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Locally Compact Stone Duality
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Abstract: We prove a number of dualities between posets and (pseudo)bases of
open sets in locally compact Hausdorff spaces. In particular, we show that

(1) Relatively compact basic sublattices are finitely axiomatizable.
(2) Relatively compact basic subsemilattices are those omitting certain types.

(3) Compact clopen pseudobasic posets are characterized by separativity.

We also show how to obtain the tight spectrum of a poset as the Stone space of a
generalized Boolean algebra that is universal for tight representations.
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Introduction

Background

A number of dualities exist between classes of lattices and topological spaces. Those

most relevant to the present paper are summarized below.

Table 1: Dualities

Topology Lattice 1°-0Ord = Reference

0-Dimensional Boolean v v [25]
Compact Hausdorff

Compact Hausdorff Normal Disjunctive v v [26]

Locally Compact Hausdorff R-Lattice v X [23]

Locally Compact Sober Continuous Frame X v [12]
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2 Tristan Bice and Charles Starling

The most well studied dualities are the first and the last. Indeed, Boolean algebras
have a very long history and there is also a considerable amount of literature on both
domains/continuous lattices (see Gierz, Hofmann, Keimel, Lawson, Mislove and Scott
[10]) and locales/frames (see Picado and Pultr [21]). However, one key feature of the
former which is not shared by the latter is that Boolean algebras are first order structures.
More precisely, Boolean algebras are defined by a finite list of first order sentences
in a language with a single binary relation <. On the other hand, both domains and
frames require some degree of completeness, which requires quantification over subsets,
making these second order rather than first order structures. Moreover, domains are
defined by the way-below relation, while frames require infinite distributivity, both of
which are also undeniably second order. The unfortunate consequence of this is that
classical first order model theory can not be applied to domains or frames as it is to
Boolean algebras.

Furthermore, while the duality between sober spaces and spatial frames has its origins
in Stone duality (see Johnstone [13]), point-free topology is more accurately described
as a close analogy rather than a direct generalization of Stone duality. Indeed, even
for zero-dimensional X, the entire open set lattice O(X) is much larger than its clopen
sublattice. In fact, O(X) is uncountable for any infinite Hausdorff X, which explains
why frames have no first order description, as this would contradict the downward
Lowenheim-Skolem theorem.

While less well known, Shirota [23]" deals with both of these issues, at least for locally
compact Hausdorff spaces. Indeed, [23, Definition 2] describes R-lattices as those
satisfying a finite list of first order sentences, albeit in a language with two relations <
and < and ternary function implicit in part v) (although a more careful axiomatization
can be given just in terms of < — see Baayen and de Rijk [2, Proposition 3.3]).
Moreover, the R-lattices where < is reflexive and which also have a maximum are
precisely the Boolean algebras, so [23, Theorem 1] is a direct generalization of Stone’s
original duality. The only issue here is that R-lattices represent relatively compact basic
(ie forming a basis in the usual topological sense) sublattices of RO(X)(= regular
open subsets of X) rather than O(X). This means joins are not unions, specifically
OV N = OUN?° rather than O UN. Alternatively, we could consider the lattice
elements as representing regular closed sets instead, but then OAN = (O N N) ° rather
than O N N. As topological properties are usually expressed in terms of U and N, this
makes R-lattices somewhat less appealing for doing first order topology.

"We would like to thank Tomasz Kania for directing our attention to this article.
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Locally Compact Stone Duality 3

Outline

Our first goal is thus to modify the axioms of R-lattices (see Definition 1.1) so as to
axiomatize relatively compact basic sublattices of O(X) instead. This is the content
of Section 1-Section 3, as summarized in Corollary 3.5. We then extend this to
an equivalence of categories in Section 4, taking appropriate relations as our basic
lattice morphisms (see Theorem 4.3). Next we consider relatively compact basic meet
subsemilattices of O(X) in Section 5. Here a finite axiomatization is not possible, as
explained at the end of Section 3, however we show that they can still be characterized
by omitting types, as summarized in Corollary 5.8.

In Section 6-Section 8, we consider a different generalization of classic Stone duality
where we extend the bases rather than the spaces under consideration. Specifically,
we consider ‘pseudobases’ (see Definition 8.2) of compact clopen sets in (necessarily)
zero-dimensional locally compact Hausdorff X. Here we show that pOsets(=posets with
minimum 0) which arise from such pseudobases can be finitely axiomatized just by
separativity (which goes under various names — see the note at the end of Section 8),
and that X can still be recovered from any compact clopen pseudobasis as its tight
spectrum, as summarized in Corollary 8.5. Also, we use a well known set theoretic
construction to define a generalized Boolean algebra from any pOset that is universal for
tight representations (see Theorem 7.4). This allows us to identify the tight spectrum of
the pOset with the Stone space of the algebra, providing a different take on some of the
theory from Exel [6].

Related Work

Given the classical nature of the results in Table 1, it seems that a description of these
dualities is well overdue. Previous literature certainly gets close to describing basic
lattices, as most of the axioms already appear in Shirota [23] and a first order analog
of the way-below relation was already considered in Johnstone [13] — the only extra
step really needed was to consider it as a fully-fledged replacement (see the comments
after Proposition 1.3). Also, the idea of representing continuous functions by certain
relations, as in Section 4, already appears in formal topology (see Ciraulo, Maietti and
Sambin [3]), where constructions similar to those in Section 5 also appear. There have
also been various other extensions of Stone duality, often in the context of categorical
or continuous rather than classical logic and/or based on the ring structure of C(X, C),
the lattice structure of C(X,R) or the MV-algebra structure of C(X, [0, 1]) (see Kania
and Rmoutil [14], Marra and Reggio [20], Russo [22] and the references therein).

Journal of Logic & Analysis 10:2 (2018)



4 Tristan Bice and Charles Starling

There are also non-commutative extensions, eg classic Gelfand duality allows us to see
C*-algebras as non-commutative locally compact Hausdorff spaces, which have recently
been investigated from a continuous model theoretic point of view (see Farah, Hart and
Sherman [9] and Farah, Hart, Lupini, Robert, Tikuisis, Vignati and Winter [8]). Inverse
semigroups provide a different non-commutative generalization (see Kudryavtseva and
Lawson [16]), although they are closely related (see Exel [6]). In fact, our original
motivation was to define combinatorial C*-algebras from inverse semigroups in a more
general way to include C*-algebras with few projections. The present paper can be
viewed as the commutative case — we hope to elaborate on the non-commutative case in
forthcoming papers.

1 Basic Lattices

Assume < is a transitive relation on set B with minimum 0, ie:
(Minimum) Vx (0 < x)
(Transitivity) x<y<z = x<2Z

Define a preorder =< and symmetric relations L and m by:

(Reflexivization) Xy & Vi<x(@z=<y)

(Intersects) xMy < Jz#£0@<xy)

(Disjoint) xly & Pz#0@z=<xy)

Note that the definition of < and the transitivity of < immediately yield:
(Left Auxiliarity) x<z=y = x<y

(Domination) x<y = x=3y

As the name suggests, =< is also reflexive, ie we are adding the diagonal = to <,
although we are often adding much more too.”

Definition 1.1 We call (B, <) a basic lattice if (B, <) is a lattice and:

(Cofinality) Vxdy(x <y)

(Interpolation) x<y = dz(x<z=<Yy)
(Decomposition) z<xVy = I <xFy <y@@=xVvy)
(Complementation) x<y<z = dwlx(wVy=2

This construction of a preorder from a transitive relation has certainly been considered
before, although it does not appear to have a standard name; eg, it is called the ‘lower quasiorder’
in Erné [5], while it is called the ‘natural preorder’ in Keimel [15].

Journal of Logic & Analysis 10:2 (2018)



Locally Compact Stone Duality 5

As part of the definition of a lattice we take it that < is a partial order, not just a preorder,
so when B is a basic lattice we must also have

(Antisymmetry) axb=a = a=b

Note that all but one of the axioms above for basic lattices already appears in some
form in Shirota [23, Definition 2]. The key extra axiom is (Decomposition), which
only applies to open set lattices, not regular open set lattices (the key axiom omitted
is (Separativity) mentioned below, which only applies to regular open set lattices, not
open set lattices). Indeed, let X be a locally compact Hausdorff space, so X has a basis
B C O(X)(= open subsets of X) of relatively compact sets, ie:

(1) PeBCOX)
2) YOe OX)Vx€e OIN €B((xeNCO)
(3) O is compact, for all O € B

Define C on B by
(Compact Containment) OCN & OCN.
Note then inclusion C is indeed the relation defined from C by (Reflexivization).

Proposition 1.2 If B is a basis of relatively compact open sets that is closed under U
and N then (B, C) is a basic lattice.

Proof We prove the last two properties and leave the others as an exercise.

(Decomposition)
If O C M UN then, for each x € O, we have O, € B with O, C M or O, C N.
As O is compact, (Oy) has a finite subcover F. Let

M=0n|]0O ad N=0n][]O.

O'eF O'eF
o'cm O'CN
Then M’ C M, N' C N and O = M’ UN’, as required.

(Complementation)
If M C N C O then, for each x € O\N, we have O, € B with O, "M = (). As
O\N is compact, (O,) has a finite subcover F. Letting L = O N |J F, we have
LNM=0and LUN = 0. O

In the next section we show that all basic lattices arise in this way from locally compact
Hausdorff spaces. Here we just note some more properties of basic lattices.

Journal of Logic & Analysis 10:2 (2018)



6 Tristan Bice and Charles Starling

Proposition 1.3 Any basic lattice B satisfies the following.

(Coinitiality) x#0 = (xMmx)

(Intersects”) XMy & xAy#0
(Disjoint’) xly & xAy=0
(Approximation) X=Xy & Vz<x(z=xy
(Distributivity) z=XxVy & zXxA2VOA2D
(Rather Below) X<y < Vzawlx@Z=3wVy)
(Right Auxiliarity) 723x<y = z<Yy
(Multiplicativity) x=<xX&y=<y = xAny=<xXny
(Additivity) x<xX&y<y = xvy=<xvy
Proof

(Coinitiality)

If we had x # 0 and x @ x, ie if O is the only element with 0 < x, then we would
have x =< 0, by (Reflexivization). By (Minimum) and (Domination), 0 < x and
hence 0 = x, by the requirement that < is antisymmetric in any basic lattice.

(Intersects’)
= is immediate from (Domination). Conversely, if x Ay # 0 then, by
(Coinitiality), we have some non-zero z < x A y and hence z < x,y, by
(Left Auxiliarity), ie x @ y.

(Disjoint’)
As x L y iff x (fl y, this is immediate from (Intersects’).

(Approximation)
= follows from (Reflexivization) and (Domination). Conversely, assume the
right hand side holds and take z < x. By (Interpolation), we have 7/ € B
with z < 7 < x and hence z < 7/ < y, by assumption. Thus z < y, by
(Left Auxiliarity). As z was arbitrary, (Reflexivization) yields x < y.

(Distributivity)
< is immediate. Conversely, by (Left Auxiliarity) and (Decomposition), for
any w < z, we have X < x and y/ < y with w = X' Vy’. By (Domination),
X <xandy <ysow=xXVy X (xAw)V (yAw). As w was arbitrary,
(Approximation) yields z < (x Aw) V (y A w).

(Rather Below)
For the = part, assume x < y. By (Cofinality), we have y = y. By

Journal of Logic & Analysis 10:2 (2018)



Locally Compact Stone Duality 7

(Left Auxiliarity), y < y' V z, for any z € B. By (Complementation), we

have w L x with wV y =y V z = z, as required.

Conversely, take x,y € B satisfying the right hand side. By (Cofinality), we

have z > x and then we can take w L x with z < w V y. By (Left Auxiliarity),

x < wVy. By (Decomposition), we have y/ < y and w' < w with x =w' V y'.

By (Domination), w <w L x sow =w' Ax =0 and hence x =y < y.
(Right Auxiliarity)

As < is characterized by the right hand side of (Rather Below), we can simply

and note that if z < x < y then any w L x will also satisfy w L z.
(Multiplicativity)

If x < x' and y < )’ then, for any z € B, we can find u | x and v | y with

z<uVx and z <vVy, by (Rather Below). By (Distributivity),

UMVVINEAY)=WUAXAYDIVIVAXAY) S UAX)VIAY)=0
ieuVv_LxAy,and
2< WVXHYNOVY) = AV UAYIVE AV EAY) < @Vv)VE AY).
As z was arbitrary, x Ay < X’ Ay, by (Rather Below).

(Additivity)
Again, if x < X’ and y <y’ then, forany z € B, wecanfind u | xandv Ly
with z < u VX and z < v V', by (Rather Below). By (Distributivity),

MAVNANGEVY)=UAVAX)YV UAVAY) < UAX)VIVAY) =0
ieuAv L xVy,and
< WVYAOVY) = @A)V uAY)IVE AYVE AY) < @A)V E VY).

As z was arbitrary, x Vy < x’ VY, by (Rather Below). O

When B has a maximum 1, it suffices to take z = 1 in (Rather Below) which is the
definition of the rather below relation in Picado and Pultr [21, Chapter 5 §5.2] and the
well inside relation in Johnstone [13, III.1.1]. In any case, Proposition 1.3 shows that we
could equivalently take < as the primitive relation in the definition of a basic lattice and
define < from < as in (Rather Below).> Then the definition of < from < at the start
would become a defining property of a basic lattice instead. Indeed, most treatments
of continuous lattices take =< as the primary notion and define < as the way-below
relation from =<, but we will soon see that there are good reasons to focus more on <.

3This contrasts with R-lattices in Shirota [23], where < can be defined from < but not vice
versa.
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8 Tristan Bice and Charles Starling

The basic lattice axioms could also be reformulated in several ways. For example, we
could combine (Cofinality) and (Complementation) into

(<-Below) x<y = Vzaaw Lx@<wVy).

We could also replace = with < in (Decomposition) to combine it with (Additivity).
Or we could replace (Decomposition) and (Interpolation) with (Distributivity) and

(V-Interpolation) z=<xVy = I <xPH <y@=<xVvy).

Moreover, (Multiplicativity) and (Additivity) could be expressed without explicitly
mentioning meets or joins, as shown below.

Proposition 1.4 Assume B is a lattice and (Cofinality) holds. Then (Interpolation),
(Multiplicativity) and (Additivity) are equivalent to (Right Auxiliarity) and

(Riesz Interpolation) X <y,y = Fxx <z=<y)y).

Proof If B is lattice satisfying (Cofinality) and x < y < z then we have some
w = x. If B satisfies (Multiplicativity) then x = x Ay < w Az 2 zs0o x < z, by
(Left Auxiliarity), ie (Right Auxiliarity) holds. If B also satisfies (Additivity) then
x,x' <y,y implies x V x' < y Ay'. Further assuming B satisfies (Interpolation), we
have z € B with x VX' <z <y Ay and hence x,x' < z < y,y, by (Left Auxiliarity)
and (Right Auxiliarity), ie (Riesz Interpolation) holds.

Conversely, assuming (Riesz Interpolation) and (Right Auxiliarity), if x < x" and y < y/
then x Ay < x',y" and hence x Ay < z < x/,y/, for some z € B. By (Domination),
z = ¥,y and hence z < X' Ay'. By (Left Auxiliarity), x Ay < x’ Ay’ so we have
(Multiplicativity).* In the same way we get (Additivity). O

Lastly, let us note that when < is reflexive, ie when < coincides with <, (Cofinality)
and (Interpolation) are automatically satisfied. So for a lattice (B, <) to be a basic
lattice it need only satisfy (Decomposition), which is then the same as (Distributivity),
and (Complementation) which, as we can take x = y, is saying that B is section
complemented in the terminology of Stern [24]. In other words,

(B, X) is a basic lattice & (B, <) is a generalized Boolean algebra.

So while we have no unary complement operation like in a true Boolean algebra, we do
have a binary relative complement operation x\y, ie satisfying

E\WAEAY) =0 and E\Y)VEAY) =x.

“See Gierz, Hofmann, Keimel, Lawson, Mislove and Scott [10, Lemma I-3.26] for this and
other characterizations of (Multiplicativity).

Journal of Logic & Analysis 10:2 (2018)



Locally Compact Stone Duality 9

2 Filters

Definition 2.1 For any transitive relation < on B, we call U C B a <-filter if:

(>--Closed) x-yelU = xelU
(<-Directed) x,yeU = Jze U@z <x,Yy)

We call U ;Cé B a <-ultrafilter if U is maximal among proper < -filters.

Throughout the rest of this section,
B is an arbitrary but fixed basic lattice.
We call U C B <-coinitial if U C U= where
US={yeB:Ixc U=y}

So (Coinitiality) is just saying that B\ {0} is <-coinitial.

Proposition 2.2 If U C B is =<-directed then U™ is a < -filter. Moreover

(D) U is a < -filter & U is a < -coinitial <-filter.

Proof As < is transitive, U™ is (=-Closed). If U > x < x’ and U > y < y’ then we
have some z € U with z < x,y, as U is <-directed. By (Left Auxiliarity), z < x’,y’ so,
by (Riesz Interpolation), we have 7/ € B with U 5 z < 7/ < x/,y’,ie U™ is <-directed
and hence a <-filter.

For the = part of (1), note any <-directed U C B is <-coinitial and, by (Domination),
<-directed. And any <-coinitial >-closed U C B is >=-closed, as x = y € U implies
y >z € U, for some z, so x > z € U, by (Left Auxiliarity), and hence x € U.

Conversely, for the < part of (1), note any >~-closed U C B is >-closed, by
(Domination). And any <-coinitial <-directed U C B is <-directed, as any x,y € U
satisfies z < x,y, for some z € U, and then w < z, for some w € U, and hence
w < x,y, again by (Left Auxiliarity). |

Ultrafilters in Boolean algebras can be characterized in a couple of first order ways as
the proper prime filters or as the proper filters that intersect every complementary pair.
These characterizations generalize to basic lattices as follows.

We call a >-filter a <-ideal.

5In Picado and Pultr [21, VIL.4.2], ideals satisfying the dual notion are called regular ideals,
but we use regular later in a different sense closer to the usual notion of a regular open set.

Journal of Logic & Analysis 10:2 (2018)



10 Tristan Bice and Charles Starling

Proposition 2.3 For non-empty < -filter U ; B, the following are equivalent.

(1) U is a <-ultrafilter
(2) B\ U isa <-ideal
3) B\U={yeB:Vx<ydweUw Lx)}

Proof
(1)=(3) For any proper <-filter U C B,
{yeB:Vx<ydweUw Lx)} CB\U.

For the reverse inclusion, assume y is not in the set on the left, so we have x <y
such that w M x, for all w € U. Thus y € V;B and U C V for

V={z>=vAw:v>xandwe U}

If v,v/ = x and w,w’ € U then, by (Riesz Interpolation), we have v/ with
v,V = V" = x and, as U is a <-filter, we also have w" € U with w”’ < w,w'.
By (Multiplicativity), v Aw” < v Aw,v Aw' so V is a <-filter. Thus if U is a
<-ultrafilter then V = U and hence y € U, as required.

(3)=(1) Assume (3). If U S V C B, for some <-filter V, then we can take y € V\ U.
As V is <-coinitial, we have x € V with x < y. By (3), we have w L x, for
somewc UCV. AsVisa <-filter, 0=wAx € VsoV=B.

(2)=(3) Assume (2) and take z € U. By (Rather Below), if x <y ¢ U then we have
w L xwithz <wVyandhence wVye U. Ifw¢ U then,as y ¢ U and B\ U
isa <-ideal, w Vy ¢ U, a contradiction. Thus w € U.

(3)=(2) Assume (3) and take x,y ¢ U. By (Decomposition), for any z < x V y,
we have X' < x and y’ < y such that z = x’ vV y. By (3), we have ',V € U
with ' L x’ and v/ L y'. As U is <-directed, we have w € U with w < u/,V/
and hence w 1 x’,y’. By (Distributivity), w L z and hence z ¢ U. As z was
arbitrary, x Vy ¢ U. As x,y ¢ U were arbitrary, B\ U is a <-ideal. O

3 Stone Spaces

Definition 3.1 The Stone Space B of (B, <) is the set of <-ultrafilters in B with the
topology generated by (O,),ep Where

0, ={UcB:xcU}.

Journal of Logic & Analysis 10:2 (2018)



Locally Compact Stone Duality 11

It follows straight from the definitions that (O,)scp not only generates the topology of
B, but is actually a basis for B. Indeed, if U € O, N O, then x,y € U so,as U isa
< -filter, we have z € U with z < x,y and hence U € O, C O, N 0.

Proposition 3.2 If X is a locally compact Hausdorff space and B is a relatively
compact basis of X then x — B, is a homeomorphism from X onto B where

2 B,={0€B:x€e 0}

and < is the relation C on B defined in (Compact Containment).

Proof As X is locally compact and B is a basis, every B, is a C-filter. Also B, # B,
as ) € B\ B,. Forany U € B and O € U we have N € U with N C O so

No=)o.

oeu oeu
As U is a C-filter, the latter collection of compact sets has the finite intersection
property. Thus we have some x € (U, ie U C By so, by maximality, U = B,. Thus
the range of x — B, contains B.

As X is Hausdorff, (| By = {x} so x — B, is injective. This also means that if we
had x € X and a filter U C B properly containing B, then we would have (U = 0,
despite the fact (| U can be represented as an intersection of compact sets with the
finite intersection property as above, a contradiction. So we do indeed have B, € B for
all x € X.

Forany O € B we have x € O & O € B,, so the image of any basic open set O € B
is {U € B: O € U} and vice versa. Thus x + B, is a homeomorphism. O

Note that B above is not even required to be a sublattice of open sets. Thus it is not
clear that C (equivalently the topology of X) can be recovered from C.

Question 3.3 Could the topology of X above be recovered from (B, C) instead?

More interesting is the fact that we have the following converse of Proposition 1.2.
Thus we have a duality between basic lattices and locally compact Hausdorff spaces.

Journal of Logic & Analysis 10:2 (2018)



12 Tristan Bice and Charles Starling

Theorem 3.4 For any basic lattice B, B is locally compact Hausdorff and:

3) 0. N 0y = Oppy
(4) 0. U0, = Oy
(%) Oy LOy&xly
(6) 0, CO,&x=<y
(7 0.=()o0

x=<y
Proof

(3) Every <-filter is a <-filter, by Proposition 2.2.

(4) Again, this follows from Proposition 2.2 and Proposition 2.3 (2).

(5) This will follow from (3), once we show that O, = ) < x = 0. For this,
note that if x # O then we have y # 0 with y < x, by (Coinitiality). Then

{z € B : y < z} is a <-filter, by (Riesz Interpolation), which extends to a
<-ultrafilter U € O,.

Now say we have C C B and z € B with z £ \/ F, for all finite F C C, and let
D= {xEB:FgBisﬁniteandz<x\/\/F}.
We claim that then
@#ﬂOXQ@ and ﬂOxﬁUOy:Q).
x€D x€D yeC

If z<xV\/F,yV G then by (Multiplicativity), (Distributivity) and (Left Auxiliarity)
z<(xAy)VV(FUG),so D isa =-filter. By (V-Interpolation), D is <-coinitial and
hence a <-filter. As z £ \/ F, for all finite F C C, 0 ¢ D so D has some extension
U € (Nyep Ox- Thus 0 # Nyep Ox-

Assume that U ¢ O, so we have y € U with z | y. Take x € U with x < y. By
(<-Below), we have w | x with z < w V y. By (Decomposition), we have w' < w
and y <y withz=w'Vy. Buttheny =y Az<yAz=0s0z=w <wand
hence w € D (taking F = )). But w L x € U means w ¢ U, ie U ¢ O,, 2 (\,cp Ox,
a contradiction. Thus (., Ox C 0.

By (<-Below), if x < y € C then we have w € D C U with x L w. Thus y ¢ U, by
Proposition 2.3 (2), ie (,cp Ox N Uyec Oy = 0, proving the claim.

(6) The claim with C = {y} yields the = part. Conversely, if x < y and U € O,
then x M z, for all z € U, and hence y € U, by Proposition 2.3 (3).

Journal of Logic & Analysis 10:2 (2018)



Locally Compact Stone Duality 13

(7) The claim with C = () yields D while (6) yields C.

By (6), the claim is saying that O, is compact, for all x € B, and hence B is locally
compact. To see that B is Hausdorff, take U , Ve B. If we had V C U then we would
have V = U, by maximality. So if U and V are distinct then we have y € V \ U. Take
x € V with x < y. By Proposition 2.3 (3), we have w € U with w 1 x and hence
UecO, LO,>V,by(5). |

Corollary 3.5 Basic lattices characterize N-closed U-closed relatively compact bases
of (necessarily locally compact) Hausdorff spaces. More precisely: If B is a N-closed
U-closed relatively compact basis of Hausdorff X then (B, C) is a basic lattice and B
is homeomorphic to X, while if (B, <) is a basic lattice then (Oy)xep is a N-closed
U-closed relatively compact basis of B isomorphic to B.

Thus we could have equivalently defined basic lattices as those isomorphic to relatively
compact open bases closed under N and U in locally compact Hausdorff spaces.
Likewise, let us call B a basic join semilattice if it isomorphic to a relatively compact
open basis closed under U in a locally compact Hausdorff space.

Question 3.6 Is there a finite axiomatization of basic join semilattices?®

Note (Decomposition) can fail for basic join semilattices. For example, consider the
basis B of X = N U {oo}, the one-point compactification of N, consisting of all
neighbourhoods of oo, finite subsets of N and N itself. Then N C {1} U (X \ {1})
but the only we way we could have O C {1} and N C X \ {1} with N=OUN is if
N =N\ {1}, even though N\ {1} ¢ B.

We might replace (Decomposition) with (V-Interpolation), but this is too weak to
characterize basic join semilattices. Indeed, note that every finite basic join semilattice
is isomorphic to the lattice of all subsets P(X) of some finite X (where < coincides
with <), and there are plenty of other finite lattices satisfying these axioms, eg the
diamond lattice D3 with minimum O, maximum 1 and three incomparable elements in
between. In fact, when < is reflexive and hence coincides with <, we can always just
take x’ = x and y’ = y in (\V-Interpolation).

°By Wolk [27, Theorem 2] the basic join semilattices with a maximum (corresponding to
the compact case) are precisely those join semilattices satisfying the dual of separativity in
which every maximal Frink ideal is prime. However, the mention of subsets here, namely ideals,
makes this characterization second order rather than first order.
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On the other hand, we know there is no finite axiomatization of basic meet semilattices
(defined like basic join semilattices but with N replacing U). In fact, basic meet
semilattices do not even form an elementary class. To see this note that, for every
n € N, D, is a basic meet semilattice (representing a basis of the discrete space with n
points), but an ultraproduct of (D,,) is not. Indeed, such an ultraproduct is isomorphic to
D, for some (uncountable) infinite . If such a lattice represented a basis of relatively
open sets closed under N in locally compact Hausdorff X, each element of Dy, \ {0, 1}
would represent an isolated point, while 1 would represent X which, being relatively
compact by definition, must actually be compact. As infinite collections of isolated
points are not compact we must have some other point x € X. As X is Hausdorff and
B is a basis, there must be some proper open set containing x represented in Dy, a
contradiction. We will return to this problem in Section 5.

Lastly, let us note that C is reflexive precisely when the basis elements are not just
open but also compact. Thus we get a duality between 0-dimensional locally compact
Hausdorff spaces and generalized Boolean algebras. And a U-closed basis has a
maximum precisely when X is compact, so in this case we recover the classical Stone
duality between 0-dimensional compact Hausdorff spaces and Boolean algebras.

4 Interpolators

If we really hope to do topology in a first order way, we also need a first order analog of
continuous maps. For this, we introduce interpolators.

Definition 4.1 Given basic lattices (B, <) and (C, <), we call arelation C C B x C an
interpolator if it satisfies (Minimum), (Cofinality), (Interpolation), (Decomposition),
(Multiplicativity) and (Additivity).

Actually, (Interpolation) for C above really becomes two axioms:

(<-Interpolation) xCy = ZzeCkz<y)
(<-Interpolation) xXCy = JZeEB(x<zCy)

Proposition 4.2 If C is an interpolator then we also have:

(<-Auxiliarity) xCz<y = x =<y
(=-Auxiliarity) x=XzCy = X<y
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Proof Ifx C z < ythen O C y by (Minimum), so x = 0Vx C yVz = y by (Additivity).
Thus if x < z C y then we have w 1 x by (Cofinality), so x =xAzC wAy <Xy by
(Multiplicativity), and hence x C y by (<-Auxiliarity). a

We define composition of relations in the usual way, namely by
xCoC'y & z(xCz ).

It is routine to verify that a composition of interpolators is again an interpolator. It is also
immediate from the definitions that if (B, <) is a basic lattice then < is an interpolator
from B to itself with < = < o <, as < is transitive and satisfies (Interpolation). So
taking interpolators as morphisms turns the class of basic lattices into a category, which
we denote by BasLat. We also let LocHaus denote the category of locally compact
Hausdorff topological spaces with continuous maps as morphisms.

Theorem 4.3 BasLat and LocHaus are equivalent categories.

Proof Assume [ is an interpolator from (B, <) to (C, <). For U € B, define
U-={yeC:Ixc UxCy}.

We claim that U~ € C. By (<-Auxiliarity), U" is >-closed. By (Multiplicativity)
and (<-Interpolation), U™ is <-directed. And by (Decomposition), U- satisfies
Proposition 2.3 (2), proving the claim.

Let f(Uy=U<sof:B— C. Asf‘l[Oy] = |J Oy, f is continuous. We claim:

xCy
xCy & flOd C o,
If x C y then (<-Interpolation) yields z € B with x < z C y. Then (6) yields
/1051 C f10,]1 C 0.
Conversely, assume x [Z y and let
D={zeB:IwCyx<wV}
By <-Auxiliarity, if 0 € D then x C y, a contradiction, so 0 ¢ D. Again using

<-Auxiliarity and arguing as in the proof of Theorem 3.4, D can be extended to
UeO,\ U Oy sof(U)¢ Oy and hence f[O,] Z Oy, proving the claim.

wly
On the other hand, if f : X — Y is a continuous map between locally compact Hausdorff
spaces with relatively compact bases B and C respectively, it is routine to verify that
we get an interpolator C defined by

OCN &  fl[O]CN.
Then we immediately see that Cyy) = B, for all x € X. O
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16 Tristan Bice and Charles Starling
S Basic Semilattices

Our next goal is to characterize basic meet semilattices by omitting types. By a ‘type’
we mean a collection of first order formulas and by ‘omit’ we mean that there are
no elements which satisfy the entire type (see Marker [19, Chapter 4]). Specifically,
consider the types (¢,) and (¢,,) where:

(Pn) On(x,y) & x<yandVwy,...,w, <yVvi <wi... Vv, <w,
W A0 >=X Lvi,...,v)

(V) Yu(x,y,2) & x<yandVy <yVwr,...,w, Lx¥v <wi...Vv, < w,
I A0@=7 Ly, vi,...,v)

As we shall soon see, omitting (¢,) corresponds to (Interpolation), while omitting (v/,,)
corresponds to (<-Below). Also let (6,,) be the sentences given by

@) 6, = Yoy@wi...ow,<yW#0Gx>=vLwy,...,w) = x=<y).
Definition 5.1 We call (B, <) a basic semilattice if (B, <) is a meet semilattice and
(B, <) satisfies (Minimum), (Transitivity), (Coinitiality), (Multiplicativity) and (6,),
while omitting (¢,) and (¥,,).
Let P(B), F(B) and S(B) be the arbitrary, finite and singleton subsets of B:
PB)={C:CCB}
FB)={CCB:|C| < o0}
S(B) ={{x} :x e B}
Consider the relations defined on P(B) by:

C=<D & cCD” & YxeCIyeDExx<y)
C3D & C"CD"U{0} <& WVxcCPLDE=y+#0)

By (Coinitiality), M is reflexive except at 0 so A~ C A~"U {0} = A" U {0} and hence,
by definition, A S A S A7, ie 3 is reflexive too. Also define

) CAD={xAy:x€ Candy€ D}.

Proposition 5.2 On P(B), < and 3 are transitive, | J-additive, A -multiplicative and

C<D = CZD & C=D.
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Proof

(< -transitivity)
If C<D<Ethen CC D~ CE™" CE~™,as < satisfies (Transitivity) on B,
ie C < E so < is transitive on P(B) too.

(|J-additivity)
As (UP)" = UsepA™ and (UP)" = Jyep A", for any P C P(B), the
|J-additivity of < and = follows immediately from the | J-additivity of C.
(<-A-multiplicativity)
If C < C and D < D' then CAD C C= N D= C C~ 0D C (C' AD')~, by
(Left Auxiliarity) and (Multiplicativity), so < is A-multiplicative.
(= -A-multiplicativity)
If C 3 C'and D 3 D' then, for every z € (C A D)™ \{0} C C7\{0}, we have
x' e C' with zm x'. So zAx" € D7\{0} and hence we have y € D’ with
AXY My, iezAX ANy #0sozmx Ay and hence z € (C' AD")™.
(C<D = C=D)
Note C C D™ implies C~ C D™~ C D~ C D" U {0}.

(CXD < C=D)

If C 2 D then, for all x € C~\{0} . (Coinitiality) yields non-zero X' < x
so ¥ € C=7\{0} € Cc7\{0} € D" and hence x € D" = D". Thus

C~ C D" U {0}, ie C < D. The converse is immediate from C~ C C~.

(= -transitivity)
If C 2 D 3 E then, for every x € C7\{0}, we have y € D with x @ y, ie
0#xAy=<ysoxAy€ D=\{0} C E" and hence x € E"* = E". Thus
C~ CE"U{0},ie C 2 E so 3 is transitive too. ]

Define << on P(B) (representing (Compact Containment) — see (18)) by

C<<D & JF € F(B) (C 2 F < D).

Proposition 5.3 < is transitive, U-additive, A -multiplicative and, for F € F(B):

) F<D = F=<D
(10) IGEFB)(CG=<D) & C=<D
(11) CXE«D = C=<D = CZ3D
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18 Tristan Bice and Charles Starling

Proof

9 IfF<Athen F S F<AsoF <A.

(10) If C =< D then C 2 F < D, for some F € F(B). Thus, for all x € F, we
have y, € D with x < y,. As B omits (¢,), we have V,, W, € F(B) such
that {x} 2 Vi < W, < {}. Setting G = J,cp Wx and H = [, cp Va,
U-additivity yields C 3 F S H <G < {y,:x € F} C D. As 3 is transitive,
CZH<G<DsoC<G=<D.

If C << G < D then we have F € F(B) with C X F < G < D so the transitivity
of < yields C 3 F <D,ie C < D.

(11) If C Z E =< D then we have F € F(B) with C 3 E X F < D so the transitivity
of Zyields C S F < D,ie C =< D.
If C << D then we have F € F(B) with C X F < D so, as < is stronger than
=<, C 2 F 2D andhence C 3 D, again by the transitivity of 3.

As < and 3 are U-additive and A-multiplicative, so is <<.

If C<<D<<Ethen CZF<DZG<=<E,forF,Ge F(B). As F < D implies
F 2 D and 3 is transitive, C X G < E, ie C << E so << is transitive too. |

Define the saturation of any A C B by

AY = UC:{yEB:{y}«A}.
C=<A

Proposition 5.4 Forall A,C C B and F € F(B):

(12) FCA” & F<A

(13) C<A” & Cx<A & (' =A

(14) AT CAY =AY =AY =4 =AM = (] 6V 34
GEF(A)

Proof

(12) If F << A then F C AY by definition. Conversely, if F C A" then, for each
y € F, we have some G, € F(B) with {y} £ G, < A. Thus U-additivity yields
F 3 Uyer Gy < A and hence F << A.

(AY 2 A)
If {x} << A then {x} 3 A and hence A” 3 A by the |J-additivity of <.
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(A” = Uperw F)
If {y} << A then {y} X F < A, for some F € F(B), so F < G, for some
G € F(A), and hence {y} I F < G,ie {y} < G.

(A7 CAY)
If x <y €Athen {x} 3 {x} <Aso {x} <A.
(AY = AY%)

If x <y e AY then {x} X {y} 2 G < A, for some G € F(B). As 3 is
transitive, {x} 3 G < A and hence {x} < A.

(AY = A=Y)
By (Left Auxiliarity), G < A iff G < A=,

(AUU :AU :A>U)
By (10), if y € A” then {y} << G C A™, for some G € F(B), showing
AY C A7Y C AYY. Conversely, if y € A°Y then y € GV, for some G € F(AY),
so {y} << G << A and hence {y} << A, showing A"“ C A,

(13) If C =< AV then we have F € F(B) with C 3 F < AY. Therefore F C AV~ C
AYZ =AY 50 C 2 F << A and hence C << A, by (11).
Conversely, if C << A then we have G € F(B) with C << G < A, by (10).
Thus G C A~ C AY so C << AV.
If CY << Athen C 2 C~ CCY << A so C < A too.
Conversely, if C << A then CY 2 C < A so CY < A. ]

In particular, A — A" behaves much like a closure operator on P(B), being idempotent
(AY = AYY), increasing (A C B = A" C B”) and even finitary (A~ = gc 1) G7)-
However, it is usually not extensive, ie we can have A Q AV,

In the next result we use some standard terminology from frame and domain theory
(see eg Gierz, Hofmann, Keimel, Lawson, Mislove, and Scott[10], Picado and Pultr
[21] or Goubault-Larrecq [11]). Specifically, by a frame we mean a complete lattice L
where finite meets distribute over arbitrary joins. For x,y € L, we say x is way-below y
if x € Z~ whenever y < \/ Z for =-directed Z. And we say L is continuous if every
x € L is the join of those elements way-below x.

Denote the saturated subsets generated by P C P(B) by
PY={A":A e P}.

Just as the saturated subsets in formal topology yield frames (see Ciraulo Maietti and
Sambin [3, Definition 4.1]), saturated subsets of basic semilattices yield continuous
frames.
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Theorem 5.5 (P(B)", C) is a continuous frame with way-below relation << and:

(15) \ a°=(JP" (taking \/ in P(B)")
AeP
(16) c’ADY =AD" =cCc’nD" (taking A from (8))

So meets in P(B)" coincide with both N and A on P(B).

Proof

(15) Forall A e P,AC P soAY C ((JP)Y. Conversely, if O € P(B)" and
AY C 0, for all A € P, then, by Proposition 5.4,

Ur =P =dJaPcdJa) co’=o0.
AeP AeP

(16) CYNDY C CY A DY is immediate and the A-multiplicativity of << yields
CY N D" C (C A D)V. Conversely, Proposition 5.4 yields:

(cADM Ccct¥np=Y =c’np¥
cYADY C C’ZnDY= =cnD”

(Distributivity)
Take A C B and P C P(B). By (16),

AN\ PY=@anP) = J@anop? = \/ aro = \/ @ rcv).
ceP ceP ceP
(Way-Below)

Take C C Bso CY = C7V = LJFE]:(C>)FU and this latter union is directed.
Thus if D C B and D" is way-below C" in P(B)" then by definition DY C F“,
for some F € F(C™). Thus D I D" CDYCF' 2 F<CsoDZXF<C,ie
D << C.

By (9) and (13), F¥Y << CY, for all F € F(C~), so the continuity of P(B)"
will follow from the converse. For this, assume D << C C \/ AepAU, for some
C,D C B and P C P(B). So we have F € F(B) with

pzF=<\[A"=(JP"= |J ¢
AEP GeFUP)

As this last union is directed, we have G € F(|JP) with D 3 F < GY, ie
D =< G” so D << G, by (13), and hence D C G". Taking finite G C P with
G C UG yields D C (UG = VgAY As P was arbitrary, this shows that
D is way-below C in P(B)", as long as C and D are in P(B)". O
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Recall that we denote the singleton subsets of B by S(B) = {{b} : b € B}. We call a
subset S of a lattice L \/-dense (V -dense) if every element of L is a (finite) join of
elements in S.

Corollary 5.6 (1) (S(B)“, Q) is a \V -dense meet subsemilattice of (F(B)", C).
(2) (F(B)Y,Q) isa\/-dense sublattice of (P(B)", C).
(3) (S(B)Y, =<) is isomorphic to (B, <).
(4) (F(B)“, =) is a basic lattice.

Proof

(1) By (16), the meet of {x}" and {y}" in (P(B)”,Q) is {x A y}". By (15),
FP = (Uyep{xD" = V,ep{x}, forall F € F(B), so V-density follows.

(2) By (15), the join of FV and G in (P(B)", C) is (F U G)". Thus, as F(B) is
U-closed, (F(B)", C) is a sublattice of (P(B)", C). Again by (15) we obtain
\/ -density.

(3) If x < y then {x} << {y}, by (9), and hence {x}" << {y}", by (13). As B
satisfies (6,,), the converse also holds.

(4) We verify a sufficient collection of axioms from Section 1.

(Multiplicativity)
See Proposition 5.3.

(Distributivity)
By Theorem 5.5, (P(B)", C) is distributive, thus so is any sublattice.

(V-Interpolation)
This holds for any \/-dense sublattice of a continuous lattice, so again this
follows from Theorem 5.5.

(Additivity)
Likewise, this holds for any join subsemilattice of a continuous lattice.

(<-Below)
As B omits (1),,), for any x,y,z € B with x < y, we have y/ < y and
V,W e F(B) with {z} 3 {y}UVand V < W L x. We need to extend
this to F(B). Sotake X, Y,Z € F(B) with X =< Y, which means we have
F € F(B) with X S F < Y. Foreach x € F, we have y, € Y with x < y,
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and thus, for each z € Z, we have yjﬁz < yyand V.., W,, € F(B) with
{2} 2t UVizand Vo, < W, L x. Let:

U={y,,:x€F,zcH}

V=AU Ve

x€F zeH

w=AUw.

xeF zeH

By Proposition 5.2, U <Y, V<W LFZXandZ S UUV < YUW so
W L X and Z << YU W. Thus F(B)" satisfies (<-Below), by (13) and
(15). a

Proposition 5.7 If X is a locally compact Hausdorff space with N-closed basis B of
relatively compact open sets then (B, C) is a basic semilattice,

(17) cCSD & Ucclp
(18) ccD & UJcclp
forall C,D C B, and PY = {0 € B: 0 c |JP}, forall P C P(B).

Proof

(17) f|JCCUDand ) # O € C> then O C C C JD so ONN # 0, for some
N € D,ie 0 € D" so CS D. Conversely, if JC ¢ JD then §) # 0\ UD,
for some O € C. As B is a basis, we have some N € B with ) # N c 0\ D,
ieNe C°\D"so C¥¢D.

(18) If C S F C D, for some F € F(B), then | JC C [JF so

UJccUr=Ur=oc|p.

OcF

As |JF is compact, [JC is also compact so | JC C |JD. Conversely, if
UC < UD then, for each x € [JC, we have O, € B with x € O, C N,
for some N € D. As W is compact, (O,) has a finite subcover F so
UccUCccUFCJF.ieCSFCD.

To see that B omits (¢,), take O, N € B with O C N. For each x € O C N, we have
Vi, W, € Bwithx € V., C W, C N. As O is compact, we have some subcover of
size n < oo, showing that ¢, (O, N) fails. Similar compactness arguments show that B
omits (¢,,) and satisfies (6,). Also (Coinitiality) and (Multiplicativity) are immediate
so B is a basic semilattice. |
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By (18), P — |JP is an isomorphism from (P(B)", ©) to (O(X), C), with inverse
O {N € B: N C O}. If B is also U-closed, then the sets of the form {N € B: N C
O} are precisely the C-ideals of B. In other words, when (B, <) is a basic lattice, P(B)"
consists precisely of the <-ideals of B, by Corollary 3.5. Thus P(B)" can be seen
as a generalization of the ‘rounded ideal completion’ of B (see Goubault-Larrecq [11,
Proposition 5.1.33]) from basic lattices to basic semilattices.

Corollary 5.8 Basic semilattices characterize N-closed relatively compact bases of
(necessarily locally compact) Hausdortf spaces. More precisely, if B is a relatively
compact basis of Hausdorff X then (B, C) is a basic semilattice and Bis homeomorphic
to X, while if (B, <) is a basic semilattice then B has a relatively compact basis
isomorphic to B.

Proof If B is a relatively compact basis of Hausdorff X then (B,C) is a basic
semilattice, by Proposition 5.7, and B is homeomorphic to X, by Proposition 3.2.

If (B, <) is a basic semilattice then B is isomorphic to a V-dense meet subsemilattice
of the basic lattice (F(B)", C), by Corollary 5.6. Thus B is isomorphic to a N-closed
relatively compact basis of a (locally compact) Hausdorff space, by Corollary 3.5. By
Proposition 3.2, this space is homeomorphic to B. a

In other words, the basic semilattices of this section are the same as the basic meet
semilattices defined at the end of Section 3. Part of the above theorem could also be
obtained from the Hofmann-Lawson theorem from [12]. Specifically, as B is isomorphic
to a \/-dense meet subsemilattice of the continuous frame (P(B)", C), by Corollary 5.6,
B must be isomorphic to a N-closed basis of a locally compact sober space.

As with basic lattices, the basic semilattice axioms can be much simplified when < is
reflexive. Specifically, for a meet semilattice (B, <) to be a basic semilattice, it suffices
to omit (¢/,,) and satisfy 6, which becomes

(Separativity) WA£OE>=vLly) = x=y

While this is still not a finite axiomatization, we show in Section 8 that more general
‘pseudobases’ of compact clopen sets can be axiomatized by (Separativity) alone.
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6 Tight Representations

We call a poset (B, <) with minimum 0 a pOset and apply all our previous notation and
terminology to pOsets by taking < = <. For C C B, let

C- = (]{c}t ={xeB:Vye Cly=x}.
ceC

We take the empty intersection to be the entire pOset, ie )~ = B.

Definition 6.1 For C,D C B we define the covering relation 3 by
C3D & C- C D"u{0}.
Unlike the other relations we have been considering, < need not be transitive. However,

g is at least reflexive on P(B)\{()}. Also, é can often be expressed in more familiar
order theoretic terms, eg:

If B is any pOset then {x} XD = {x} 2D
If B is separative then {x} 2 {v} & x=<y
If B is a meet semilattice then  {x,y} S D = {xANy} XD
If B is a distributive lattice then C 3 {xy} & CZ{xVvy}

Also note the following relationships between 3 and 3:
BZ=D &

0#£C3D =

CIEZD =

a O =
QA QA QA
O OO

Definition 6.2 If A and B are pOsets and 3 : B — A satisfies 5(0) = 0 then S is:
(1) tight if § preserves  on F(B), ieif forall F,G € F(B),
(19) FZG = BIF]1 3 BIG]
(2) tightish if (19) holds when F # ()
(3) coinitial if B[B] is <-coinitial in A, ie A\{0} = (3[B]\{0})=
(4) arepresentation if A is a generalized Boolean algebra

(5) acharacterif A ={0,1}

The difference between tight and tightish is illustrated as follows.
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Example 6.3 Let B = {0,x,y} be the meet semilattice with x Ay = 0. So 0 Z {x,y}
is the only non-trivial covering relation. Thus any 3 : B — A with 8(0) = 0 is tightish,
while [ is a tight representation iff A is a Boolean algebra with maximum S(x) V 8(y).
For example, (3 is not tight when we define 5 : B — P({1,2,3}) by

BO) =0, flx) = {1}, BO) = {2}

However, note that if we restrict the codomain to P({1,2}) then § is tight.

In general, we see that
tightish and coinitial = tight = tightish

and they all coincide if we restrict the codomain to 3[B]. Also if B! denotes B with
maximum 1 adjoined and 3! denotes the extension of 3 to B' with 5(1) = 1(€ A"),

(3 is tight & Bl is tightish.

If there is no G € F(B) with () $ G then tight and tightish again coincide. Even when
we do have G € F(B) with () $ G, to verify that tightish 5 : B — A is tight we only
need to check that () = BIG] for some (rather than all) such G.

Proposition 6.4 If /5 is tightish and () < B[G], for some G € F(B), [ is tight.

Proof Forany C,D C B,
C3D & Vx e C({x} D).

Thus any tightish /5 also preserves < on F(B). If ) T F then G C B X F which
means G 3 F so, by 3-preservation, () S S[G] X B[F] and hence () < S[F]. O

Here, ‘tight’ generalizes Exel [6, Definition 11.6] (and Proposition 6.4 generalizes
Exel [6, Lemma 11.7]) while ‘tightish’ generalizes ‘cover-to-join’ from Donsig and
Milan [4]. The original definitions were restricted to (even Boolean) representations of
a meet semilattice B, in which case we have the following alternative description.

Proposition 6.5 A representation [3 of a meet semilattice B is tightish iff

200  BaA)=BWABE) and G=3{x} 3G = B =\/BIG]
forall x,y € B and G € F(B). Also, 3 is tight iff moreover, for all G € F(B),

(21) 136G = 1u=\/BIG]
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Proof Assume f is tightish. Then [ is order preserving because A is separative so

x=y = {x} 30} = {80} 2{B0)} = B® =< BO).

Thus B(x Ay) = Bx) A B(y). Conversely, by the definition of meets, we have

{x v} = {xAyks S {xAy}TU{0},de {x,y} S {xAy} so {B(), B0} Z {BGxAY}
and hence B(x) A B(y) = B(x Ay). As A is also distributive, we immediately see that

(G =){x} 3 G implies S() </ SIG].

On the other hand, if (20) holds and F $ G, for F,G € F(B), then we have
GAx={x} 2GAx,forx=AF,so B(x)2VLIGAx] 2V BG).

Lastly, for (21) note that A $ B[G] iff A Z {\/ B[Gl}. as A is distributive. As A is
separative, this is saying \/ S[G] is the maximum 14 of A. |

In particular, if there is G € F(B) with () < G then all tight representations of B must
be to true Boolean algebras, as in Exel [6, Definition 11.6]. Actually, if we were being
faithful to [6, Definition 11.6], we would define

BP =C.ND, ={ecB:Vxc Clx=e)andVy € D(y L e)}
and call 3 tight if 3(0) = 0 and, for all F, G,H € F(B),
(22) BMC<XH =  APFAAIG < g,
However, this is equivalent to our definition as

B"“<H & FZGUH.

If we restrict further to generalized Boolean algebra B, we see that the tightish
representations are precisely the generalized Boolean homomorphisms, ie the maps
preserving A, V and \. Indeed, we will soon see how the category of posets with

tightish morphisms is in some sense a pullback of the category of generalized Boolean
algebras with generalized Boolean morphisms.

Proposition 6.6 For generalized Boolean algebras A and B and 3 : B — A, the
following are equivalent.

(1) B is tightish.

(2) P is a lattice homomorphism with 3(0) = 5(0).

(3) P is a generalized Boolean homomorphism.
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Proof By the observations after Definition 6.1, in any generalized Boolean algebra,
{w,x} T {y. 2} & wAx 2 yVaz.

Thus, arguing as in the proof of Proposition 6.5, we see that the tight maps between
generalized Boolean algebras are precisely the lattice homomorphisms taking 0 to 0.
As x\x = 0 and x\y is the unique complement of x Ay in [0, x], these are precisely the
generalized Boolean homomorphisms. |

This and (21) yields the following version of [6, Proposition 11.9].
Proposition 6.7 For Boolean algebras A and B and 8 : B — A, the following are

equivalent.

(1) B istight.
(2) B is a lattice homomorphism with 3(0) = 5(0) and B(1) = B(1).

(3) B is a Boolean homomorphism.

7 The Enveloping Boolean Algebra

Next we construct a tight map from any given pOset B to what might be called its
‘enveloping Boolean algebra” RO(B’). We then examine its universal properties.

First, let B = B\ {0} with the Alexandroff topology, where the closed sets are precisely
the > -closed sets, and consider the map x — {x}~\{0} from B to O(B").

Proposition 7.1 The map x > {x}=\{0} is tight and coinitial.

Proof Take F,G € F(B) with F 3 G. If O € O(B') with O C {x}~, forall x € F,
then O C F~ so O C G™ {0}. Thus we have y € G with ) # 0N {y}=\{0} € O(B)
so O M {y}=\{0}. Thus {{x}=\{0} : x € F} Z {{y}*\{0} : y € G}. 0

For any topological space X, recall that O € O(X) is regularif O = O° or, equivalently,

if O = N° forany N C X. The regular open sets RO(X) form a complete Boolean
algebra w.r.t. C such that, for O € RO(X) and N' C RO(X),

~0=x\0y and \/N=UN"

Proposition 7.2 O — 0°isa tight coinitial representation of O(X) in RO(X).
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Proof We first claim that O — O° preserves meets. For, given any O, N € O(X),
ONN°C (0NN = 0°NN".

For the reverse inclusion, it suffices to show that 0° N N° C ONN as taking
interiors then yields 0°NN° C ONN °. If this inclusion failed, we would have
0 #AP=0"NN\ONN€cOX). AsPC 0,0 #PnNO c OX). Likewise,
PNOCPCNsofl(#PNONN, contradicting the definition of P.

Also, for O € O(X) and F € F(O(X)), {0} T F means O C JF and hence

0 C WO =V er O. Thus O — O° is tight, by Proposition 6.5. |

As in Kunen [17, Chapter II Lemma 3.3], define p : B — RO(B’) by:
(23) ) = {x}="

By Proposition 7.1 and Proposition 7.2, p is tight. In fact, more can be said.

Proposition 7.3 Forall F,G € F(B),
F3G6 &  NpF1C\/ Gl

Proof Forany Y C B, we see that:
Y=Y"

Yo ={yeB :{y}"\{0} C Y}
Y™ ==\ {oh=

Thus \/ plG1 = UG \{0} " = {y € B': {y}* € (G=\ {0~}
={yeB : {y}~ CG"u{0}}.

Also, as O — O° is meet preserving, A p[F] = (,f {x}i\{O}O = Ft\{O}O. If
0 € ROB') then Fx\{0} C O iff F-\{0} C O. Thus, as (Fx)= = F»,

ApIFIC\/plGl < F\{0}CG" & FZG O

Thus a representation 3 of a pOset B is tight iff, for F, G € F(B),
NotFic\/plGl = \BIFI=\/BIGI

We now show that p restricted to the generalized Boolean subalgebra of RO(B’)
generated by p[B] is universal for tight(ish) representations.
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Theorem 7.4 Let 3 : B — A be a representation of a pOset B, let p be as in (23), and
let S be the generalized Boolean subalgebra of RO(B') generated by p[B]. Then (3 is
a tight(ish) representation iff 3 factors through p, ie iff there is tight(ish) = from S to
A such that § = wo p.

Proof As p is tight, if 7 is tight(ish) then so is 7 o p.

Conversely, assume that (3 is a tightish representation of B in A. In particular, if
p(x) = p(y) then B(x) = B(y) so we can define 7 : p[B] — A by

m(p(x)) = BX).
We can then extend 7 to the meet semilattice M generated by p[B] by defining
w(ApLF]) = A\ BIF), for F € F(B). Forif A plF] = A plGI then A p[F] C p(y),
for all y € G, so, by Proposition 7.3, A\ S[F] =< B(y), as [ is tightish. This means
N\ BIF] < A BIG] and, by a dual argument, A S[F] < A B[G]. It the follows from the
definition that this extension to M is meet preserving.

As RO(B') is distributive, the lattice L generated by p[B] is generated by joins of
elements of M. We claim we can extend 7 to L by defining, for F' € F(M),

71'(\/ F) = \/ 7[F].

For if \/ F = \/ G then, for all O € F, we have H € F(B) with A p[H] = O, and, for
all N € G, we have Hy € F(B) with A p[Hy] = N. Soif xy € Hy, forall N € G,
then A\ p[H] = O C \/ G C \/ycq p(xn) and hence Proposition 7.3 and tightishness
yields A\ BIH] = \/ycg B(xn). Thus distributivity yields:

7(0) = w(/\ plH])
= A\ BIH]
= A\ \/ Bew)

{(XN)IVNEG(XNGHN)} NeG

= \/ /\ BlHN]

NeG

= \/ #\ plHN]]

NeG

= \/w[G]

Therefore \/ 7[F] < \/ 7[G] and, again by a dual argument, \/ 7[G] =< \/ 7[F].
For any sublattice L of S and any x € L, let L, be the sublattice
L={yVvV@E@\x) :yz€L}
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Asw = (wAx)V Ww\x), forall w e S, L C L, and it suffices to take y C x above.
Then we claim that any lattice homomorphism 7 from L to A can be extended to a
lattice homomorphism 7’ of L, given by

(3 V (2\0) = 7)) V (1(2)\7(x)).

To see that this is well-defined, say y V (z\x) = ¥ V (Z\x) with y,y’ C x. Then
y=xAy=xAQV(E\x) =xAQ V(' \x) =xAy =y Likewise z\x = 7/\x, which
is equivalentto xVz = xVz'. As 7 is alattice homomorphism, 7(x)V 7 (z) = 7(x) V()
and hence 7(z)\7(x) = m(Z)\7(x). Also, forany w € L,, w = (w Ax) V (w\x) yields

(W) = 1w A x) V (TW\T(x)) = (1(w) A T(x)) V (TW)\T(x)) = T(w).
So 7’ extends 7 and likewise 7’ is verified to be a lattice homomorphism.

Thus any maximal lattice homomorphism extension of 7 defined on the sublattice
generated by p[B] as above must in fact be defined on the entirety of S. Thus 7 is
tightish, by Proposition 6.6. If there is no G € F(B) with ) $ G then 7 is even
(vacuously) tight. While if G € F(B), ) S G and j is tight then () < B[G] = 7 o p[G]
so 7 is also tight, by Proposition 6.4. a

It follows that tight(ish) maps between general pOsets are precisely those coming from
tight(ish) maps of generalized Boolean algebras.

Corollary 7.5 For pOsets A and B with py : A — Sa and pg : B — Sp as above,
B : B — A is tight(ish) iff ps o f = 7 o pg for some tight(ish) 7 : Sp — S4.

Proof If 3 is tight(ish) then so is p4 o 8 and the required 7 comes from Theorem 7.4.
On the other hand, if p4 o 5 = 7 o pg and 7 is tight(ish) then so is 7 o pg and hence
pa o 3. This means, for all F,G € F(B) (with F # (),

FZG = paoflFIZpacoflGl & BIF]Z BIG]

by Proposition 7.3, so S is tight(ish) too. O

Thus we have a map 3 — 7g taking any tight(ish) 5 : B — A to the unique tight(ish)
g : Sp — Sy satisfying py o 8 = mg o pg. To put this in category theory terms, let
P denote the category of pOsets with tight(ish) morhpisms and let G denote its full
subcategory of generalized Boolean algebras. The above results are saying that we have
a full functor F from P onto G with F(B) = Sp and F(3) = w3 together with a natural
transformation p from the identity functor / to F:
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PB PA

T3

Sg ———— S

8 The Tight Spectrum

Definition 8.1 Let B be any pOset. The tight spectrum B is the space of non-zero tight
characters on B taken as a subspace of {0, 1}# with the product topology.

We could equivalently call this the tightish spectrum, as any non-zero tightish character
is coinitial and hence tight. And if ) < G, for some G € F(B), then every tight
character is automatically non-zero and so our definition of B agrees with the definition
of Btight from Exel [6, Definition 12.8]. When there is no G € F(B) with 0 S G, we
instead have l?tight — B! = the one-point compactification of B, where B! here denotes
B with a top element 1 adjoined.

We can also view the tight spectrum as a certain Stone space, for by Theorem 7.4, we
can identify § and B via the map ¢ — ¢ o p. We can then identify § with § via the
map ¢ — ¢~ '{1}, as non-zero tight characters on generalized Boolean algebras are
precisely the characteristic functions of ultrafilters (as lattice homomorphisms from
generalized Boolean algebras to {0, 1} are precisely the characteristic functions of
prime filters).

Definition 8.2 For any topological space X, we call B C O(X) a pseudobasis if:
(Minimum) ) eB

(Cover) X = UB
(Coinitiality) 0£0cOX) = INEBW#£NCO0)
(To) Vx,yeX3d0€eB(x¢ O>yory¢ O >x)

For x € B,let O, = {¢ € B: d(x) = 1}. Also let B denote the characteristic functions
of maximal centered C C B, ie satisfying F» # {0}, for all F € F(C).

Proposition 8.3 B is 0-dimensional locally compact Hausdorff with pseudobasis
(Oy)xcp and dense subset B.
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Proof As {0,1}? is 0-dimensional Hausdorff, so is B. The tight characters are
immediately seen to form a closed subset of {0, 1}# so taking away the zero character
still yields a locally compact space B.

As Oy = 0, (Oy)rep satisfies (Minimum). As every ¢ € B has value 1 for some x € X,
(Oy)xep satisfies (Cover). If ¢, € B are distinct then o(x) # YP(x), for some x € B,
so (Oy)xep satisfies (Tp). To see that (O,) satisfies (Coinitiality), take some non-empty
basic open O C B, so we have F,G € F(B) with

0 = {¢ € B: ¢[F] = {1} and ¢[G] = {0} }.
For any ¢ € O, ¢[F] Z ¢[G] so F Z G, by tightness. But this means we have

non-zero x € F-\G". For any ¢ € Oy, ¢[F] = {1}, as ¢ is order preserving. If
x L ythen {x,y} T 0 so {¢(x),¥(y)} < ¥(0) = 0 and hence ¢(x) L (), ie ¢ is
also orthogonality preserving and hence [G] = {0} so O, C O. It only remains to
show that O is non-empty. So let ¢ be the characteristic function of some maximal
centred C C B containing x. If ¢ were not tight, then we would have F, G € F(B)
with ¢[F] = {1}, ¢[G] = {0} and F T G. As C is maximal, for each x € G we have
H, € F(C) with ({x} U Hy) = {0}. But then (F U|JH,)> = {0}, contradicting the
fact C is centred. Thus ¢ € O, and this also shows that B is dense in B. a

Theorem 8.4 If B is a pseudobasis of compact clopen subsets of a topological space
X then we have a homeomorphism from X onto B given by x — ¢, where

1 ifxeo
xOZ
P(0) {0 ifx ¢ 0.

Proof For any F, G € F(B), we claim that

F36 « (FclJe
If \F C UG then, for any non-empty O € Fc, we have O C (F C |JG so
0 #0NUG = UyegONN. Thus ) # O NN, for some N € G, and hence
O M N in B, by (Coinitiality), ie O € G" so F Z G. Conversely, if (\F ¢ |J G then
0 # N F\ UG so (Coinitiality) yields non-empty O € B with O C (F\ JG, ie
O € Fc \ (G"U {0}) so F £ G. Thus, for all x € X, the definition of ¢, yields:

F3G & NF c G
xeﬂF :>x€UG
VOeF ¢, (0)=1= INeG¢p(N)=1
N &:lF1 = \/ :lG]
$:lF] 3 6:lG]

¢l
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Thus ¢, is tight and also non-zero, by (Cover), so ¢, € B.

We next claim that, for any ¢ € B, there is a unique {x} such that

{x}= ()] oW
P(0)=1
H(N)=0

As ¢ # 0 and the elements of B are compact clopen, if the intersection were empty then it
would be empty for some finite subset, ie we would have F, G € F(B) with ¢[F] = {1},
¢[G] = {0} and 0 = mOeF,NeG O\N. But this means A ¢[F] =1 £ 0 =/ ¢[G] and
(N F C UG, contradicting the tightness of ¢. On other hand, the intersection can not
contain more than one point, by (7y). This proves the claim, which means ¢ = ¢,.
Thus x — ¢, is a bijection from X to B.

Now say we have x € M € O(X). By (Ty),

0= () OW.
x€0eB
x¢NEB
or N=M
As each O € B is compact clopen and B satisfies (Cover), some finite subset has empty
intersection, ie we have F,G € F(B) withx € (N F, x ¢ (JG and (pep yeg O\N C M.
As x and M were arbitrary, this is saying x — ¢, is an open mapping. As each O € B

is clopen, x — ¢, is also continuous and hence a homeomorphism. O

Corollary 8.5 Separative pOsets characterize compact clopen pseudobases of necessar-
ily 0-dimensional locally compact Hausdorff topological spaces. More precisely: If B
is a compact clopen pseudobasis of X then (B, C) is separative and B is homeomorphic
to X, while if (B, =) is separative then B has compact clopen pseudobasis (Oy)ccp
order isomorphic to B.

Proof If B is a compact clopen pseudobasis of X then, for any O,N € B with O ¢ N,
we see that ) # O\N € O(X). By (Coinitiality), we then have non-empty M € B with
M C O\N, so B is separative. By Proposition 8.3, X is homeomorphic to B, which is
0-dimensional locally compact Hausdorff, by Proposition 8.3.

If (B, <) is separative then, whenever x A y, we have non-zero z < x with y | z. We
can then take ¢ € B with ¢(z) = 1 so ¢ € O,\Oy and hence O, ¢ O,. Conversely, if
x =y then O, C O, so

(24) xXy & Ox C 0y. O

We finish with a note on (Separativity), which is the standard term in set theory (see
Kunen [17, Chapter II Exercise (15)]), and some other closely related conditions. First
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note that (24) implies that x +— Oy is injective, as O, = O, then implies x < y < x so
x =y. This is equivalent to saying that p from (23) is injective. This, in turn, implies
that B is ‘section semicomplemented’ in the sense of Maeda and Maeda [18, Definition
4.17], specifically

(SSC) x#y=<x = 40y Lz=x).
Equivalently, this means equality=density from Exel [6, Definition 11.10]. So
(Separativity) = pisinjective = (SSC)

for general pOset B, and they are all equivalent when B is a meet semilattice, by
Akemann and Bice [1, Proposition 9]. This resolves the questions in section 7 of
Exel [7] by providing the converse to [6, Proposition 11.11]. When restricted to lattices,
(Separativity) is also sometimes called ‘Wallman’s Disjunction Property’, having first
appeared in Wallman [26], which is also the dual to ‘subfit’ as defined in Picado and
Pultr [21, Chapter V §1].
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