} is a partition of N into infinite sets, then the
subspace E = {f € C(N*) : f[U,A;] = {0}} is not complemented. Equivalently,
there is no operator T as described above.

We assume PFA for the remainder and that T is an operator as described in the paragraph
immediately preceding the statement of the theorem. Following standard Stone-Cech
compactification notation, the set of bounded (continuous) functions on N is denoted
as C*(N). We fix any lifting of T to all of C*(N) in the sense that for all bounded
f e CN), T(f) € C*(N) is chosen so that [T(f)]* is equal to T(f*).

So, we note that, for all f € C*(N), (f — T(f)) | A, — 0 for all n. Additionally, for
f € C*(N), we note that ||f*||c = 0 (ie f* = 0) is equivalent to f converging to 0
on N. We will say that two real-valued functions on N asymptotically agree if their
difference converges to 0. Also, when we refer to the norm of a member of C*(N) we
mean the asymptotic norm or the norm of f*.

The set {A, : n € w}™ is the ideal of subsets of N which are almost disjoint from each
A,. Let Z denote the larger (dense) ideal of sets that are almost disjoint from A,, for all
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PFA and complemented subspaces of £ /co 3

but finitely many n. As usual, ZT is the collection of sets which are not in this ideal.
Note that a set a C N isin Z7 if and only if the set J, = {j : |[a N Aj| = w} is infinite.
Unless mentioned otherwise, we will assume that a N A, is empty for n ¢ J,. Let
J C I denote the collection of those a € Z" with the property that Iz = w. For
any a € I, let 1, denote the characteristic function. Therefore, for any p € C*(N),
p - 1, is a function which is constantly 0 on N\ a.

Remark 2.1 It is well-known that, in models of CH, a continuous linear lifting H of
C(U, A;) into C(N*) need not have the property that H(f)-H(g) = 0 whenever f-g = 0.
This is similar to the fact that it is nearly immediate that if H is a linear isomorphism
between function spaces C(X) and C(Z), for X, Z compact and X zero-dimensional,
and if H satisfies that H(f) - H(g) = 0 whenever f and g are characteristic functions of
disjoint clopen sets, then X and Z are homeomorphic. On the other hand, Miljutin[7]
proved the surprising fact that C(2%) is linearly isomorphic to C([0, 1]) (for example).

One quite incomplete step in the outline of the proof in Grzech [4] is connected to this
aspect of linear isomorphisms. Conditions (2.5) and (2.6) on Page 307 of [4] seem to be
essentially making this assumption about the isomorphism H discussed. For example, it
is very hard to see how to fulfill property (2.6) without having shown that if xo - F = 0,
then H(yo) - H(F) = 0.

Comments on the proof: Many readers will know of Shelah’s original method [10]
for making an existing non-trivial automorphism of P(N)/ fin non-extendable in a
generic extension. An almost disjoint family {a, : @ € w;} of infinite subsets of N is
constructed together with a family {b,, : & € w;} of partitioners (ie b, C a ) in such a
way that there is a ccc poset P, 5, :acw,) Which forces the existence of a uniformizing
partition X satisfying that X Na, =* b, for each o € w; while preserving that there
is no similar uniformizing Y for the family {(a,), ¢(by) : o € wi} (because it will
contain a Hausdorff-Luzin type of gap). Clearly any possible value for ¢(X) must be
such a uniformizing Y. The set-theoretic principle < is used to help ensure that the
poset is ccc. Our method in this paper is based on this approach. We intend to similarly
choose a sequence of sets {a, : @ € w1} C J and replace choosing b, (or rather
1p, ) by choosing some f, € C*(N) with support contained in a, (i€ fo - In\a, = 0)
and again making these choices in such a way that we can force the existence of a
uniformizing function f,, in the sense that f,, - 1,, asymptotically agrees with f;, for
all o € w;. However, the main new obstacle is that while ¢(b,,) has no interaction with
p(ag) for B # «, as remarked above, this is very much not the case with T(f,,) - T(1, 5)-
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This makes it seemingly impossible to control for the possible existence of a function g
which might take the value for 7'(f,,, ). That s, there is no expectation that 7'(f,,) - T(14,)
should have any sort of clear relationship to 7(fz) - T(14,). To handle this we first prove
(Lemma 2) the existence of “T-orthogonal pairs” a, c, subsets of N, satisfying that
T(p-1.) -1, converges to O for all p € C*(N). After proving the existence of such
T -orthogonal pairs, we describe the construction of the poset P 4. .qew,) (Where for
other technical reasons (d,, : o € wy) is a mod finite increasing sequence and the above
mentioned a,, is contained in dn+1 \ do). While constructing this family, we also build
in the construction of a suitable Hausdorff-Luzin type gap canonically coded by the
family (T(fo+1) : @ € wy) which will serve as the device for ensuring that no value
for T(f.,,) will exist. The paper finishes with the necessary lemmas to show that the
construction can be carried out.

Let C; be the set of functions from N into {—1,0, 1}, and let CT denote the set of
functions from N into {0,1}. For any function p € Cy, let p*, p~ be the unique
members of C; such that p = p™ — p~ and |p| = pT + p~.

Lemma2 Givena,c € I, therearea;,c; € Z" suchthata; C a, Joy =J4, 1 Coc,
and for all p € C*(N), (T(p - 14,)) - 1., converges to 0.

Proof We may assume that a N ¢ is empty. Since we are assuming that 7 is a lifting,
let us note that for all p € Cy, thereisa B € {A, : n € w}* suchthat T(p-1,)- L\ @uB)
converges to 0. In particular then we have that T(p - 1,) - 1\ g converges to 0. This also
implies that T(p - 1,) - 1. is asymptotically equal to T(p - 1,) - 1 AUjen 4 foreachn € w.

Let £ denote the set of pairs (ay, ¢1) satisfying that a; C a, ¢ C ¢, J,, = J4, and
c1 € IT. Foreach (a, c1) € L, let the real number Lg, ¢, denote the least upper bound
of the asymptotic norms of each member of the family {T(p- 1,,)- 1., : p € C1}. Also
let Lﬁl o =1inf{Ly, ¢, 1 (a2,c2) € Land ay C ay, ¢y C c1}.

Claim 1 There is a pair (a1,c1) € £ such that L, ., = Lﬁl -

Proof of Claim Let (ag, co) = (a,c) and recursively choose a pairwise descending
sequence {(ay,c,) : n € w} C L sothat Loy icn < Lﬁmcn + % Notice that for each n,
we have that Lﬁmcn < Lﬁ,ﬁl,c,m <Laicoir < Layc,- Choose any set a, C UjEJa Aj so
that J,, = J, and for each j € J,, a, NA; C a; and for each n, a, NA; C* a,. Notice
that a,, \ a, is finite for all n. Choose a strictly increasing sequence {i, : n € w} so
that for each n, ¢, NA;, is infinite. Set ¢, = | cn NA;,. We have that (a,,, c,) € L,
and that ¢, \ ¢, C |J,_; A; for all n.

new

i<iy
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Let p be any member of C; and let n € w. We have that p - 1, is mod finite equal to
(p-14,) - 14,. Therefore T(p - 1,,) is asymptotically equal to T( (p - 1,,) - 14, ). Since
the asymptotic norm of T'(p - 1,,) - 1, is less than or equal to that of T(p - 1,,) - 1, , we
have that the asymptotic norm of T'(p - 1,,,) - 1, is bounded above by each L, ,. By
similar reasoning, it follows that Lﬁmcw is bounded below by Lﬁn,cn for each n. This
completes the proof of the claim. a

Now that we have proven Claim 1, we may simply assume that L = L, . is equal to
Ly, ¢, forall (a1, c1) € L.

Claim 2 Suppose that (a;, c1) and (az, ¢z) are in £ and that a; N ay is finite. Suppose
also that py, pp are in C; and that for some b C ¢; and some ¢ > 0, the sequence
{IT(p1 - 14,)(k)| : k € b} has no values below L — e. Then the asymptotic norm of the
function T'(p; - 14,) - 15 is at most €.

Proof of Claim Since (a; Uap,cy) isin £ and a; and a; are disjoint, we have that
eachof T(py - 14, +p2-14,) - 1¢, and T(p1 - 14, — p2 - 14,) - 1, have norm at most L. We
also have that each of (T'(p1 - 14,) + T(p2 - 14,)) - 1p and (T(p1 - 14,) — T(p2 - 14,)) - 1
have norm at most L. The conclusion is then obvious. O

The sets C and C T will be given the usual finite agreement topologies.

Claim 3 Foreach (aj,c1) € £ andeach € > 0, the setof p € C; suchthat T(p-1,4,)-1,
has norm greater than L — € is non-meager.

Proof of Claim Choose any ¢ > 0 and assume that {U, : n € w} is a descending
family of dense open subsets of C;. There is a strictly increasing sequence {k, :
n € w} C w and functions #, : [ky, k,+1) — {0, 1} with the property that, for all
s € {0, 1}*, the basic clopen set [s U ,] is contained in U,. We additionally require
that [ky, k,+1) N Aj is not empty for each j € J, Nn. Let ay = |J,[kan, kan+1) and note
that a3 = a \ ay satisfies that J,, = J,.

Let po, € C; be any function such that t,, C p, for all n. Observe that for all ¢ € Cy,
the function p; - 14, + % - 14, is in U, for each n. Choose B € {A, : n € w} so that
T(p2-14,)-1c)\p converges to 0. Choose ¢ € Cy sothat T(¢)-14;)- 1.\ p has norm greater
than L — €. Finish the proof of the claim by observing that T(p - 14, + ¢ - 14;) - 1o\
is asymptotically equal to 7(¢) - 14,) - 1.\ and so has norm greater than L — €. |

Journal of Logic & Analysis 8:2 (2016)
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Next we want to separate the contributions of p* and p~ to the norm of T(p - 1,,) - 1, .
Consider any p € Cy and (ag,c1) € £ and let L, denote the norm of T(p-1,,) - 1., . Let
BT (p, ay,cy) denote the collection of infinite sets (if any) b C ¢ such that T(p- 1 a) [ b
converges to L,. Similarly let B~ (p, ay, c1) denote the collection of infinite sets b C ¢
such that T(p - 1,,) | b converges to —L,. We will identify four types of possible
behavior. When BT (p, ay,c;) is non-empty we will identify type 1 and type 2. The
case when BT (p,ay,c;) is empty will be categorized as type 3 or type 4. It will be
completely symmetric in that if p is type 3 or type 4, then —p will be type 1 or type 2
respectively.

Let us focus on the case when B (p,a,c;) is non-empty. We define v(p, ay, c)
connected to T(p™ - 1,,). Define v(p,ay, c1) to be the supremum of the norms of the
family {T(p™ - 14,) - 15 : b € BT (p,ai,c1)}. Similarly define w(p, aj,c;) to be the
supremum of the norms of the family {T(p~ - 1,,) - 1, : b € Bt (p,a1,c1)}. Notice
that L, < v(p,ay,c1) +w(p,ay,c1), and so max(v(p,ay,c1), w(p, ai,cy)) > LTP We
will categorize p as type 1 for (ai, c1), when v(p,a;,c1) > %’“

Clearly, for each (aj,c;) € L and each ¢ > 0, there is a non-meager set of p with
L, > L — ¢ of one of the four types for (ai, c1). Let £; denote the set of (aj,c1) € £
for which, for each € > 0, there is a non-meager set of p with L, > L — € which is
type i for (aj,c1). By redefining (a,c) to be some member of £;, we may assume
that for each (ay, c1) € L, there is an (a», ¢p) € L; with ap C a; and ¢, C ¢;. For the
remainder of the proof we assume, by symmetry, that this is true of L.

This leads to the next claim, and the conclusion that £; = L.

Claim 4 For each (a;,c;) € £ and each € > 0, there is a non-meager set of p € C
such that there are infinite disjoint b, d contained in c; so that

(1) theset T(p - 1,,)[b] only has values greater than L — e,

(2) the T(p™ - 14,)[b] only has values greater than % — €,

(3) theset T(—p - 1,4,)[d] only has values greater than L — e,

(4) theset T(p™ - 14,)[d] only has values greater than Ij‘ — €.

Proof of Claim Choose any ¢ > 0 and assume that {U, : n € w} is a descending
family of dense open subsets of C;. Choose a strictly increasing sequence {k, : n €
w} C w and functions #, : [k, k,r1) — {—1,0, 1} so that, for all s € {—1,0, 1}, the
basic clopen set [s U #,] is contained in U,. We again require that [k,, k,+1) NA; N ay
is not empty for each j € J, Nn. Let ay = Un[k2n,k2n+1) and choose disjoint
az,as C ay \ ap sothat J,, = Jo, = J,.
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Let p, € C; be any function such that #,, C p, for all n. Observe that for all ¢ € C,
the function py - 14, + % - 14304, is in U, for each n. Choose By € {A, : n € w}* so
that each of T(p - 14, - 14,), T(pgL 14y - 14,),and T(p;, - 14, - 14,) converges to 0 on
the set ¢; \ Bp. By shrinking a3 we may suppose that there is some ¢3 C ¢ \ By so
that (a3, c3) € L. Therefore we can choose 13 € C; and some b € B* (13, as, c3) so
that the function T(l/);— - 14,) only has values greater than % — ¢ on the set b.

Now choose B; € {A, : n € w}* containing By so that each of T(ps - 1, - 14, + 13 -

lag)' ICI\BI s T((p2 : laz : lal +¢3 : 1(13)+). lcl\Bl s and T((PZ ' 1(12 . lal +¢3 : 1a3)_) ' lcl\Bl
converges to 0.

Similarly, by shrinking a4, choose a function 14 € C; and an infinite set d C ¢; \ B)
so that the image of d by T(¢4 - 1,,) has no values below L — ¢, and the image of d by

T(Y] - 14,) has no values below 5 — e.

Now set p = pp - 14, + 93 - 143 — 94 - 14, which is a member of the dense Gs
set (), U,. By the choice of B; and the linearity of 7, we have that T(p - 1,,) =
T(py - 1g, - 1y, + 93 - 143 — 204 - 1,,) asymptotically agrees with T(—4 - 1,,) on d.
Similarly T(p~ - 1,,) asymptotically agrees with T'(1)4 - 1,,) on d. This proves that
items (3) and (4) of the claim hold.

By Claim 2, we have that each of T(¢4 - 1,,) and T(¢, - 1,,) converge to 0 along b.
We also have that T(py - 14, - 15, + ¢35 - 1,;) asymptotically agrees with T'(1)3 - 1,,)
along b; and T(p;_ g, - 1g, + w;r - 14,) asymptotically agrees with T(z,/J;r -14,) along b.
Putting all this together we have that T(p - 1,,) asymptotically agrees with T(¢)3 - 1,,)
along b, and T(p™ - 1,,) asymptotically agrees with T(Q,Z)?,+ - 14,) along b. This verifies
items (1) and (2) of the claim. O

Now we are ready to apply OCA arguments to continue the proof. For each j € J,,
choose any injection ¢; from 2<“ into aNA;. Also choose, for each j € J., an injection
oj of J. into AjNc. Foreach r € 2¥, let a, denote the set a, = {¢;(r [ ) : j < { € w}.

Let X denote the collection of functions of the form p = p - 1,, for some r € 2%, and
p € C; so that Claim 4 holds for some pair b,d C c.

For p € X, let
b, = {k € c: T(p")(k) > .45L and T(p)(k) > 9L}

and
d, = {k€c:T(p )k) > .45L and T(p)(k) < —O9L}.

We define an open relation Ky on [X 1? as follows. A pair (p,, ps) € Ko providing
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(1) r # s are members of 2,

(2) Pr - la, = Pr»

(3) ps- la, = ps,

4) pr and pg agree on a, N ay,

(5) thereisa k € (b, Nd,) U (by, Ndp,).
Assume that {p, : @ € wi} C Cy and {ry : @ € wi} C 2¢ are such that [{p, - 1q,, :
a € wl}]2 is contained in Ky. For each «, let a, = a,, and assume, with no loss,
that po, = pq - 14, . For each o, let b, = b, and d, = d,, Because of (5) the family
{(ba,dy) : & € wy} forms a Luzin family and so there is no set ¥ C N and uncountable

I' C w; such that ¥ mod finite separates the family {b, : o € '} from the family
{do : €T},

We consider the functions f*,f~ where, for each k,
FHk) = max{p} (k) : a € w1} and f~ (k) = max{p, (k) : o € wy} .
Also let f = f™ — f~. Notice that f - 1, = f and, for each @ € wy, f - 14, = pa-

Claim 5 The liminf of T'(f) on b,, is at least .8L

Proof of Claim Assume that b is any infinite subset of b, and assume that 7(f) [ b
converges to some L,. By thinning b we may also assume that each of T(p,) [ b
and T(f - 1,\4,) [ b also converge. We know that T(p,) [ b, converges to some value
greater than or equal to .9L. By Claim 2, T(f - 1,\4,) | b must converge to values with
absolute value less than or equal to .1L. |

Similarly, we have
Claim 6 The limsup of 7(f) on d, is at most —.8L.

Now that we have that Y = T(f)~!(0, co) will mod finite separate the entire family
{bo : @ € wi} from {d, : @ € w;}, there is evidently no such uncountable Kj-
homogeneous set.

Therefore, by OCA, we deduce there is a countable family {), : n € w} which covers
X with the property that V> NK is empty for all n. For each n, there is a countable
Y, which is a dense subset of ), in the suitable metric topology inherited from X’.

Choose any selective ultrafilter I/ on w such that J, € U. For each U € U, let o[U]
denote the set {oj(k) : j,k € UNJ. and |U Nk| > j}. The family {o[U]: U € U} isa
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base for an ultrafilter on N. It is the Z/-limit of the sequence {o;(if) : j € J.}. To see
this, assume that W C N is such that Uy = {j € J, : ajfl(WﬂAj) =U U} el.
Since U is selective, there is a U € U such that U C Uy and, for each j € U,
U\ ﬂg < Uy has cardinality less than j. It follows that o[U] C W.

Fix any countable elementary submodel with each of the above objects as elements.
For 1 € &', let r;, denote the member of 2* such that 7 - 1,, = 7. We will choose an
r € 2% and then recursively definea p € C; with p- 1,, = p.

Let us consider any s € 2<¥ and let @* = {¢;j(s | m) : j < m < |s|} which
is the maximal common initial segment of a, for all s C r € 2. Also fix any
ps a* — {—1,0,1}. Forany n € w and s C ¢t € 2<%, define p,; D p; to be the
function with domain &’ which has value 0 on ' \ a*. We will consider the two sets

W(ps,n,1,0) = {k € c: 3n € Y)ps; C 1,1t C ryand T(n)(k) > 9L}
and

W(ps,n,t,1)={k € c:(3n € Y)ps; Cn,t Cryand T(n)(k) < —9L} .

There is a sequence {U,, : m € w} C U such that for each such s, ps, n, ¢, there is an m
such that o[U,,] is either contained in, or disjoint from, W(ps, n,t,0) N W(py, n,t,1).
Fix any U € U which is mod finite contained in each U,,.

Choose any r € 2% with the property that it does not contain any infinite chain of
the form E, ;, = {r € 2<% : s C t, and W(p,,n,t,0) N W(ps,n,t,1) € U} where
se{r[l:lecw},ncw,and ps:a® — {—1,0,1}. In other words, if such an E,, ; ,,
is contained in r, then it is finite. Since there are only countably many such chains,
there is such an r.

Consider the forcing P, consisting of finite approximations p; : a* — {—1,0,1} to
a generic function p : a, — {—1,0,1}. Since (a,,o[U]) € L, whenever D is a
countable family of dense subsets of P,, there will be a non-meager set of D-generic p
that will satisfy that, not only is p € &', but also that b, and d,, each hit o[U] in an
infinite set.

Now for each integer n, define

D, = {ps; € P, : eithert ¢ E, s, or (31 € E, 5, )(s CT L D}.
Fix any p; € P,. If E, , is a chain, there is an extension s C ¢ C r such that
t & E,,p,. Therefore pg, € D,. Otherwise, there is an extension 7 O s such that 7 Z r

and f € E, . Choose any s C t C r such that ¢ | 7. Then we have that p; € D,.
This shows that D,, is dense.
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Now we assume that p is {D, : n € w}-generic over P, and that p € X’ and that
each of b, and d, meet o[U] in an infinite set. Notice also that b, and d,, necessarily
meet each ¢ N A; in a finite set. Therefore, b, N o[U] and d, N o[U] are mod finite
contained in o[U,,] for each m. Consider any »n and assume that p € }},. By the
density of Dy, there is an s C t C r such that p;; C p and p,; € D,. Choose the L ¢
so that ps; € E, 5, . Since there is an m such that o[U,,] C W(py,n,t,0), there is a
k € d, N W(ps,n,t,0). Choose n € ), so that ps; C 7, t C ry, and T(n)(k) > OL.
We have now produced p,n € Y, such that {p,n} € Ko.

This completes the proof of the lemma. |

Let us say that a set a is T-orthogonal to a set c if forall p € Cy, T(p-1.)- 1, converges
to 0. So far as we know, this is not a symmetric relation. Although it does follow from
Lemma 2 that there are mutually 7'-orthogonal pairs, we do not know if there is such a
choice with ¢ € J (as we will need), and so we are satisfied with the asymmetry.

Following a standard method of producing a proper poset for the application of PFA we
pass to the CH extension obtained by forcing with w2<w' .Forany h€ C;andd € I,
we define the poset Py, 4 to be the set of partial functions p from N into {—1,0, 1} such
that dom(p) C* d and p C* h (in the sense of only finitely many disagreements). For
any o < w; and sequence (f3,dg : 8 < a) of such f3 € C and dg € I, satisfying
that for § <y < a dg C*dyand f, - 14, =" f - 1ay, the poset P, d5:8<ay 18 defined
to be U5<a Py, 4, We can fix a {-sequence {S, @ a € wi} C [w1]=* and fix an
enumeration {H,, : & € w;} of H(w;) (the hereditarily countable sets).

Now we define a sequence {dg,f3,ps,as,Dg : f € wi} subject to the following
inductive assumptions on «: for 5 < v < a,

) d,€J,

(2) agCdy,ageI",and dgUag C dasy,

3) fa.fy € Crand fg =[5 - lay =" fy - lag,

@) £ 1o, = ps,

(5) forall p € Ci, T(p- Ina,) - 1oy converges to 0,

(6) Dg is a countable family of predense subsets of Prdys s

(7) Dg C Dy,

(8) if Dy = {H¢ : { € Sy} is a predense subset of P, 4,.5<), then Dy € D,.

Journal of Logic & Analysis 8:2 (2016)



PFA and complemented subspaces of £ /co 11

This construction using <) as in condition (8) will ensure that the poset P, =
Pty ds:p<wy) 18 ccc. This is from Shelah’s oracle chain condition method of Shelah [10,
§IV]. We also work with a listing, {YB : B < wi}, of all nice P, -names of subsets of
N such that Yg isa Pr 4, -name (for any B < 7). And we add the inductive condition

9) for g <7, P s, g.:<~) forces that Y5 does not mod finite separate b, from e,
where by = {k € ay : T(fy11)(k) > %} and e, = {k € ay : T(f,4-1)(k) < %}

After constructing a., and p-, we are able to preserve the property in item (9) by adding
a specific countable family of dense sets to D .

The construction of this sequence will be explained in a series of lemmas. However
before doing so, we indicate how this will prove the main theorem. After forcing with
P, , we have that the family {b., e, : 7 € wi} can not be o-separated. This implies
(Todorcevi¢ [13, Theorem 2] and Shelah and Steprans [11, Lemma 2]) there is a proper
poset Q which introduces an uncountable I' C w; so that the family {b,,e : v € I'}
is a Luzin family (it is unsplit in any proper forcing extension). Now, we meet w; many
dense subsets of w2<”1 * Py, * Q in order to decide on the generic function f = f,,
added by P, , and the Luzin gap {b,, e, : v € I'} as well as the basic properties of the
family as detailed in items (1) - (6). Notice that (by the inclusion of w; many dense
subsets of P, ) f - 14, is almost equal to f, . It follows then that T(f) can not exist. This
isbecause ¥ =T (f)*l((%, 00)) is required to split the Luzin gap. To see this we have to
show that T(f) - 1., has liminf greater than %, while T'(f) - 1., has limsup less than %
We consider T(f) - 14, as asymptotically equal to T'(f - 1g, ) - 1o, + T(f - Inva, ) - 1a, -
Items (3) and (5) ensure that this is asymptotically equal to 7(f,+1) - 1., . Therefore,
Y Na does separate b, and c, .

We construct, by induction on @ € wy, the sequences

(fg,dﬁ,Dg:ﬁ<a)U<pg,a5:ﬁ+l<a>

as per inductive items (1)-(9) above. We can start very simply with dy = 0, fy the
constant 0 function, and Dy = {0}.

If « is a limit ordinal, then the choices of f,,d, and D, are handled at the end in
Lemma 6. Therefore, we can proceed by assuming that we have constructed the family

(f3:d3,Dg : B < a)U{pg,ap:f+1<a).

The choices for f,11,dq+1, Dat1 together with a,, p,, are established in Lemma 5.
We will need preparatory lemmas leading up to it.

This next lemma is (essentially) statement (*1) of Shelah [10, IV §5, p134]. We sketch
a proof for the reader’s convenience.
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Lemma 3 Assume that h € Cy and d € J are such that h - 1; = h and assume that
c € I% is disjoint from d. If £ is a countable family of predense subsets of Pj, 4, then
there is an a C ¢ such that J, = J\. = J. so that for all p € C, each E € € is a
predense subset of the poset Ppyp.1,.dua-

Moreover, given ¢ and a as above let dy = d U (¢ \ a). Then there is an h; such that
hy-14, =hy, hy-14 =h- 14, and such that forall p € Cy withp-1, = p,eachE € £
is a predense subset of Pp, 4 4,0a-

Proof Let {p,: ¢ € w} enumerate all members finite functions from the poset Pp 4.
Let py @ h denote the function py Uh [ (d \ dom(py)). Let {Ey : { € w} be a
descending sequence of dense subsets of P, 4 so that the downward closure of each
E € & contains one of them. Recursively define an increasing sequence (ny : k € w) of
integers as follows. Let ng = 0 and given n; ensure that ng is large enough so that
dom(py) C nyy forall £ < ny and that there is some ¢; < ni4; so that dom(py,) is
contained in [ng, ni41) \ d, and, for all ¢ such that dom(py) = ng, py, U (pe © h) € Ey.
In addition, ensure that ¢ N A; N [ng, ng41) is not empty for each j € J. N ny.

Let a = ¢ N U{[n2k, nax+1) : k € w}. Note that J, = J.\, = Je. Let p be any member
of Cy and fix any E € £. We check that E is predense in Pjy .1, 4uqa. To do so we
consider any g € Py, q4uq- By extending ¢ we may assume that dom(g) contains
d U a. Choose k large enough so that the downward closure of E in Pj 4 contains Ej,
dom(q) C dUaUnyy1, and such that g(j) = (h+ p)(j) forall ny1 <j € dUa. There
is an ¢ such that g | nox+ is contained in py and dom(py) = ny+1. By construction
Pty Y (pe @ h) isin Ep. Since py,, U (pg @ h) is contained in py,,  , U g, we have
that g is compatible with a member of E.

Now assume that d U ¢ € J and choose h; € C; so that iy - 1;, = h - 1; and so that
hlc=U{py I c:kew}. Alsoensure that i - Iiy\g, is 0. The same argument as
above shows that each E € £ is predense in Py, 4, because p; [ ¢ C hy forall k. O

Having chosen f,,, d,,, we are ready to choose a,,. First apply Lemma 2 to find &, € Z"
and disjoint ¢, C N\ d,, so that @, is T-orthogonal to ¢, and so that J., = w. Next
apply Lemma 3 (with ¢ = &, ) to choose any a, € Z" contained in &, and hao SO
that ha0 - la, = fa, hao - laaue, = 0 such that we are free to choose any p, € Ci
with po, = pq - 1z, S0 as to preserve that each member of the family D,, is predense in
the poset Pp_ o1 po N\(@aUca)- S€t da,o = N \ (aq Ucq).

With this reduction, we have now guaranteed that with this choice of a,, and dy4| =
N\ ¢q, then for all v > «, so long as f, - lay,y =" fa+1 = fat1 - la,,, (asininductive
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condition (3)) is satisfied, then T'(f,) - 1,, will be asymptotically equal to T(f11) - 14, .
The reason is that T'(fy) — T(f,+1) will be asymptotically equal to T(f, - 1.,), and a,
is T-orthogonal to c,,.

The key property of the choice of p, is the requirement on Y3 for each 3 < «. This
next lemma shows how to handle one such 3, then we extend to all countably many in
the subsequent lemma.

Lemmad4 Let a,d be disjoint members of Z+ and let h € Cy be such that h- 1, = h.
Further suppose that Y is a P, 4-name for a subset of N and let py be any member
of Py 4. Then there is a p € Cy such that, po C p, p- lqua =" p, and such that
p | (d U a) forces, with respect to the poset Ppy .1, dua, that Y does not mod finite
separate a N T(p)_l(%, o0) and a N T(p)_l(—oo, %).

Proof Assume that Y is such a name and that there is no such p. Fix any integer L, we
will prove that T has norm exceeding L. We may obviously assume that a is disjoint
from dom(py) and that dom(pg) O d. We may assume that Y is a simple name that is a
subset of N x Py, 4 and, for a generic filter G, valg(Y) = {k : (3r € G)(k,r) € Y}. Let
Py 0 € C; denote the extension of pq satisfying that 123 0- Ldom(pe) = Py~ 0. By the
properties of T we have that T(p; 0) converges to 0 on a N A; for each j € J,. By
removing a finite set from each a N A;, we may assume that 7(p;"0)(k) has absolute
value less than é forall k € a.

Fix, for each j € J, an injection v; : 2<“ — a N A;. Our plan is to choose p € C| so
that for all j, x,; = {s € AN p()j(s)) # 0} is a chain. Let Q C P4 denote the
set of those p € Pj 4 with this same property, namely, that for all j, x,; = {s € 2<% :
p(i(s)) # 0} is a (possibly empty) chain. Let x;j = {s € xp; : p(Wj(s)) > %} and
X, = {s € x,j 1 p(Wi(s)) < %} The ordering on Q, inherited from Py, 4, is that r < ¢
providing g C r. We may consider Y (equivalently ¥ N (N x Q)) as a Q-name. Fix an
enumeration {q; : £ € w} of {g € Q : dom(q) Na = 0}.

For any j € J,, say that an element ¢ € Q is j-decisive if for all ¢ C r in Q,
riko ¢i(t) € Y forall 1 € x;':]- \ x4, and rl-g (1) ¢ Y forall ¢ € X, \ Xgj-

Claim 7 Foreach po Cp e Qandj € J, thereisa p C g in Q which is j-decisive.

If no such g exists, then, we recursively choose an C-increasing sequence {ry : k €
w} C Q with p = rg and dom(ry \ p) C a for all k. Also ensure that | J, dom(ry) = a.
The inductive hypothesis is that for each k and each ¢ < k, if gy U ry € Q, then either
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thereis ¢ anda t € X:ZH,/ \ X, j such that gp Uri1 € Q, g U rg1 < go U rg, and

ge U iy IE (1) ¢ Y, or a similar conclusion for some 7 € X1 \ X -

Upon completion of this recursion, set p = | J, r¢. We check that p is as required in the
conclusion of the lemma. First of all, let us recall that p and T'(p) are asymptotically
equivalent on a N A;. So there is an ko such that |p(1);(1)) — T(p)(1);(?))| < % for all

t €U xn, \xrko.

Now let us assume that there is a g € P, 4, extending p [ (d Ua), and an m € w
such that g forces that ¥ contains (a \ m) N AN T(p)_l(%, o0) and is disjoint from
(a\ m)NA;N T(p)~'(—oo0, %). By enlarging ko, we can assume that 1);(f) > m for all
t € Uy % \ Xy, - Therefore we have that g forces that (1) € Y forall £ € [, xf \ xy,
and that ¢(r) ¢ ¥ forall 1 € Uy x;, \ xy -

Set ¢ = g | (N\ a) and notice that ¢ € Q and so there is an ¢ with ¢, = g.
Choose any k > ¢, kg. By symmetry, since gy is not j-decisive, we may assume there
ist e xj;HJ \ x,,; and an ¢’ such that go U riq1 I-g 9j(r) ¢ Y. However, since
dom(p \ rr+1) C a, we have that g» U p < p is in the poset Py ava = Ppyp1,,duq and
s0, by the assumption on g, forces that ¢;(f) € Y. By our assumption on the name
Y, there is a condition r € Py, 4 such that (¢;(t),r) € Y and is such that r U g U p is
an extension of gy U p. Of course then, r U g¢ U i1 forces that 1;(f) € Y which

contradicts that g, U riq1 Ik (1) ¢ Y.

Next we use the claim to show that L is not a bound on the norm of 7. The key idea is
that being j-decisive is decidable and so we can build suitably long );-chains in A; and
then branch away into 5L many incomparable extensions that share an element ;(¢)
forced tobein Y.

Claim 8 There is a doubly-indexed set {g¥ : i < 5L,k € w} C Q and an increasing
sequence {ji : k € w} C J, such that, for each k and i < 5L

(1) po C gf Cgitt,

(2) dom(gf \ po) C a,

(3) foreach £ < k, there is an ¢ such that g; C gy and g U gi-‘“ is jr-decisive,

@) gt 1@na;) cgill 1@nAy) fori<5L,

5) thereisatkefr NxT L, \ Xk
( &5t i v Ve

(6) foralljeJ,Njrand i # ¢ < 5L, Xkt U X tr2 is not a chain.
i i
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Proof of Claim 8 We begin with g = pg for each i < 5L and j_; = 0. Assume
that we have selected j;_; and {g¥ : i < 5L} for some k. Set £y = k. Choose any
jx > jik_1 in J, so that dom(g¥ )N anA, is empty for all i < 5L. Choose any extension
‘k'H of g0 U (gSL [ (@anAj, ) whlch is ji-decisive. Suppose i < 5L and we have
chosen ngrl and a value /;,1 so that for each ¢ < /¢; there is an ¢/ < {;y; such that
qe C qe and gy U &t is ji-decisive. Choose gi‘j:ll (in ¢; steps) to be any extension
of g,+1 U (85L [(@aNAj,_)U (g"+l I (@NAj,)) so that there is an £; > such that for all
0 < liqq, there isan ¢/ < {;1 so that gy C qg/ and gy U gk“ is jr-decisive. When

choosing g5L ensure also that there is #; € xg,; 1, which is not in Xkt for any

i < 5L. Notice that this construction has ensured that #,_; € xt 41, foreachi <5L.
8i Jk—1

Finally, choose g¥! to be an extension of g1 so that g¢*! | (@A) = g5 | (an4;)

and in such a way that for all j € J, N j; and all distinct ¢,i < 5L, Xghtt ; U Xkt ; is not
i ! i

a chain (this last step is a triviality). O

Now, let us consider g; = (J;c,, gk for each i < 5L. But also, by the additional
properties of 7', we can choose a; C a so that for each j € J,, a N A; \ a; is finite, and
so that for all i < ¢ < 5L, we have that g; - g, - 1,, is constantly 0. Then we have that
T(gi- 14,) is asymptotically equal to T(g; - 1,) and ;57 g; - 15, has norm at most 1.
Also, T(X;<51 8i - 14,) is asymptotically equal to T(X;<s;, g; - 1,). By our assumption,
we have that there is some gy which, for each i < 5L has decided on the m and forces
that for all o;(#) > m which are in ¥, we must have that T(g; - 1,)(0()) > 1.

But now if g; is any extension of Qg, then for each k > /, there is a further extension
gy such that, for each i < 5L, gy U gl e U'is ji-decisive. That is, gy U gl'H forces that
Vi, (k) € Y. Therefore, it follows that T(X;5; g - L)W, (#)) is greater than (5L)(§)
for infinitely many k. Which shows that the norm of T is greater than L. O

Lemma 5 Given f,,d, and D, as in the inductive construction, there is an a, € I
which is disjoint from d,,, a pair f+1,dq+1, and a countable family D, such that
foreach § < «

(1) doUda C dayi,

2) das1 €T,

B3) fart - lay =for and fai1 - lays, = fotts

(4) aq is T-orthogonal to c,, = N\ do41,

(5) Do C Doy and each D € D,y is a predense subset of Py, 4., >

(6) if G is any D1 -generic filter on Py, | 4 then Val(;(Yg) does not mod finite

separate b, and e, .

a+1?
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Proof As discussed before the previous lemma, there are a,, c, and hy o € C; and
doo =N\ (aq U cy) so that

(1) day1 =dapUan €7,
) ha,O g, = fa,and ha,O aguea = 0,
(3) forany p, € Cy with p, = p, - 1,4,, €ach D € D,, is predense in Pho o+pod

«,0°?

(4) ag is T-orthogonal to c,.

We will recursively choose disjoint infinite subsets a, , of a, and functions p,, =
Pa - la, , 80 as to “handle” Y,,. However, in doing so we have to take care when defining
Aqpnt1 to ensure that the full p, will not change the fact that ¥, was appropriately
handled by p, [ an,. Let us again note that regardless of our choice of p,, each

member of D, will be predense in Py o+, do ;-

However, in order to make the first step general enough to handle all later steps, we may
suppose we have some countable family &, o of predense subsets of P, | N\ (aaUca)>
that must be preserved. Fix any py € Pj,_ | N\(aauc,) and any Yg, with Gy < a.

To begin, apply Lemma 2 to obtain disjoint subsets, .0 and c,, of a, so that
da,0 is T-orthogonal to ¢, . These may be chosen so that each are in Z* and
are disjoint from dom(pp). Apply Lemma 3 to choose a0 C dq,0 and a function
hay € Cysothat hy - 14, o = haos hat - lag gueq o = 0, and, for all p € Cy with
p- 1aa,ouca,0 = p, we have that each member of &, ¢ is predense in Pha’]Jr pN\ca - Set
da,l = da,O Uaq \ (aa,O U Ca,O)-

This gives us the poset P, | 4, , and first we replace po by the unique extension with
domain d,,,; which agrees with ha, 1 at all points not in dom(pg). Then we apply Lemma
4, and in this way we obtain p, 0 € C1 With pap - 14, = pa,0, 50 that (po + pa0) |
(da,1 U aq) forces with respect to the poset P, |+ p. o.da.Uaq o that ¥g, does not mod
finite split Qo0 M T(ha,l + pa,O)_l(%a oo) and ag,0 M T(ha,l + pa,O)_l(_ooa %)

Let us note that forall p € Cy, T(p- 1, ) 14, , converges to 0. There is a countable set
Ea,1 D Eayp of predense subsets of Pp, 1, o.da Uaq, With the property that so long as
afilter G with hq 0+ pa,0 € G meets each element of & 1, it will ensure that valg(Y 5)
does not split a0 N T(ha,1 + ,Oa,o)fl(%, 00) and aq,0 N T(ha, + pmo)*l(—oo, %).

We continue by choosing any p1 € Pp, |4 p, 0,da 1Uas o and any 31 < a. We will select
da,1 > Ca,1»> Ga,1 as subsets of ¢, as we did with Gn0 , ca0, Gao. We set dor =
N\ (@a,1 Ucqa,1) and gz as above so that s - 1a, guas o = (ha,1 + £a,0) * Lag gUag -

The recursion continues for w-many steps and we define f,+ to be the unique function
satisfying that fo+1 - la,ua, = fa+1 and foy1 - la, yUa, , = hae + paye forall £ € w.
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In this recursion, it is easily arranged that | J,(dn,¢ U aa¢) = do U aq = doq1 and
let po, = fa+1 - 14, - Additionally, it is easily arranged that for each n and each pair
P € Phypda,s B <, thereis an £ > n such that at stage £ we are considering py = p

and By = 8.

Choose any g € Py, 4,,, and 8 € a. Choose any k € w so that the finite set of
places where g might disagree with f,,;1 is contained in do . Let p = g | dok
and choose ¢ > k so that at stage ¢ of this construction, we were considering p and
Y. This means that at stage ¢, we were working with ¢ [ d, ¢41 and we arranged
that g | (dq¢+1 U aq ) forced over the poset Phey o140 0o s that YB did not mod
finite split aq,¢ N T(ha+1) ' (53,00) and dq ¢ N T(hae+1) "' (—00, 3). We set Ey 11
to be a countable family of predense sets that will ensure this continues to hold, and
at stage ¢ + 1, we ensured that for all p € Cy such that p- 14, ,,,0c, .4, = P €ach
member of &, ¢4 is predense in Pp, 1i1+pN\co - Define Doy to be any countable
collection of predense subsets of Py, 4.,, Which contains D, and |J, €q,¢41. Since
T(fa+1) - la, , is asymptotically equal to T'(hqa ¢+1) - 1a, ,» We have completed the proof
of the lemma. |

Lemma 6 Assume that {d, : n € w} is an increasing family of members of J and
that {h, : n € w} C C has the property that, for each n, h, - 14, = hy,. Then, for any
countable family £ of predense subsets of the poset | J, Py, 4, , there is a pair h € C)
and d € J such that | J, Py, 4, C Phq and each E € & is predense in Py, 4.

Proof Similar to Lemma 3. First to choose d we define d N A,, for each n. Choose
dN A, so that

() A,Nd, Cdforeach m < n,
(2) (A,Ndy)\ d is finite for all m,
(3) A, \d is infinite.

Naturally we have ensured that d € J and that d,, \ d is contained in |, ., Ay Ndn \ d,
and so is finite. We will define / so that - 1; = h and so that - 14,4 th - 14,nq for
each n. However, in order to ensure that each E € & is still predense in Py, 4, we will
recursively shrink d while preserving that d,, \ d is finite for all n. By recursion on &
we will choose a finite set L disjoint from dj, and will redefine d to be d \ |, L,. Let
{Pk, Ex : k € w} be an enumeration of all pairs from |, Py, 4, and £.

Suppose we have chosen L; and we consider the pair py, Ex. Choose ni1 large enough
so that there is an e € Ej compatible with p; and so that both e and py are in Py, 4,

for some n < ny;. In addition, assume that dom(py) \ d, is contained in Uj <ness Aj.
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Choose a finite set Ly | C dy,,, \ di sothat {£: (eUpr)({) # hy,_,(£)} is contained in
di U Ly 1. It follows that we will have that p; and e will be compatible in P, 4. O
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