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On Preparation Theorems for Ran,exp–definable Functions
ANDRE OPRIS

Abstract: In this article we give strong versions for preparation theorems for
Ran,exp –definable functions outgoing from methods of Lion and Rolin. (Ran,exp is
the o–minimal structure generated by all restricted analytic functions and the global
exponential function.) By a deep model theoretic fact of van den Dries, Macintyre
and Marker every Ran,exp –definable function is piecewise given by Lan(exp, log)–
terms where Lan(exp, log) denotes the language of ordered rings augmented by all
restricted analytic functions, the global exponential and the global logarithm. The
idea is to consider log-analytic functions at first, ie functions which are iterated
compositions from either side of globally subanalytic functions and the global
logarithm, and then Ran,exp –definable functions as compositions of log-analytic
functions and the global exponential.
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Introduction

This paper contributes to analysis in the framework of o–minimal structures. O–
minimality is a concept from mathematical logic with connections and applications
to geometry, analysis, number theory and other areas. Sets and functions definable in
an o–minimal structure (ie ‘belonging to’) exhibit tame geometric and combinatorial
behaviour. We refer to the book of van den Dries [2] for the general properties of o–
minimal structures; in the preliminary section we state the definition and give examples.

Log-analytic functions have been defined by Lion and Rolin in their seminal paper
[9] (see also Kaiser–Opris [8] for the definition). They are iterated compositions from
either side of globally subanalytic functions (see van den Dries and Miller [5]) and the
global logarithm.

Example 0.1 The function

f : R2 → R, (t, x) 7→ arctan
(
log

(
max{log(t4 + log(x2 + 2)), 1}

))
is log-analytic.
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2 Andre Opris

Their definition is kind of hybrid, as we will explain. The globally subanalytic functions
are precisely the functions that are definable in the o–minimal structure Ran of restricted
analytic functions (see [5]). Because the global logarithm is not globally subanalytic
the class of log-analytic functions contains properly the class of Ran –definable func-
tions. Since from the global logarithm the exponential function is definable, and the
latter is not log-analytic, the class of log-analytic functions is not a class of definable
functions. It is properly contained in the class of Ran,exp –definable functions. (Ran,exp

is the o–minimal structure generated by all restricted analytic functions and the global
exponential function; see [5].) Hence log-analytic functions capture Ran –definability
but not full Ran,exp –definability. To obtain full Ran,exp –definability one has to consider
compositions of log-analytic functions and the global exponential (see van den Dries,
Macintyre and Marker [3]).

In light of these considerations Lion and Rolin found a way to prove that Ran and
Ran,exp have quantifier elimination without using model theoretical techniques (see
[9]). The o–minimality of these structures follow from this quantifier elimination result.
Their main idea was to introduce and prove preparation theorems: once a definable
function f (t, x) is cellwise prepared with respect to a given variable x , it is much easier
to solve the equation f (t, x) = 0 with respect to the unknown x. In some sense, these
statements can be understood as a monomialization of the definable functions with
respect to x , in the spirit of resolution of singularities for functions which involve the
logarithm and exponential functions. There are two mistakes in [9]. The first one, which
concerns the log-analytic statement, has been corrected by Pawłucki and Piękosz [13].
The second one, which concerns the proof of the log-exp-analytic statement, has been
fixed by van den Dries and Speissegger [6], in the framework of the exponential closure
of polynomially bounded o–minimal structures (on the reals).

These preparation theorems are crucial to deal with questions from analysis in the
o–minimal context: van den Dries and Miller proved a parametric version of Tamm’s
Theorem for globally subanalytic functions (see [4]) and Tobias Kaiser showed the
impressive fact that a real analytic globally subanalytic function has a holomorphic
extension which is again globally subanalytic (see [7]). But it is not straightforward
to generalize these results on Ran,exp –definable functions: an easy counterexample
shows that Tamm’s Theorem does not hold in this setting and the second question is
completely open in this framework. To obtain a positive answer for the second issue
one idea would be to look closer at preparing Ran,exp –definable functions.

For the rest of the introduction “definable” means “Ran,exp –definable” .

For example a log-analytic function f (t, x) where x is the last variable can be cellwise
prepared as f (t, x) = a(t)|y0(t, x)|q0 · . . . · |yr(t, x)|qr u(t, x) where y0(t, x) = x−Θ0(t) and
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inductively yl(t, x) = log(|yl−1(t, x)|) −Θl(t) for l ∈ {1, . . . , r}, the qj ’s are rational
exponents and u(t, x) is a unit of a special form. This gives roughly that the function
f (t,−) behaves cellwise as iterated logarithms independently of t where the order of
iteration is bounded in terms of f . (Compare also with van den Dries and Speissegger
in [6].) Note that the functions a(t),Θ0(t), . . . ,Θr(t) although being definable are in
general not log-analytic anymore. We will present an example below. But it turns out
that a log-analytic function can be prepared with data of a special form.

Given the projection π : Rn × R → Rn, (t, x) 7→ t, on the first n coordinates and
a definable cell C ⊂ Rn × R, we call a function g : π(C) → R C–nice if g is the
composition of log-analytic functions and exponentials of the form exp(h) where h
is the component of a center of a logarithmic scale on C (compare with Definition
2.1 for the definition of a logarithmic scale; the logarithmic scale may depend on
g). We call such a function h C–heir (see Definition 2.30 below). It is immediately
seen that a log-analytic function on π(C) is C–nice and that every C–nice function
is definable. Note that the class of C–nice functions does not necessarily coincide
with the class of definable functions: if the cell C is simple, ie for every t ∈ π(C)
there is dt ∈ R>0 ∪ {∞} such that Ct = ]0, dt[ (see for example Definition 2.15 in
Kaiser–Opris [8]), the class of C–nice functions coincides with the class of log-analytic
ones (since in [8] it is shown that the center of a logarithmic scale vanishes on such a
cell).

With the class of C–nice functions we are able to prove the following preparation
theorem for log-analytic functions. For practical reasons we consider finitely many
log-analytic functions and prepare them simultaneously.

Theorem 0.2 Let X ⊂ Rn ×R be definable, m ∈ N and let f1, . . . , fm : X → R be log-
analytic. Then there is r ∈ N0 and a decomposition C of X̸=0 := {(t, x) ∈ X | x ̸= 0}
into finitely many definable cells such that for C ∈ C there is Θ := (Θ0, . . . ,Θr) such
that the functions f1|C, . . . , fm|C are nicely log-analytically prepared in x with center
Θ; ie, fj(t, x) = aj(t)|y0(t, x)|q0 · . . . · |yr(t, x)|qr uj(t, x) for (t, x) ∈ C and j ∈ {1, . . . ,m}
where y0(t, x) = x − Θ0(t) and inductively yl(t, x) = log(|yl−1(t, x)|) − Θl(t) for
l ∈ {1, . . . , r}, q0, . . . , qr ∈ Q, the functions aj,Θj on π(C) are C–nice and uj

is a unit of the form vj ◦ ϕ where vj is a real power series which converges on an
open neighborhood of [−1, 1]s and ϕ := (ϕ1, . . . , ϕs) with ϕ(C) ⊂ [−1, 1]s and
ϕi(t) = bi(t)|y0(t, x)|pi0 · . . . · |yr(t, x)|pir , where bi is C–nice and pi0, . . . pir ∈ Q.

This is a more precise preparation theorem than the version from Lion–Rolin [9] since
the data of the preparation is C–nice (and not only definable).
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For example if C is simple we have that a,Θ0, . . . ,Θr and b1, . . . , bs are log-analytic
and therefore the preparation keeps log-analyticity (which cannot be obtained by using
the preparation theorem from [9]). Consequently if g(t) := limx↘0 f (t, x) exists for
a log-analytic f : Rn × R → R, (t, x) 7→ f (t, x), we see that g is also log-analytic
(compare with Theorem 3.1 of Kaiser–Opris [8]). In light of this consideration important
differentiability properties for log-analytic functions like non-flatness or a parametric
version of Tamm’s theorem could be established in [8]. (Note also that a special version
of Theorem 0.2 has been proven there: this is Theorem 2.30, a preparation theorem for
log-analytic functions on simple cells.)

Our second goal for this paper is to establish a preparation theorem for definable
functions again by adapting the arguments of Lion–Rolin from [9] by considering
definable functions as compositions of log-analytic functions and the global exponential.
For this we introduce the concept of the exponential number of a definable function
f with respect to a set E of positive definable functions (or exponentials), ie the
minimal number of iterations of functions from E which are necessary to write f as a
composition of log-analytic functions and functions from E .

Example 0.3 The function R → R, x 7→ exp(x2 + 1), has exponential number at most
1 with respect to E := {exp(x2 + 1)}. Since R>0 → R, y 7→ log(y+ 1), is log-analytic,
the function

f : R → R, x 7→ log(exp(x2 + 1) + 1)

has also exponential number at most 1 with respect to E . The function

R → R, x 7→ exp(exp(x2 + 1))

has exponential number at most 2 with respect to {exp(x2 + 1), exp(exp(x2 + 1))}.

Every function f : X → R which has exponential number at most e ∈ N0 with respect
to a set of positive definable functions on X is definable; and, for every definable
function g : X → R, there is e ∈ N0 and a set E of positive definable functions on
X such that g has exponential number at most e with respect to E (see Section 1).
The notion of the exponential number allows us to prove the following preliminary
version of the preparation theorem for definable functions which gives a connection
between the functions contained in E and the exponentials which occur in the cellwise
preparation of f .

Theorem 0.4 Let e ∈ N0 and m ∈ N. Let X ⊂ Rm be definable and let f : X → R
be a function. Let E be a set of positive definable functions on X such that f has
exponential number at most e ∈ N0 with respect to E . Then there is a decomposition
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D of X into finitely many definable cells such that for every D ∈ D we have that
f |D = a · exp(c) · u, where u is a unit of the form v ◦ ϕ where v is a real power series,
and ϕ := (ϕ1, . . . , ϕs) with ϕi(t) = bi(t)exp(di(t)). Additionally a (respectively bi ) is
log-analytic, and c (respectively di ) is a finite Q–linear combination of functions from
log(E) := {log(g) | g ∈ E} which have exponential number at most e − 1 with respect
to E .

Finally we combine Theorem 0.2 and Theorem 0.4 and prove a preparation theorem for
definable functions which is the main result of this paper.

Let C ⊂ Rn × R ̸=0 be a definable cell, let r ∈ N0 and let E be a set of positive
definable functions on C . Let Θ0 ,. . . ,Θr be C–nice. We call a function f : C → R
(−1, r)–prepared with center Θ := (Θ0, . . . ,Θr) with respect to E if f is the zero
function. For e ∈ N0 call a function f : C → R (e, r)–prepared with center Θ with
respect to E if for (t, x) ∈ C ,

f (t, x) = a(t)|y0(t, x)|q0 · . . . · |yr(t, x)|qr exp(c(t, x)) · u(t, x)

where q0, . . . , qr ∈ Q, y0 = x − Θ0(t), inductively yi = log(|yi−1|) − Θi(t) for
i ∈ {1, . . . , r}, a is C–nice, exp(c) ∈ E , and the unit u is of the form u = v ◦ ϕ,
where v is a real power series with v(C) ⊂ [−1, 1]s , and ϕ = (ϕ1, . . . , ϕs) with
ϕi = bi(t)|y0(t, x)|pi0 · . . . · |yr(t, x)|pir ·exp(di(t, x)) where ϕi(C) ⊂ [−1, 1], bi is C–nice,
pi0, . . . , pir ∈ Q and exp(di) ∈ E . Additionally c and di are (e − 1, r)–prepared with
center Θ with respect to E .

Theorem 0.5 Let e ∈ N0 . Let X ⊂ Rn × R be definable and let E be a set of positive
definable functions on X . Let f : X → R be a function with exponential number at
most e with respect to E . Then there is r ∈ N0 and a definable cell decomposition C
of X ̸=0 such that for every C ∈ C there is a finite set P of positive definable functions
on C and Θ := (Θ0, . . . ,Θr) such that the function f |C is (e, r)–prepared with center
Θ with respect to P and the following hold.

(1) For every g ∈ log(P) there is m ∈ {−1, . . . , e−1} such that g is (m, r)–prepared
in x with center Θ with respect to P.

(2) If g ∈ log(P) := {log(h) | h ∈ P} is (l, r)–prepared in x with center Θ with
respect to P for l ∈ {−1, . . . , e − 1} then g is a finite Q–linear combination of
functions from log(E) restricted to C which have exponential number at most l
with respect to E .

Theorem 0.5 gives a cellwise preparation of definable functions in terms of the expo-
nential number and with a precise statement how the unit looks like (compare with [9,
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Section 2] for a version of Theorem 0.5 not in terms of the exponential number and
without mentioning any unit u; compare with [6, Section 5] for a version of Theorem
0.5 in terms of the exponential number where a unit u is mentioned, but without any
precise statement how this unit looks like.) In contrast to the treatment in [6] or [9] there
is also precise information about the exponentials which occur in the preparation of f
on every cell C : they are of the form exp(h) where h is the component of a center of a
logarithmic scale on C (coming from Theorem 0.2, the log-analytic preparation) or h
is itself prepared and a finite Q–linear combination of functions from log(E) restricted
to C (coming from Theorem 0.4).

All these improvements together allow us to investigate natural intermediate classes
between log-analytic and definable functions and discuss various analytic properties of
them. One example are the so-called restricted log-exp-analytic functions. These are
definable functions which are compositions of log-analytic functions and exponentials
of locally bounded functions (see Opris [12, Definition 2.5]). The global exponential
function for example is restricted log-exp-analytic. Outgoing from Theorem 0.5 the
differentiability results for log-analytic functions from [8] could be generalized by
Opris to this class of functions (see [12]). Another consequence of Theorem 0.5 is
the deep technical result that a real analytic restricted log-exp-analytic function has a
holomorphic extension which is again restricted log-exp-analytic which could also be
shown by Opris in [11].

This paper is organised as follows. After a preliminary section about o–minimality,
notations and conventions we give in Section 1 the definition of log-analytic functions,
the definition of the exponential number of a definable function with respect to a set of
positive definable functions and give elementary properties. In Section 2 we present the
preparation theorem of Lion–Rolin from [9] for log-analytic functions, introduce ’nice
functions’ and give a proof for Theorem 0.2 above. Section 3 is devoted to the proof of
Theorem 0.4 and Theorem 0.5.

Preliminaries

O–minimality

We give the definition and examples of o–minimal structures.

Semialgebraic sets:
A subset A of Rn , n ≥ 1, is called semialgebraic if there are k, l ∈ N0 and real
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polynomials fi, gi,1, . . . , gi,k ∈ R[X1, . . . ,Xn] for 1 ≤ i ≤ l such that

A =
l⋃

i=1

{x ∈ Rn | fi(x) = 0, gi,1(x) > 0, . . . , gi,k(x) > 0}.

A map is called semialgebraic if its graph is semialgebraic.

Semi- and subanalytic sets:
A subset A of Rn , n ≥ 1, is called semianalytic if for every a ∈ Rn there are
open neighborhoods U,V of a with U ⊂ V , k, l ∈ N0 and real analytic functions
fi, gi,1, . . . , gi,k on V for 1 ≤ i ≤ l, such that

A ∩ U =
l⋃

i=1

{x ∈ U | fi(x) = 0, gi,1(x) > 0, . . . , gi,k(x) > 0}.

A subset B of Rn , n ≥ 1, is called subanalytic if for every a ∈ Rn there is an open
neighborhood U of a, some p ≥ n, and some bounded semianalytic set A ⊂ Rp such
that B∩U = πn(A), where πn : Rp → Rn, (x1, . . . , xp) 7→ (x1, . . . , xn), is the projection
on the first n coordinates. A map is called semianalytic or subanalytic if its graph is a
semianalytic or subanalytic set, respectively. A set is called globally semianalytic or
globally subanalytic if it is semianalytic or subanalytic, respectively, in the ambient
projective space (or equivalently, after applying the semialgebraic homeomorphism
Rn → ] − 1, 1[n, xi 7→ xi/

√
1 + x2

i .)

O–minimal structures:
A structure on R is axiomatically defined as follows. For n ∈ N let Mn be a set of
subsets of Rn and let M := (Mn)n∈N . Then M is a structure on R if the following
hold for all m, n, p ∈ N:

(S1) If A,B ∈ Rn then A ∪ B, A ∩ B and Rn \ A ∈ Mn . (So Mn is a Boolean algebra
of subsets of Mn .)

(S2) If A ∈ Mn and B ∈ Mm then A × B ∈ Mn+m .
(S3) If A ∈ Mp and p ≥ n then πn(A) ∈ Mn where πn : Rp → Rn, (x1, . . . , xp) 7→

(x1, . . . , xn), denotes the projection on the first n coordinates.
(S4) Mn contains the semialgebraic subsets of Rn .

The structure M = (Mn)n∈N on R is called o–minimal if additionally the following
holds.

(O) The sets in M1 are exactly the finite unions of intervals and points.

A subset of Rn is called definable in the structure M if it belongs to Mn . A function is
definable in M if its graph is definable in M. The o–minimality axiom (O) implies that
a subset of R which is definable in an o–minimal structure on R has only finitely many
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connected components. But much more can be deduced from o–minimality. A definable
subset of Rn , n ∈ N arbitrary, has only finitely many connected components and these
are again definable. More generally, sets and functions definable in an o–minimal
structure exhibit tame geometric behaviour, for example the existence of definable cell
decomposition. We refer to the book of van den Dries [2] for this and more of the
general properties of o–minimal structures.

Examples of o–minimal structures:
(1) The smallest o–minimal structure on R is given by the semialgebraic sets. It is

denoted by R.
(2) Rexp , the structure generated on the real field by the global exponential function

exp : R → R>0 (ie the smallest structure containing the semialgebraic sets and
the graph of the global exponential function), is o–minimal.

(3) Ran , the structure generated on the real field by the restricted analytic functions,
is o–minimal. A function f : Rn → R is called restricted analytic if there is a
function g that is real analytic on a neighborhood of [−1, 1]n such that f = g
on [−1, 1]n and f = 0 otherwise. The sets definable in Ran are precisely the
globally subanalytic ones.

(4) Ran,exp , the structure generated by Ran and Rexp , is o–minimal.

Notation

The empty sum is by definition 0 and the empty product is by definition 1. By
N = {1, 2, . . .} we denote the set of natural numbers and by N0 = {0, 1, 2, . . .} the
set of nonnegative integers. We set R>0 := {x ∈ R | x > 0}. For m, n ∈ N we
denote by M(m × n,Q) the set of m × n-matrices with rational entries. Given x ∈ R
let sign(x) ∈ {±1} be its sign. By logk we denote the k–times iteration of the natural
logarithm. By ∼ we denote asymptotic equivalence.

For m ∈ N and a set X ⊂ Rm we set the following. For a set E of positive real valued
functions on X we set log(E) := {log(g) | g ∈ E}. For C ⊂ Rm with C ⊂ X and a set
E of real valued functions on X we set E|C := {g|C | g ∈ E}.

For X ⊂ Rn ×R let X̸=0 := {(t, x) ∈ X | x ̸= 0} and for t ∈ Rn we set Xt := {x ∈ R |
(t, x) ∈ X}.

Convention

Definable means definable in Ran,exp if not otherwise mentioned.
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1 Log-analytic functions and the exponential number

We fix m ∈ N and a definable X ⊂ Rm .

Definition 1.1 Let f : X → R be a function.

(a) Let r ∈ N0 . By induction on r we define that f is log-analytic of order at
most r :
Base case. The function f is log-analytic of order at most 0 if f is piecewise
the restriction of globally subanalytic functions, ie there is a decomposition C
of X into finitely many definable cells such that for C ∈ C there is a globally
subanalytic function F : Rm → R such that f |C = F|C .
Inductive step. The function f is log-analytic of order at most r if the following
holds: there is a decomposition C of X into finitely many definable cells such
that for C ∈ C there are k, l ∈ N0 , a globally subanalytic function F : Rk+l → R,
and log-analytic functions g1, . . . , gk : C → R, h1, . . . , hl : C → R>0 of order
at most r − 1 such that f |C = F(g1, . . . , gk, log(h1), . . . , log(hl)).

(b) Let r ∈ N0 . We call f log-analytic of order r if f is log-analytic of order at
most r but not of order at most r − 1.

(c) We call f log-analytic if f is log-analytic of order r for some r ∈ N0 .

Remark 1.2 The following properties hold.

(1) A log-analytic function is definable.
(2) The log-analytic functions are precisely those definable functions which are

piecewise given by Lan(−1, ( n
√
. . .)n=2,3,..., log)–terms (compare with van den

Dries, Macintyre and Marker in [3]).
(3) A function is log-analytic of order 0 if and only if it is piecewise the restriction

of globally subanalytic functions.

Example 1.3 The function

f : R2 → R, (x, y) 7→ arctan(log(max{log(x4 + log(y2 + 2)), 1}))

is log-analytic of order (at most) 3.

Remark 1.4 Let r ∈ N0 . The set of log-analytic functions on X of order at most r as
well as the set of log-analytic functions on X is an R–algebra with respect to pointwise
addition and multiplication.
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Now we consider a definable function f as a composition of log-analytic functions
and exponentials. To formalize the iterations of the exponentials we introduce the
exponential number of f with respect to a set E of positive definable functions: this
is the minimal number of iterations of exponentials from E which are necessary to
write f as a composition of log-analytic functions and functions from E . (See also van
den Dries and Speissegger [6] for such considerations. There the exponential level of
a definable function is introduced to describe iterations of exponentials, but without
mentioning any set E of positive definable functions.) This allows us to define and
study several different classes of definable functions like C–nice functions (where E
consists of C–heirs, see Section 2.3) or restricted log-exp-analytic functions (where
E consists of exponentials of locally bounded functions, see Opris [12]). The former
helps to understand cellwise preparation of log-analytic functions (see Theorem 0.2)
and the latter is a large class of definable functions which contains the log-analytic ones
properly and shares some analytic properties with globally subanalytic functions (see
Opris [11] and [12]).

Definition 1.5 Let f : X → R be a function. Let E be a set of positive definable
functions on X .

(a) By induction on e ∈ N0 we define that f has exponential number at most e
with respect to E :
Base Case. The function f has exponential number at most 0 with respect to E
if f is log-analytic.
Inductive Step. The function f has exponential number at most e with respect
to E if the following holds: there are k, l ∈ N0 , functions g1, . . . , gk : X → R
and h1, . . . , hl : X → R with exponential number at most e − 1 with respect to
E and a log-analytic function F : Rk+l → R such that

f = F(g1, . . . , gk, exp(h1), . . . , exp(hl))

and exp(h1), . . . , exp(hl) ∈ E .
(b) Let e ∈ N0 . We say that f has exponential number e with respect to E if f

has exponential number at most e with respect to E but not at most e − 1 with
respect to E .

(c) We say that f can be constructed from E if there is e ∈ N0 such that f has
exponential number e with respect to E .

Remark 1.6 Let E be a set of positive definable functions on X . Let f be a function
on X which can be constructed from E . The following hold:
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(1) f has a unique exponential number e ∈ N0 with respect to E and is definable.
(2) f has exponential number 0 with respect to E if and only if f is log-analytic.

Remark 1.7 Let E be the set of all positive definable functions on X . Then every
definable function f : X → R can be constructed from E .

Remark 1.8 Let e ∈ N0 . Let E be a set of positive definable functions on X .

(1) Let f : X → R be a function with exponential number at most e with respect to E .
Then exp( f ) has exponential number at most e+ 1 with respect to E∪{exp( f )}.

(2) Let s ∈ N0 . Let f1, . . . , fs : X → R be functions with exponential number at
most e with respect to E and let F : Rs → R be log-analytic. Then F( f1, . . . , fs)
has exponential number at most e with respect to E .

Proof (1) One sees with Definition 1.5 applied to g := F(exp( f )) where F = idR
that exp( f ) has exponential number at most e + 1 with respect to E ∪ {exp( f )}.

(2) We may assume e > 0. Let k, l ∈ N0 , g1, . . . , gk, h1, . . . , hl : X → R be functions
with exponential number at most e−1 with respect to E with exp(h1), . . . , exp(hl) ∈ E ,
and Gj : Rk+l → R be log-analytic such that fj = Gj(β) for j ∈ {1, . . . , s} where
β := (g1, . . . , gk, exp(h1), . . . , exp(hl)). Let v range over Rk+l . Then

H : Rk+l → R, v 7→ F(G1(v), . . . ,Gs(v))

is log-analytic such that H(β) = F( f1, . . . , fs).

2 A preparation theorem for log-analytic functions

For the whole section let n ∈ N0 , t := (t1, . . . , tn) range over Rn , x over R and let
π : Rn+1 → Rn, (t, x) 7→ t .

2.1 Logarithmic scales

In this subsection we define and investigate logarithmic scales. A logarithmic scale is a
tuple of functions where each component is defined by taking logarithm of the previous
one and then “translating” by a definable function depending only on t starting at
C → C, (t, x) 7→ x −Θ0(t), where Θ0 is definable. This means that the components
of a logarithmic scale Y(t,−) behaves as iterated logarithms independently of t .
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Logarithmic scales are the main technical tools in the cellwise preparation of log-
analytic functions and help enormously to describe how log-analytic functions depend
on the last variable x .

Let C ⊂ Rn+1 be definable.

Definition 2.1 Let r ∈ N0 . A tuple Y := (y0, . . . , yr) of functions on C is called an
r–logarithmic scale on C with center Θ = (Θ0, . . . ,Θr) if the following hold:

(a) yj > 0 or yj < 0 for every j ∈ {0, . . . , r}.
(b) Θj is a definable function on π(C) for every j ∈ {0, . . . , r}.
(c) We have y0(t, x) = x −Θ0(t) and inductively yj(t, x) = log(|yj−1(t, x)|) −Θj(t)

for every j ∈ {1, . . . , r} and all (t, x) ∈ C .
(d) Either there is ϵ0 ∈ ]0, 1[ such that 0 < |y0(t, x)| < ϵ0|x| for all (t, x) ∈ C

or Θ0 = 0, and for every j ∈ {1, . . . , r} either there is ϵj ∈ ]0, 1[ such that
0 < |yj(t, x)| < ϵj|log(|yj−1(t, x)|)| for all (t, x) ∈ C or Θj = 0.

We also write y0 instead of (y0) for a 0–logarithmic scale.

Note that Definition 4.1 is a little bit more precise than the objects introduced in [9]:
Lion and Rolin supposed that either Θj = 0 or there is a positive constant K such that
|yj(t, x)| ≤ KΘj(t) for every (t, x) ∈ C and j ∈ {0, . . . , n}. But for the rigorous proof
of the results of Kaiser–Opris in [8], Opris [11] and [12] the full inequality in (d) is
needed. With the objects from [9] one can for example not prove that Θ = 0 in general
on a simple cell C . (See [8, Proposition 2.19]; see [8, Definition 2.15] for the notion of
a simple cell C .)

Remark 2.2 Let r ∈ N0 . Let Y be an r–logarithmic scale on C with center Θ. Then
Θ is uniquely determined by Y and Y is log-analytic if and only if Θ is log-analytic.

Definition 2.3 Let q = (q0, . . . , qr) ∈ Qr+1 . We set

|Y|⊗q :=
r∏

j=0

|yj|qj

|Y(t, x)|⊗q :=
r∏

j=0

|yj(t, x)|qj .and, for (t, x) ∈ C,

Definition 2.4 Let D be a decomposition of C into finitely many definable cells. Let
f : C → R be a function. We set

Cf := {(t, f (t, x)) ∈ Rn × R | (t, x) ∈ C}
Df := {Df | D ∈ D}.and
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Remark 2.5 The following hold.

(1) Let f : C → R be definable. Then D := Cf is definable.
(2) Let l ∈ {1, . . . , r}. We define µl : C → R, (t, x) 7→ x −Θl(t), and inductively

for j ∈ {l + 1, . . . , r} we define µj : C → R, (t, x) 7→ log(|µj−1(t, x)|) −Θj(t).
Then Yr−l,D := (µl, . . . , µr) is a well-defined (r − l)–logarithmic scale with
center (Θl, . . . ,Θr) on D := Clog(|yl−1|) .

Proof Property (1) is clear. For property (2) note that

Y(t, x) = (y0(t, x), . . . , yl−1(t, x),Yr−l,D(t, log(|yl−1(t, x)|)))

for every (t, x) ∈ C where y0(t, x) = x −Θ0(x) and inductively

yj(t, x) = log(|yj−1(t, x)|) −Θj(x)

for j ∈ {1, . . . , r}. So it is straightforward to see with Definition 2.1 that Yr−l,D is an
(r − l)–logarithmic scale on D.

Definition 2.6 Let M ∈ R>0 . We set

C>M(Y) := {(t, x) ∈ C | |yl(t, x)| > M for all l ∈ {1, . . . , r}}

and, for every l ∈ {1, . . . , r},

Cl,M(Y) := {(t, x) ∈ C | |yl(t, x)| ≤ M}.

Remark 2.7 Let M ∈ R>0 . Then C>M and C1,M, . . . ,Cr,M are definable.

Remark 2.8 Assume r ∈ N. The following properties hold.

(1) Let l ∈ {1, . . . , r}. We have

|yl| ≤ |log(|yl−1|)|

on C .
(2) Let c, λ1, . . . , λr ∈ R. Then there is M ∈ R>1 such that

|c +
r∑

k=1

λk log(|yk|)| ≤
|y1|
2

on C>M .
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Proof Recall that y0(t, x) = x − Θ0(t) and inductively for j ∈ {1, . . . , r} yj(t, x) =
log(|yj−1(t, x)|) −Θj(t) for every (t, x) ∈ C .

(1) We find ϵl ∈ ]0, 1[ such that |yl(t, x)| ≤ ϵl|log(|yl−1(t, x)|)| for every (t, x) ∈ C or
Θl = 0 by Definition 2.1. Hence |yl| ≤ |log(|yl−1|)|.

(2) Take M ≥ expr(1) to obtain with (1)

|c +
r∑

k=1

λk log(|yk|)| ≤ |c|+
r∑

k=1

|λk| · logk(|y1|)

on C>M . By increasing M if necessary we may assume |c| ≤ |y1|
4 and

|λl| logl(|y1|) ≤
|y1|
4r

for every l ∈ {1, . . . , r} on C>M . This gives the result.

The rest of Section 2.2 is important for technical proofs of the main results of this paper.

Definition 2.9 Let m ∈ N. Let D ⊂ X ⊂ Rm . Let f , g : X → R be functions. We call
f similar to g on D, written f ∼D g, if there is δ ∈ R>0 such that 1/δ · g < f < δ · g
on D.

Remark 2.10 Let D ⊂ X ⊂ Rm . Let f , g : X → R be functions. If f ∼D g then f and
g don’t have a zero on D.

Remark 2.11 Let D ⊂ X ⊂ Rm and let f , g : X → R be functions.

(1) It holds f ∼D g if and only if f/g ∼D 1.
(2) If f ∼D g then sign( f ) = sign(g) on D.
(3) The relation f ∼D g is an equivalence relation on the set of all functions on X

without a zero on D.
(4) The set of functions on X which are similar to 1 on D form a divisible group

with respect to pointwise multiplication.

Remark 2.12 If Θ0 ̸= 0 then x ∼C Θ0 . Let j ∈ {1, . . . , r}. If Θj ̸= 0 then
log(|yj−1|) ∼C Θj .

Proof Assume Θ0 ̸= 0. Then there is ϵ ∈ ]0, 1[ such that |x −Θ0(t)| < ϵ|x| for every
(t, x) ∈ C . This gives that x ̸= 0 and 1 − ϵ < Θ0(t)/x < 1 + ϵ for every (t, x) ∈ C . Set
δ := max{1/(1 − ϵ), 1 + ϵ}. Then 1/δ < Θ0(t)/x < δ for every (t, x) ∈ C .
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Assume Θj ̸= 0. Then there is ϵj ∈ ]0, 1[ such that

|log(|yj−1(t, x)|) −Θj(t)| < ϵj|log(|yj−1(t, x)|)|

for every (t, x) ∈ C . This gives log(|yj−1(t, x)|) ̸= 0 for every (t, x) ∈ C . Now proceed
in the same way as above.

Proposition 2.13 Let Ψ : π(C) → R be definable. The following properties hold.

(1) Let l ∈ {1, . . . , r}. If |yl−1| ∼C>M Ψ for some M > 1 then there is N ≥ M
such that |yl| ∼C>N |log(Ψ) −Θl|.

(2) Let E be a set of positive definable functions on π(C) such that Ψ and Θ1, . . . ,Θr

can be constructed from E . Let q1, . . . , qr ∈ Q.
(i) Let |y1| ∼C>M Ψ for some M > 1. There is N ≥ M and a function

µ : π(C) → R>0 which can be constructed from E such that
r∏

j=1

|yj|qj ∼C>N µ.

(ii) Suppose

y0 ∼C Ψ
r∏

j=1

|yj|qj .

Then there is M ∈ R>1 such that |y1| ∼C>M |log(|Ψ|) −Θ1|. Additionally
there is N ≥ M and a function ξ : π(C) → R which can be constructed
from E such that y0 ∼C>N ξ .

Proof (1) Let δ > 0 be with |yl−1|/δ < Ψ < δ|yl−1| on C>M . Note that δ > 1. By
taking logarithm and subtracting Θl we get

− log(δ) + yl < log(Ψ) −Θl < log(δ) + yl

on C>M . Set N := max{M, 2 log(δ)}. If yl > 0 on C we obtain on C>N that
− log(δ) + yl > 0 and therefore

|yl| − log(δ) < |log(Ψ) −Θl| < |yl|+ log(δ).

If yl < 0 on C we obtain on C>N that log(δ) + yl < 0 and therefore

|yl| − log(δ) ≤ |log(δ) + yl| < |log(Ψ) −Θl| < |− log(δ) + yl| ≤ |yl|+ log(δ).

In both cases we obtain
|yl|
2
< |log(Ψ) −Θl| < 2|yl|

on C>N .
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(2i) Let Ψ1 := Ψ. With (1) we find inductively for l ∈ {2, . . . , r} a real number
Nl ≥ Nl−1 such that

|yl| ∼C>Nl
|log(Ψl−1) −Θl| := Ψl

where N1 := M . We see with an easy induction on l ∈ {1, . . . , r} and Remark 1.8 that
Ψl can be constructed from E for every l ∈ {1, . . . , r}. For N := Nr we obtain with
(4) in Remark 2.11

|y1|q1 · . . . · |yr|qr ∼C>N Ψq1
1 · . . . ·Ψqr

r := µ.

Note that µ : π(C) → R>0 can be constructed from E by Remark 1.8.

(2ii) Let δ > 0 be such that

1
δ
|y1|q1 · . . . · |yr|qrΨ < y0 < δ|y1|q1 · . . . · |yr|qrΨ

on C . Let κ := max{1/δ, δ}. Taking absolute values, logarithm and subtracting Θ1

we obtain − log(κ) + L + log(|Ψ|) − Θ1 < y1 < log(κ) + L + log(|Ψ|) − Θ1 on C
where L :=

∑r
k=1 qk log(|yk|). By Remark 2.8 we find M > 1 such that

log(κ) + |L| ≤ |y1|
2

on C>M . We obtain

−|y1|
2

+ log(|Ψ|) −Θ1 < y1 <
|y1|
2

+ log(|Ψ|) −Θ1

|y1|
2

< |log(|Ψ|) −Θ1| < 2|y1|and therefore

on C>M . Let Γ := |log(|Ψ|) −Θ1|. Then Γ : π(C) → R>0 can be constructed from
E , and it holds |y1| ∼C Γ. By (2), (i) we find a function µ : π(C) → R>0 which can
be constructed from E and N ≥ M such that |y1|q1 · . . . · |yr|qr ∼C>N µ. Therefore
with (1) in Remark 2.11 Ψ · |y1|q1 · . . . · |yr|qr ∼C>N Ψ · µ and by (3) in Remark 2.11
y0 ∼C>N Ψ · µ. So take ξ := Ψ · µ. Then ξ can be constructed from E .

2.2 A preparation theorem for log-analytic functions

In this section we present the results from Lion–Rolin [9], ie preparation theorems for
globally subanalytic functions and log-analytic functions.
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Definition 2.14 (Lion–Rolin [9, Section 0.4]) Let C ⊂ Rn × R be globally sub-
analytic. Let f : C → R be a function. Then f is called globally subanalytically
prepared in x with center θ if for every (t, x) ∈ C

f (t, x) = a(t) · |x − θ(t)|q · u(t, x)

where q ∈ Q, θ : π(C) → R is a globally subanalytic function such that either x > θ(t)
for every (t, x) ∈ C or x < θ(t) for every (t, x) ∈ C , a is a globally subanalytic
function on π(C) which is identically zero or has no zeros, and the following holds
for u. There is s ∈ N such that u = v ◦ ϕ, where v is a power series which converges
on an open neighborhood of [−1, 1]s with v([−1, 1]s) ⊂ R>0 , and ϕ := (ϕ1, . . . , ϕs) :
C → [−1, 1]s with ϕj(t, x) = bj(t)|x − θ(t)|pj for (t, x) ∈ C , where pj ∈ Q and
bj : π(C) → R is globally subanalytic for j ∈ {1, . . . , s}. Additionally, either there is
ϵ ∈ ]0, 1[ such that |x − θ(t)| < ϵ|x| for every (t, x) ∈ C , or θ = 0.

We see that a globally subanalytic prepared function has roughly speaking the form of a
Puiseux series in one variable.

Fact 2.15 (Lion–Rolin [9, Section 1]) Let m ∈ N. Let X ⊂ Rn × R and f1, . . . , fm :
X → R be globally subanalytic. Then there is a globally subanalytic cell decomposition
C of X ̸=0 such that for every C ∈ C there is a globally subanalytic θ : π(C) → R such
that f1, . . . , fm are globally subanalytically prepared in x with center θ on C .

Remark 2.16 There are similar versions of this preparation theorem for reducts of
Ran like RW where W is a convergent Weierstrass system. (Compare with Miller [10]
for the details).

Let C ⊂ Rn × R be a definable cell.

Definition 2.17 (Lion–Rolin [9, Section 0.4]) Let r ∈ N0 . Let g : C → R be a
function. We say that g is r–log-analytically prepared in x with center Θ if

g(t, x) = a(t)|Y(t, x)|⊗qu(t, x)

for all (t, x) ∈ C where a is a definable function on π(C) which vanishes identically or
has no zero, Y = (y0, . . . , yr) is an r–logarithmic scale with center Θ on C , q ∈ Qr+1

and the following holds for u. There is s ∈ N such that u = v ◦ ϕ, where v is a power
series which converges on an open neighborhood of [−1, 1]s with v([−1, 1]s) ⊂ R>0 ,
and ϕ := (ϕ1, . . . , ϕs) : C → [−1, 1]s is a function of the form

ϕj(t, x) := bj(t)|Y(t, x)|⊗pj
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for j ∈ {1, . . . , s} and (t, x) ∈ C , where bj : π(C) → R is definable and pj :=
(pj0, . . . , pjr) ∈ Qr+1 . We call a coefficient and b := (b1, . . . , bs) a tuple of base
functions for f . An LA-preparing tuple for f is then

J := (r,Y, a, q, s, v, b,P)

P :=


p10 · · p1r

· ·
· ·

ps0 · · psr

 ∈ M
(
s × (r + 1),Q).where

Remark 2.18 Let f : C → R be a function. Let f ∼C g where g is r–log-analytically
prepared in x with preparing tuple (r,Y, a, q, s, v, b,P). Then

f ∼C a|Y|⊗q.

Definition 2.19 Let r ∈ N0 and m ∈ N. Let g1, . . . , gm : C → R be functions. We
say that g1, . . . , gm are r–log-analytically prepared in x in a simultaneous way if there
is Θ : π(C) → Rr+1 such that g1, . . . , gm are r–log-analytically prepared in x with
center Θ.

Remark 2.20 Let m ∈ N and r ∈ N0 . Let f1, . . . , fm : C → R be r–log-analytically
prepared in x in a simultaneous way. Then there are preparing tuples for f1, . . . , fm
which coincide in r,Y, s, b,P.

Proof This follows immediately with Definition 2.17 and by redefining the correspond-
ing power series v1, . . . , vm .

Fact 2.21 (Lion–Rolin [9, Section 2.1]) Let X ⊂ Rn × R be definable. Let r ∈ N0

and m ∈ N. Let f1, . . . , fm : X → R be log-analytic functions of order at most r .
Then there is a definable cell decomposition C of X ̸=0 such that f1|C, . . . , fm|C are
r–log-analytically prepared in x in a simultaneous way for every C ∈ C .

The rest of this section is about the following question: Are the coefficient, center and
base functions of the cellwise preparation of a log-analytic function again log-analytic?
We will see that this question generally has a negative answer.

Definition 2.22 Let Y be an r–logarithmic scale on C with center Θ = (Θ0, . . . ,Θr).
We call Y pure if its center Θ is log-analytic.
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Definition 2.23 Let r ∈ N0 .

(a) Let C be a cell and f : C → R be a function. We call f : C → R purely r–log-
analytically prepared in x with center Θ if f is r–log-analytically prepared
in x with log-analytic center Θ, log-analytic coefficient and log-analytic base
functions. An LA-preparing tuple for g with log-analytic components is then
called a pure LA-preparing tuple for g.

(b) Let f1, . . . , fm : C → R be functions. We call f1, . . . , fm purely r–log-analytically
prepared in x in a simultaneous way if f1, . . . , fm are purely r–log-analytically
prepared in x with the same center.

Remark 2.24 Let r ∈ N0 . If g is r–log-analytically prepared in x then g is definable
but not necessarily log-analytic. If g is purely r–log-analytically prepared in x then g
is log-analytic.

Purely r–log-analytically prepared functions in x induce the following definition of
purely log-analytic functions in x .

Definition 2.25 Let X ⊂ Rn × R be definable and let f : X → R be a function in x .

(a) Let r ∈ N0 . By induction on r we define that f is purely log-analytic in x of
order at most r .
Base case. The function f is purely log-analytic in x of order at most 0 if the
following holds: There is a definable cell decomposition C of X such that for
every C ∈ C there is m ∈ N0 , a globally subanalytic F : Rm+1 → R and a
log-analytic g : π(C) → Rm such that f (t, x) = F(g(t), x) for (t, x) ∈ C .
Inductive step. The function f is purely log-analytic in x of order at most r if
the following holds: There is a definable cell decomposition C of X such that
for C ∈ C there are k, l ∈ N0 , purely log-analytic functions g1, . . . , gk : C →
R, h1, . . . , hl : C → R>0 in x of order at most r − 1, and a globally subanalytic
function F : Rk+l → R such that

f |C = F(g1, . . . , gk, log(h1), . . . , log(hl)).

(b) Let r ∈ N0 . The function f is purely log-analytic in x of order r if f is purely
log-analytic in x of order at most r but not purely log-analytic in x of order at
most r − 1.

(c) The function f is purely log-analytic in x if there is r ∈ N0 such that f is purely
log-analytic in x of order r .

Remark 2.26 Let X ⊂ Rn ×R be definable. A purely log-analytic function in x on X
is log-analytic.
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Remark 2.27 Let f : C → R be a function. Let r ∈ N0 .

(1) A log-analytic function g : C → R of order at most r is purely log-analytic in x
of order at most r .

(2) A purely r–log-analytically prepared function g : C → R in x is purely log-
analytic in x of order at most r .

Now we can give the promised example that the above Fact 2.21 can in general not be
carried out in the log-analytic category.

Example 2.28 (Kaiser–Opris, [8]) Let ϕ : ]0,∞[→ R, y 7→ y/(1 + y). Consider
the log-analytic function

f : R>0 × R, (t, x) 7→ − 1
log(ϕ(x))

− t.

Then f is log-analytic of order 1, but does not allow piecewise a pure 1–log-analytic
preparation in x .

Proof For the reader’s convenience we present the proof from [8] here. Assume that
the contrary holds. Let C be the corresponding cell decomposition. Let

ψ : ]0, 1[→ R, y 7→ y/(1 − y).

Then ψ is the compositional inverse of ϕ. Note that f (t, ψ(e−1/t)) = 0 for all t ∈ R>0 .
Let α : R>0 → R, t 7→ ψ(e−1/t). Then α is not log-analytic and α(t) =

∑∞
n=1 e−n/t

for all t ∈ R>0 . By passing to a finer definable cell decomposition we find a cell C of
the form C := {(t, x) ∈ R>0 × R>0 | 0 < t < ϵ, α(t) < x < α(t) + η(t)} with some
suitable ϵ ∈ R>0 and some definable function η : ]0, ϵ[ → R>0 such that f is purely
1–log-analytically prepared in x on C . Let (1,Y, a, q, s, v, b,P) be a pure preparing
tuple for f |C and let Θ = (Θ0,Θ1) be the center of Y .

Claim 2.29 Θ0 = 0.

Proof Assume that Θ0 is not the zero function. By the definition of a 1–logarithmic
scale we find ε0 ∈ ]0, 1[ such that |y0| < ε0|x| on C . This implies |α(t) −Θ0(t)| ≤
ϵ0α(t) for all 0 < t < ϵ. But this is not possible since we have limt↘0 α(t)/Θ0(t) = 0
by the assumption that Θ0 is log-analytic and not the zero function.

From
f (t, x) = a(t)|Y(t, x)|⊗qu(t, x)
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for all (t, x) ∈ C (where u : C → R>0 is suitable with u ∼C 1), and

lim
x↘α(t)

f (t, x) = 0

for all t ∈ ]0, ϵ[ we get by o–minimality that there is, after shrinking ϵ > 0 if necessary,
some j ∈ {0, 1} such that limx↘α(t) |yj(t, x)|qj = 0 for all t ∈ ]0, ε[. By Claim
2.29 the case j = 0 is not possible. In the case j = 1 we have, again by Claim
2.29, that q1 > 0 and therefore Θ1 = log(α). But this is a contradiction to the
assumption that the function Θ1 is log-analytic, since the function log(α) on the right
is not log-analytic. This can be seen by applying the logarithmic series. We obtain
limt↘0(log(α(t)) + 1/t)/e−1/t ∈ R \ {0}.

Let f , C , α and ψ be as in Example 2.28. In the following we mention that f can be
0–log-analytically prepared on C (after shrinking ϵ and η if necessary) with coefficient,
center and base functions which can be constructed from a set E of positive definable
functions with the following property: Every g ∈ log(E) is a component of the center
of a logarithmic scale on C .

For (w2,w3,w4) ∈ R3 with w2,w4 > 0, w4/w2 ∈ ]1/2, 3/2[ and 1/(1 + w4) ∈
]1/2, 3/2[ we set

u(w2,w3,w4) := log∗(
w4

w2
) + log∗(

1
1 + w4

) + w3

log∗ : R → R, y 7→
{

log(y), y ∈ [1/2, 3/2],
0, otherwise.

where

Consider:

F : R4 → R,

(w1, . . . ,w4) 7→



− 1
u(w2,w3,w4) − w1, w2,w4 > 0, w4/w2 ∈]1/2, 3/2[ ,

1/(1 + w4) ∈]1/2, 3/2[ ,
and u(w2,w3,w4) ̸= 0;

0, otherwise.

Note that F is globally subanalytic since log∗ is globally subanalytic. By shrinking ϵ
and η if necessary we obtain x/α(t) ∈ ]1/2, 3/2[, 1/(1+ x) ∈ ]1/2, 3/2[ and therefore

f (t, x) = F(t, α(t), log(α(t)), x)
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for (t, x) ∈ C . Note that α can be constructed from E := {π(C) → R>0, t 7→ e−1/t}
(since α(t) = ψ(e−1/t) for t ∈ π(C) and ψ is globally subanalytic). Therefore log(α)
can also be constructed from E (since π(C) → R, t 7→ log(ψ(t)), is log-analytic). With
Fact 2.15 we find a globally subanalytic cell decomposition D of R4 such that for every
D ∈ D we have that F|D is globally subanalytically prepared in x4 . By shrinking ϵ and
η if necessary we may assume that there is D ∈ D such that (t, α(t), log(α(t)), x) ∈ D
for every (t, x) ∈ C . So we may assume that F is globally subanalytically prepared
in w4 . Consequently f is 0–log-analytically prepared in x with coefficient, center
and base functions which can be constructed from E . By further shrinking ϵ and η if
necessary we may assume that |log(x) + 1/t| < 1/2|log(x)| for (t, x) ∈ C . Let y0 := x
and y1 := log(y0) + 1/t . We have that (y0, y1) is a 1–logarithmic scale on C with
center (Θ0,Θ1) where Θ0 := 0 and Θ1 : π(C) → R, t 7→ −1/t . So E is a set of one
positive definable function on π(C) whose logarithm coincides with Θ1 .

We will see in Section 2.3 that functions which can be constructed from a set of positive
definable functions whose logarithm coincide with a component of the center of a
logarithmic scale play a crucial role in preparing log-analytic functions.

2.3 A type of definable functions closed under log-analytic preparation

The main goal for this section is to prove Theorem 0.2. At first we introduce the notion
of C–heirs and C–nice functions for a definable cell C ⊂ Rn × R, give elementary
properties and examples. A C–heir is a positive definable function on π(C) whose
logarithm coincides with the component of a center of a logarithmic scale on C . A
C–nice function is a definable function which is a composition of log-analytic functions
and C–heirs (ie can be constructed from a set E of C–heirs, see (c) in Definition 1.5).
As Theorem 0.2 suggests, C–nice functions are crucial to understand log-analytic
functions from the viewpoint of their cellwise preparation.

For Section 2.3 we need the following additional notation. “Log-analytically prepared”
means always “log-analytically prepared in x”. For k, l ∈ N and s ∈ {1, . . . , l} denote
by Ms(k × l,Q) the set of all k × l-matrices with rational entries where the first s
columns are zero.

Let C ⊂ Rn × R be definable.

Definition 2.30 We call g : π(C) → R C–heir if there is r ∈ N0 , an r–logarithmic
scale Y with center (Θ0, . . . ,Θr) on C , and l ∈ {1, . . . , r} such that g = exp(Θl).
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Remark 2.31 Let D ⊂ Rn × R be definable with π(C) = π(D). A C–heir is not
necessarily a D–heir.

Proof Let C := Rn × ]0, 1[ and D := Rn × R ̸=0 . Note that there is no r–logarithmic
scale on D for every r ∈ N0 . So a D–heir does not exist. But it is straightforward to
see that (y0, y1) with y0 := x and y1 := log(x) is a 1–logarithmic scale with center 0
on C and therefore that g : π(C) → R, x 7→ 1, is a C–heir.

Definition 2.32 We call g : π(C) → R C–nice if there is a set E of C–heirs such that
g can be constructed from E .

Example 2.33 The following hold:

(1) A log-analytic function f : π(C) → R is C–nice.
(2) Let C := ]0, 1[2 and let h : ]0, 1[→ R, t 7→ e−1/t . Then h is not C–nice.

Proof (1) Note that f can be constructed from E = ∅. Therefore f is C–nice by
Definition 2.32.

(2) Note that π(C) = ]0, 1[. Suppose that h is C–nice. Let E be a set of C–heirs such
that h can be constructed from E . An easy calculation shows that the center of every
logarithmic scale on C vanishes (compare with Definition 2.1(d) or Proposition 2.19 in
[8]). So we see E = ∅ or E = 1.

Claim 2.34 The function h is log-analytic.

Proof Suppose E = {1}. Let e ∈ N0 be such hat h has exponential number at most
e with respect to E . We do an induction on e. For e = 0 this is clear with part (a) in
Definition 1.5. So suppose e > 0. Let u1, . . . , uk, v1, . . . , vl : π(C) → R be functions
with exp(v1), . . . , exp(vl) ∈ E which have exponential number at most e − 1 with
respect to E and F : Rk × Rl → R be log-analytic such that

h(t) = F(u1(t), . . . , uk(t), exp(v1(t)), . . . , exp(vl(t)))

for t ∈ π(C). Note that u1, . . . , uk are log-analytic by the inductive hypothesis and that
exp(v1) = · · · = exp(vl) = 1. So we obtain that h is log-analytic. If E = ∅ one sees
immediately with part (a) in Definition 1.5 that h is log-analytic as a consequence that
that h is C–nice.

But we have limt→0 h(t)/e−1/t ∈ R \ {0}, a contradiction to Claim 2.34 since every
log-analytic function is polynomially bounded.
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A C–nice function which is not log-analytic can be found in Example 2.39.

Remark 2.35 Let r ∈ N0 . Let (Θ0, . . . ,Θr) be a C–nice center of an r–logarithmic
scale Y on C . Let f = exp(Θj) for j ∈ {1, . . . , r}. Then f is a C–nice C–heir.

Proof Let E be a set of C–heirs such that Θ1, . . . ,Θr can be constructed from E .
Then exp(Θj) can be constructed from E ∪ {exp(Θj)} for j ∈ {1, . . . , r} by Remark
1.8 and is therefore C–nice, because π(C) 7→ R, t 7→ exp(Θj(t)), is a C–heir.

Remark 2.36 Let D ⊂ C be definable.

(1) Let g : π(C) → R be a C–heir. Then g|π(D) is a D–heir.
(2) Let h : π(C) → R be C–nice. Then h|π(D) is D–nice.

Proof (1) This follows from the following fact. Let r ∈ N0 . Let Y be an r–logarithmic
scale on C with center (Θ0, . . . ,Θr). Then Y|D is an r–logarithmic scale with center
(Θ0|π(D), . . . ,Θr|π(D)) on D.

(2) Let E be a set of C–heirs such that h can be constructed from E . Then it is easily
seen that h|π(D) can be constructed from E|π(D) which is a set of π(D)–heirs by (1).

Remark 2.37 The set of C–nice functions is closed under composition with log-
analytic functions, ie let m ∈ N and F : Rm → R be log-analytic and η :=
(η1, . . . , ηm) : π(C) → Rm be C–nice. Then F ◦ η : π(C) → R is C–nice.

Proof Let E be a set of C–heirs such that η1, . . . , ηm can be constructed from E . By
Remark 1.8 F(η1, . . . , ηm) can be constructed from E .

Definition 2.38 Let r ∈ N0 . Let Y be an r–logarithmic scale on C . Then Y is nice if
its center Θ := (Θ0, . . . ,Θr) is C–nice.

The next example shows that not every nice logarithmic scale is log-analytic in general.

Example 2.39 Consider the definable cell

C := {(t, x) ∈ R2 | 0 < t < 1, 1
1+t + e−2/t+2e−1/t

< x < 1
1+t + e−1/t}.

Then there is a nice logarithmic scale on C which is not log-analytic.
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Proof We have π(C) = ]0, 1[, because

e−2/t+2e−1/t
< e−1/t

for every t ∈ ]0, 1[. Consider

Θ0 : π(C) → R, t 7→ 1
1+t ,

Θ1 : π(C) → R, t 7→ −1/t,

Θ̂1 : π(C) → R, t 7→ −1/t + e−1/t.and

For (t, x) ∈ C consider

y0(t, x) := x −Θ0(t),

y1(t, x) := log(x −Θ0(t)) −Θ1(t),

ŷ1(t, x) := log(x −Θ0(t)) − Θ̂1(t).and

Claim 2.40 Y := (y0, y1) and Ŷ := (y0, ŷ1) are 1–logarithmic scales on C .

Proof We have y0 > 0, y1 < 0, and ŷ1 < 0 on C . Let ϵ0 := 1/2 and ϵ1 := 1/2.
Let (t, x) ∈ C . We have x < 2

1+t , because e−1/t < 1
1+t . Therefore |x −Θ0(t)| < ϵ0|x|.

Note that
e−2/t+2e−1/t

+
1

1 + t
< x.

So an easy calculation shows that

|log(x −Θ0(t)) −Θ1(t)| < ϵ1 · |log(x −Θ0(t))|
|log(x −Θ0(t)) − Θ̂1(t)| < ϵ1 · |log(x −Θ0(t))|.and

Note that Θ0 and Θ1 are log-analytic. Therefore Y is nice by (1) in Example 2.33.
Note also that Θ̂1 is not log-analytic. We have Θ̂1 = G(1/t, e−1/t) where G : R2 →
R, (w1,w2) 7→ −w1+w2, is log-analytic. So Θ̂1 has exponential number 1 with respect
to E := {g} where g : π(C) → R, t 7→ e−1/t (since t 7→ −1/t is globally subanalytic).
So Θ̂1 can be constructed from E . By Claim 2.40 we see that g is a C–heir. Therefore
Ŷ is an example for a nice 1–logarithmic scale which is not log-analytic.

Remark 2.41 Let r ∈ N0 . Let Y := (y0, . . . , yr) be a C–nice r–logarithmic scale
with center (Θ0, . . . ,Θr) on C . Let Ψ : π(C) → R be C–nice. Assume that

y0 ∼C Ψ
r∏

j=1

|yj|qj

where q1, . . . , qr ∈ Q. Then there is M ∈ R>1 and a C–nice ξ : π(C) → R such that
y0 ∼C>M ξ .
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Proof Let E be a set of C–heirs such that Ψ,Θ0, . . . ,Θr can be constructed from E .
The assertion follows from (2),(ii) in Proposition 2.13.

Now we are able to introduce the notion of nice log-analytic prepared functions.

Definition 2.42 Let f : C → R be a function. We say that f is nicely r–log-
analytically prepared with center Θ if f is r–log-analytically prepared with a nice
r–logarithmic scale Y with center Θ, C–nice coefficient and C–nice base functions. A
corresponding LA-preparing tuple for f is then called a nice LA-preparing tuple for
f .

Remark 2.43 Let r,m ∈ N and k ∈ {1, . . . , r}. Let Yk−1 := (y0, . . . , yk−1) be a
nice (k − 1)–logarithmic scale with center (Θ0, . . . ,Θk−1) on C . Let B := Clog(|yk−1|) .
Let α1, . . . , αm : B → R be nicely (r − k)–log-analytically prepared with center
(Θk, . . . ,Θr). For every j ∈ {1, . . . ,m} consider

βj : C → R, (t, x) 7→ αj(t, log(|yk−1(t, x)|)).

Let Θ := (Θ0, . . . ,Θr). Then β1, . . . , βm are nicely r–log-analytically prepared with
center Θ. Additionally there is a nice LA-preparing tuple (r,Yr, aj, qj, s, vj, b,P) for βj

such that qj ∈ {0}k×Qr+1−k and P ∈ Mk(s×(r+1),Q) where Yr is the r–logarithmic
scale on C with center Θ := (Θ0, . . . ,Θr) for j ∈ {1, . . . ,m}.

Proof Let (r − k, Ŷr−k,B, aj, qj, s, vj, b,P) be a nice LA-preparing tuple for αj where
j ∈ {1, . . . ,m}. (By Remark 2.20 s, b,P are independent from j.) Here Ŷr−k,B denotes
the (r − k)–logarithmic scale with center (Θk, . . . ,Θr) on B. We set

Yr(t, x) := (y0(t, x), . . . , yk−1(t, x), Ŷr−k,B(t, log(|yk−1(t, x)|)))

for (t, x) ∈ C . With Definition 2.1 one sees immediately that Yr defines an r–
logarithmic scale with center Θ := (Θ0, . . . ,Θr) on C . Because Θj is C–nice for
every j ∈ {0, . . . , r} we see that Yr is nice. In particular it is

|Ŷr−k,B(t, log(|yk−1(t, x)|))|⊗q = |Yr(t, x)|⊗q∗

for every q ∈ Qr−k+1 and (t, x) ∈ C where q∗ := (0, . . . , 0, q) ∈ Qr+1 . This
observation gives the desired nice LA-preparing tuple for βj where j ∈ {1, . . . ,m}.

Remark 2.44 One may replace “nice” by “pure” and “nicely” by “purely” in Remark
2.43.
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Definition 2.45 Let r ∈ N0 . Let m ∈ N. Let g1, . . . , gm : C → R be functions. We
call g1, . . . , gm nicely r–log-analytically prepared in a simultaneous way if there is
Θ : π(C) → Rr+1 such that g1, . . . , gm are nicely r–log-analytically prepared with
center Θ.

Proposition 2.46 The following properties hold.

(1) Let r ∈ N0 . Let g : C → R be nicely r–log-analytically prepared. Then there
is k ∈ N, a C–nice function η : π(C) → Rk , a globally subanalytic function
G : Rk × Rr+1 → R, and a nice r–logarithmic scale Yr on C such that

g(t, x) = G(η(t),Yr(t, x))

for all (t, x) ∈ C .
(2) Let r ∈ N. Let h : C → R>0 be nicely (r − 1)–log-analytically prepared. Then

there is k ∈ N, a C–nice function η : π(C) → Rk , a globally subanalytic function
H : Rk × Rr+1 → R, a nice (r − 1)–logarithmic scale Yr−1 := (y0, . . . , yr−1)
on C such that

log(h(t, x)) = H(η(t),Yr−1(t, x), log(|yr−1(t, x)|))

for all (t, x) ∈ C .

Proof (1) Let (r,Yr, a, q, s, v, b,P) be a nice LA-preparing tuple for g. Take k := s+1,
and

η = (η1, . . . , ηk) : π(C) → Rk, t 7→ (a(t), b1(t), . . . , bs(t)).

Then η is C–nice. Let z := (z0, . . . , zs) range over Rs+1 and w := (w0, . . . ,wr) range
over Rr+1 . Set

α0 : Rk × Rr+1 → R, (z,w) 7→ z0

r∏
j=0

|wj|qj .

For i ∈ {1, . . . , s} let

αi : Rk × Rr+1 → R, (z,w) 7→ zi

r∏
j=0

|wj|pij .

Let G : Rk × Rr+1 → R be

(z0, . . . , zs,w0, . . . .,wr) 7→
α0(z,w)v(α1(z,w), . . . , αs(z,w)), |αi(z,w)| ≤ 1

for all i ∈ {1, . . . , s},
0, otherwise.

Journal of Logic & Analysis 15:1 (2023)



28 Andre Opris

Then G is globally subanalytic and for every (t, x) ∈ C we have

g(t, x) = G(η(t),Yr(t, x)).

(2) Let (r − 1,Yr−1, a, q, s, v, b,P) be a nice LA-preparing tuple for h where Yr−1 :=
(y0, . . . , yr−1) is a nice (r − 1)–logarithmic scale with center (Θ0, . . . ,Θr−1) on C .
Then a > 0 on C . Take k := s + r + 1, and

η = (η1, . . . , ηk) : π(C) → Rk,

t 7→ (log(a(t)), b1(t), . . . , bs(t),Θ1(t), . . . ,Θr−1(t), 0).

Then η is C–nice by Remark 2.37. Let z := (z0, . . . , zs+r) range over Rs+r+1 and
w := (w0, . . . ,wr) over Rr+1 .

Set β : Rk × Rr+1 → R, (z,w) 7→ z0 +
∑r−1

j=0 qj(wj+1 + zs+j+1).

For i ∈ {1, . . . , s} let αi : Rk × Rr+1 → R, (z,w) 7→ zi
∏r−1

j=0 |wj|pij .

Let H : Rk × Rr+1 → R be

(z0, . . . ., zs+r,w0, . . . .,wr) 7→
β(z,w) + log(v(α1(z,w), . . . , αs(z,w))), |αi(z,w)| ≤ 1

for all i ∈ {1, . . . , s},
0, otherwise.

Then H is globally subanalytic since log(v) is globally subanalytic. For every (t, x) ∈ C
we have

log(h(t, x)) = H(η(t),Yr−1(t, x), log(|yr−1(t, x)|)).

Corollary 2.47 Let r, k, l ∈ N. Let g1, . . . , gk : C → R and h1, . . . , hl : C → R>0

be nicely (r − 1)–log-analytically prepared in a simultaneous way. Let F : Rk+l → R
be globally subanalytic. Then there are m ∈ N, a C–nice η : π(C) → Rm , a
globally subanalytic J : Rm × Rr+1 → R, and a nice (r − 1)–logarithmic scale
Y := (y0, . . . , yr−1) on C such that for all (t, x) ∈ C ,

F(g1(t, x), . . . , gk(t, x), log(h1(t, x)), . . . , log(hl(t, x)))

= J(η(t),Y(t, x), log(|yr−1(t, x)|)).

Remark 2.48 One may replace “nicely prepared” by “purely prepared”, “C–nice”
by “log-analytic” and “nice r–logarithmic scale” by “pure r–logarithmic scale” in
Proposition 2.46 and Corollary 2.47.

Journal of Logic & Analysis 15:1 (2023)



On Preparation Theorems for Ran,exp –definable Functions 29

Here is the promised class of log-analytic functions in x which is closed under log-
analytic preparation.

Definition 2.49 Let X ⊂ Rn × R be definable and let f : X → R be a function.
(a) Let r ∈ N0 . By induction on r we define that f is nicely log-analytic in x of

order at most r :
Base case. The function f is log-analytic in x of order at most 0 if the following
holds: There is a definable cell decomposition C of X such that for every
C ∈ C there is m ∈ N, a globally subanalytic F : Rm × R → R and a C–nice
g : π(C) → Rm such that f (t, x) = F(g(t), x) for every (t, x) ∈ C .
Inductive step. The function f is nicely log-analytic in x of order at most r if
the following holds: There is a definable cell decomposition C of X such that
for C ∈ C there are k, l ∈ N0 , nicely log-analytic functions g1, . . . , gk : C →
R, h1, . . . , hl : C → R>0 in x of order at most r − 1, and a globally subanalytic
F : Rk+l → R such that f |C = F(g1, . . . , gk, log(h1), . . . , log(hl)).

(b) Let r ∈ N0 . The function f is nicely log-analytic in x of order r if f is nicely
log-analytic in x of order at most r but not nicely log-analytic in x of order at
most r − 1.

(c) The function f is nicely log-analytic in x if there is r ∈ N0 such that f is nicely
log-analytic in x of order r .

Remark 2.50 Let r ∈ N0 . Then the following properties hold.
(1) Let f : C → R be a function. If f is purely log-analytic in x of order at most r

then it is nicely log-analytic in x of order at most r .
(2) Let m ∈ N. Let f1, . . . , fm : C → R be nicely log-analytic in x of order at most

r and let F : Rm → R be globally subanalytic. Then F( f1, . . . , fm) is nicely
log-analytic in x of order at most r .

(3) Let m ∈ N. Let f1, . . . , fm : C → R be nicely log-analytic in x and let
F : Rm → R be log-analytic. Then F( f1, . . . , fm) is nicely log-analytic in x .

Remark 2.51 A nice logarithmic scale Y := (y0, . . . , yr) is nicely log-analytic. In
particular yj is nicely log-analytic in x of order at most j for j ∈ {0, . . . , r}.

Proof Let Y := (y0, . . . , yr). Let (Θ0, . . . ,Θr) be the C–nice center of Y . We show
by induction on j ∈ {0, . . . , r} that yj is nicely log-analytic in x of order at most j.

j = 0: We have y0(t, x) = x −Θ0(t) for every (t, x) ∈ C . That y0 is nicely log-analytic
in x of order 0 is clear with (2) in Remark 2.50.

j − 1 → j: It holds yj(t, x) = log(|yj−1(t, x)|) −Θj(t) for every (t, x) ∈ C . That yj is
nicely log-analytic in x of order at most j is clear with (2) in Remark 2.50.
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Proposition 2.52 Let k ∈ N0 and r ∈ N. Let F : Rk+r+1 → R be globally subanalytic
and η : π(C) → Rk be C–nice. Let Y := (y0, . . . , yr) be a nice r–logarithmic scale
with center (Θ0, . . . ,Θr) on C . Let

f : C → R, (t, x) 7→ F(η(t),Y(t, x)).

Then the following properties hold.
(1) f is nicely log-analytic in x of order at most r .
(2) Assume that there is a C–nice ξ : π(C) → R such that y0 ∼C ξ . Then f is nicely

log-analytic in x of order at most r − 1.

Proof (1) By Remark 2.51 yl is nicely log-analytic in x of order at most l for every
l ∈ {0, . . . , r}. We are done with (2) in Remark 2.50.

(2) By (1) in Remark 2.11 there is δ > 1 such that 1/δ < y0
ξ < δ on C . Set

log∗ : R → R, y 7→
{

log(y), y ∈ [1/δ, δ],
0, y ̸∈ [1/δ, δ].

Then log∗ is globally subanalytic. We have y1 = y∗1 on C where

y∗1 := log∗
(y0

ξ

)
+ log(|ξ|) −Θ1.

Then y∗1 is nicely log-analytic in x of order 0, because log(|ξ|) is C–nice by Remark
2.37. In particular, f (t, x) = F(η(t), y0(t, x), y∗1(t, x), . . . , y∗r (t, x)) for every (t, x) ∈ C ,
where inductively for l ∈ {2, . . . , r − 1}, y∗l := log(|y∗l−1|) − Θl. Note that y∗l is
nicely log-analytic in x of order at most l − 1 for every l ∈ {2, . . . , r} and therefore
F(η, y0, y∗1, . . . , y

∗
r ) is nicely log-analytic in x of order at most r − 1 by (2) in Remark

2.50.

Remark 2.53 Let r ∈ N0 . Let f : C → R be a function. If f is nicely r–log-
analytically prepared in x then f is nicely log-analytic in x of order at most r .

Proof By (1) in Proposition 2.46 there is k ∈ N, a C–nice function η : π(C) → Rk , a
globally subanalytic function G : Rk × Rr+1 → R, and a nice r–logarithmic scale Y
on C such that g(t, x) = G(η(t),Y(t, x)) for all (t, x) ∈ C . By (1) in Proposition 2.52, g
is nicely log-analytic in x of order at most r .

Proposition 2.54 Let k ∈ N0 and r ∈ N. Let F : Rk+r → R be globally subanalytic
and η : π(C) → Rk be C–nice. Let Y := (y0, . . . , yr) be a nice r–logarithmic scale
with center (Θ0, . . . ,Θr) on C . Let

f : C → R, (t, x) 7→ F(η(t), y1(t, x), . . . , yr(t, x)).

Then the following hold.
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(1) There is a nicely log-analytic function κ : Clog(|y0|) → R in x of order at most
r − 1 such that f (t, x) = κ(t, log(|y0(t, x)|)) for every (t, x) ∈ C .

(2) Assume r ≥ 2. Let l ∈ {1, . . . , r − 1}. Let ξ : π(C) → R be C–nice such that
yl ∼C ξ . Then there is a nicely log-analytic function λ : Clog(|y0|) → R in x of
order at most r − 2 such that f (t, x) = λ(t, log(|y0(t, x)|)) for every (t, x) ∈ C .

Proof We set B := Clog(|y0|) . Let µ0 : B → R, (t, x) 7→ x − Θ1(t) and inductively
for j ∈ {1, . . . , r − 1} let µj : B → R, (t, x) 7→ log(|µj−1(t, x)|) −Θj+1(t). Note that
yj(t, x) = µj−1(t, log(|y0(t, x)|)) for every (t, x) ∈ C and j ∈ {1, . . . , r}. With Remark
2.5 we obtain that Yr−1,B := (µ0, . . . ., µr−1) is a nice (r − 1)–logarithmic scale with
center (Θ1, . . . ,Θr) on B. It follows that f (t, x) = F(η(t),Yr−1,B(t, log(|y0(t, x)|))) for
every (t, x) ∈ C .

(1) We set κ : B → R, (t, x) 7→ F(η(t),Yr−1,B(t, x)). By (1) in Proposition 2.52 κ is a
nicely log-analytic function in x of order at most r − 1 and we obtain

f (t, x) = κ(t, log(|y0(t, x)|))

for all (t, x) ∈ C .

(2) Since yl ∼C ξ we obtain µl−1 ∼B ξ since ξ depends only on t and π(B) = π(C).
Thus by (1) in Remark 2.11 there is δ > 1 such that 1/δ < µl−1/ξ < δ on B. Consider

log∗ : R → R, y 7→
{

log(y), y ∈ [1/δ, δ],
0, y ̸∈ [1/δ, δ].

Then log∗ is globally subanalytic. Set

µ∗l := log∗
(µl−1

ξ

)
+ log(|ξ|) −Θl+1

and inductively, for j ∈ {l + 1, . . . , r − 1}, µ∗j := log(|µ∗j−1|) − Θj+1 . Then by
Remark 2.51 and (2) in 2.50 µ∗l is a nicely log-analytic function in x of order at most
l − 1, because log(|ξ|) is C–nice by Remark 2.37. We see similarly as in the proof
of Remark 2.51 that µ∗j is nicely log-analytic in x of order at most j − 1 for every
j ∈ {l + 1, . . . , r − 1}. We set

λ : B → R, (t, x) 7→ F(η(t), µ0(t, x), . . . , µl−1(t, x), µ∗l (t, x), . . . , µ∗r−1(t, x)).

By (2) in Remark 2.50 λ is nicely log-analytic in x of order at most r − 2. Because
µj = µ∗j for every j ∈ {l, . . . , r − 1} on B we obtain f (t, x) = λ(t, log(|y0(t, x)|)) for
every (t, x) ∈ C .

An immediate consequence from the globally subanalytic preparation theorem is the
following.
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Proposition 2.55 Let X ⊂ Rn × R be definable. Let m ∈ N. Let f1, . . . , fm : X →
R be nicely log-analytic functions in x of order 0. Then there is a definable cell
decomposition C of X̸=0 such that f1|C, . . . , fm|C are nicely 0–log-analytically prepared
in a simultaneous way for every C ∈ C .

Proof It is enough to consider the following situation: Let g1, . . . , gk : π(X) → R be
X–nice and Fj : Rk+1 → R be globally subanalytic such that

fj(t, x) = Fj(g1(t), . . . , gk(t), x)

for every (t, x) ∈ X and j ∈ {1, . . . ,m}. Let g := (g1, . . . , gk). Let z := (z1, . . . , zk)
range over Rk . Let π∗ : Rk+1 → Rk, (z, x) 7→ z. With Fact 2.15 we find a globally
subanalytic cell decomposition D of Rk × R ̸=0 such that F1|D, . . . ,Fm|D are globally
subanalytically prepared in x in a simultaneous way for every D ∈ D . There is a
definable cell decomposition C of X̸=0 such that for every C ∈ C there is DC ∈ D such
that (g(t), x) ∈ DC for every (t, x) ∈ C . Fix a C ∈ C , the globally subanalytic center
ϑ, and for j ∈ {1, . . . ,m} a preparing tuple (0, y0, aj, qj, s, vj, b,P) for Fj|DC where
y0 := y−ϑ(z) on DC , b := (b1, . . . , bs), P := (p1, . . . , ps)t , and a1, . . . , am, b1, . . . , bs

are globally subanalytic on π∗(DC). We have, for every j ∈ {1, . . . ,m} and every
(z, x) ∈ DC ,

Fj(z, x) = aj(z)|x − ϑ(z)|qjvj(b1(z)|x − ϑ(z)|p1 , . . . , bs(z)|x − ϑ(z)|ps).

Let h : C → R, (t, x) 7→ x − ϑ(g(t)). Then it is immediately seen with Definition 2.14
that h is a 0–logarithmic scale. We obtain

fj(t, x) = aj(g(t))|h(t, x)|qjvj(b1(g(t))|h(t, x)|p1 , . . . , bs(g(t))|h(t, x)|ps)

for every (t, x) ∈ C and are done, because

a1(g), . . . , am(g), ϑ(g), b1(g), . . . , bs(g) : π(C) → R

are C–nice by Remark 2.37.

Remark 2.56 One may replace “nicely log-analytic” by “purely log-analytic” and
“nicely 0–log-analytically prepared” by “purely 0–log-analytically prepared” in Proposi-
tion 2.55.

Proposition 2.57 Let m ∈ N and r ∈ N0 . Let X ⊂ Rn × R be definable. Let
f1, . . . ., fm : X → R be nicely log-analytic functions in x of order at most r . Then
there is a definable cell decomposition C of X ̸=0 such that f1|C, . . . , fm|C are nicely
r–log-analytically prepared in a simultaneous way for every C ∈ C .
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Proof We do an induction on r .

r = 0: Then f1, . . . , fm are nicely log-analytic in x of order 0 and we are done with
Proposition 2.55.

< r → r : It is enough to consider the following situation: Assume that there are
l, l′ ∈ N0 , nicely log-analytic functions g1, . . . , gl : X → R and h1, . . . , hl′ : X → R>0

in x of order at most r − 1 and for every j ∈ {1, . . . ,m} there is a globally subanalytic
function Fj : Rl+l′ → R such that

fj = Fj(g1, . . . , gl, log(h1), .., log(hl′)).

Applying the inductive hypothesis to g1, . . . , gl, h1, . . . , hl′ and Corollary 2.47 we find
a definable cell decomposition U of X ̸=0 such that for every U ∈ U there is a nice
(r − 1)–logarithmic scale Yr−1 := (y0, . . . , yr−1) on U , a k ∈ N, a U–nice function
η : π(U) → Rk , and for every j ∈ {1, . . . ,m} there is a globally subanalytic function
Hj : Rk × Rr+1 → R such that

fj(t, x) = Hj(η(t),Yr−1(t, x), log(|yr−1(t, x)|))

for all (t, x) ∈ U . Fix U ∈ U and for this U a corresponding Yr−1 , η , and Hj for
j ∈ {1, . . . ,m}. By further decomposing U if necessary we may assume that either
|yr−1| = 1 or |yr−1| > 1 or |yr−1| < 1 on U . Assume the former. Then by (1) in
Proposition 2.52 f |C is nicely log-analytic in x of order at most (r − 1) and we are
done with the inductive hypothesis. Assume |yr−1| > 1 or |yr−1| < 1 on U . Then
Y := (y0, . . . , yr) is an r–logarithmic scale on U where yr := log(|yr−1|).

Let (z,w) := (z1, . . . , zk,w0, . . . ,wr) range over Rk × Rr+1 . Set w′ := (w1, . . . ,wr).
Let π∗ : Rk × Rr+1 → Rr+k be the projection on (z1, . . . , zk,w1, . . . ,wr). With Fact
2.15 we find a globally subanalytic cell decomposition D of Rk × Rr × R ̸=0 such
that H1|D, . . . ,Hm|D are globally subanalytically prepared in w0 in a simultaneous
way. There is a definable cell decomposition A of U such that for every A ∈ A
there is DA ∈ D such that (η(t),Yr(t, x)) ∈ DA for every (t, x) ∈ A. Fix A ∈ A,
the globally subanalytic center ϑ, and for j ∈ {1, . . . ,m} an LA-preparing tuple
(0, y, aj, qj, s, vj, b,P) for Fj|DA where y := w0 − ϑ(w′, z) on DA , b := (b1, . . . , bs),
P := (p1, . . . , ps)t , and a1, . . . , am, b1, . . . , bs are globally subanalytic on π∗(DA). We
have, for every j ∈ {1, . . . ,m},

Hj|DA = aj(z,w′)|y(z,w)|qjvj(b1(z,w′)|y(z,w)|p1 , . . . , bs(z,w′)|y(z,w)|ps).

From the inductive hypothesis we will derive the following two claims.
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Claim 2.58 Let d ∈ N and p ∈ {1, . . . , r}. Let α1, . . . , αd : Alog(|y0|) → R be nicely
log-analytic in x of order at most p − 1. For j ∈ {1, . . . , d} consider

βj : A → R, (t, x) 7→ αj(t, log(|y0(t, x)|)).

Then there is a definable cell decomposition Q of A such that for every Q ∈ Q the
following hold.

(1) There are Θ̂1, . . . , Θ̂p : π(Q) → R such that β1|Q, . . . , βd|Q are nicely p–log-
analytically prepared with center Θ̂ := (Θ0|π(Q), Θ̂1, . . . , Θ̂p).

(2) Additionally, for every j ∈ {1, . . . , d} there is for βj|Q a nice LA-preparing tuple
(p, Ŷp, âj, q̂j, ŝ, v̂j, b̂, P̂) such that q̂j ∈ {0} × Qp and P̂ ∈ M1(ŝ × (p + 1),Q)
where Ŷp denotes the p–logarithmic scale with center Θ̂ on Q.

Proof Set B := Alog(|y0|) . Applying the inductive hypothesis to α1, . . . , αd we obtain
a definable cell decomposition S of B such that α1|S, . . . , αd|S are nicely (p − 1)–log-
analytically prepared in a simultaneous way for every S ∈ S . Consider the definable
set

Slog (|y0|)∗ := {(t, x) ∈ A | (t, log(|y0(t, x)|)) ∈ S}

for S ∈ S . Then
⋃

S∈S Slog (|y0|)∗ = A. Fix S ∈ S and the center (Θ̂1, . . . , Θ̂p)
of α1|S, . . . , αd|S . Let T := Slog(|y0|)∗ . Note that β1|T , . . . , βd|T are nicely p–log-
analytically prepared with center (Θ0|π(T), Θ̂1, . . . , Θ̂p) and for j ∈ {1, . . . , d} there is
a nice LA-preparing tuple (p, Ŷp,T , âj, q̂j, ŝ, v̂j, b̂, P̂) for βj|T such that q̂j ∈ {0} ×Qp

and P̂ ∈ M1(ŝ× (p+1),Q) by Remark 2.43 where Ŷp,T denotes the nice p–logarithmic
scale with center (Θ0|π(T), Θ̂1, . . . , Θ̂p) on T . With the cell decomposition theorem
applied to T we are done.

Claim 2.59 Let γ : Rk × Rr → R be globally subanalytic such that

y0 ∼A γ(η, y1, . . . , yr).

Then fj|A is nicely log-analytic in x of order at most r − 1 for every j ∈ {1, . . . ,m}.

Proof By (1) in Proposition 2.54 there is a nicely log-analytic function κ : Alog(|y0|) →
R in x of order at most r − 1 such that γ(η, y1, . . . , yr) = κ(t, log(|y0|)) on A. So by
Claim 2.58 there is a definable cell decomposition N of A such that for every N ∈ N
the function γ(η, y1, . . . , yr)|N is nicely r–log-analytically prepared and there is a nice
LA-preparing tuple (r, Ỹr,Ψ, q̃, s̃, ṽ, b̃, P̃) for γ(η, y1, . . . , yr)|N such that q̃ ∈ {0}×Qr

and P̃ ∈ M1(s̃ × (r + 1),Q) where Ỹr has a center whose first component is Θ0|π(N) .
Fix N ∈ N .
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By Remark 2.18 it is enough to consider the following property (∗)p for p ∈ {0, . . . , r}
on N : There is a nice p–logarithmic scale Ỹp := (y0, ỹ1, . . . , ỹp) with center (Θ0|π(N),

Θ̃1, . . . , Θ̃p), and an N –nice Ψ : π(N) → R such that

y0 ∼N Ψ

p∏
l=1

|ỹl|q̃l

where q̃l ∈ Q for every l ∈ {1, . . . , p}.

If p = 0 then y0 ∼N Ψ. We are done with (2) in Proposition 2.52 applied to fj|N =

Hj(η|N ,Y|N) for every j ∈ {1, . . . ,m}. Assume p > 0. By a suitable induction on p it
is enough to establish the following statement: There is a decomposition K of N into
finitely many definable sets such that for every K ∈ K , either the function fj|K is nicely
log-analytic in x of order at most r − 1 for every j ∈ {1, . . . ,m}, or (∗)p−1 holds on
K .

For M > 1 let N>M := N>M(Ỹp) and for i ∈ {1, . . . , p} let Ni,M := Ni,M(Ỹp). By
Remark 2.41 there is M > 1 and an N –nice ξ : π(N) → R such that y0 ∼N>M ξ . Fix
such an M . Since N = N>M ∪ N1,M ∪ . . . ∪ Np,M , it suffices to establish the statement
for N>M and Ni,M instead of for N , where i ∈ {1, . . . , p}.

B := N>M : By (2) in Remark 2.36 ξ|B is B–nice. Therefore with (2) in Proposition
2.52 applied to fj|B = Hj(η|B,Yr|B) we obtain that fj|B is a nicely log-analytic function
in x of order at most r − 1.

Bi := Ni,M for i ∈ {1, . . . , p}: Set ỹ0 := y0 . It holds |ỹi| < M on Bi . So we obtain

1
δ
<

|ỹi−1|
exp(Θ̃i)

< δ

for δ := eM on Bi which gives ỹi−1 ∼Bi exp(Θ̃i)|π(Bi) .

Assume i = 1. With Remark 2.35 we see that exp(Θ̃1)|π(B1) is a B1 –nice B1 –heir.
Again with (2) in Proposition 2.52 applied to fj|B1 = Hj(η|B1 ,Y|B1) (we have y0 ∼B1 ξ

with ξ = exp(Θ̃1)|π(B1) ) we see that fj|B1 is nicely log-analytic in x of order at most
r − 1 for every j ∈ {1, . . . ,m}.

Assume i > 1. Then p > 1. Let

Ξ : N → R, (t, x) 7→ Ψ(t)
p∏

l=1

|ỹl(t, x)|q̃l .

By (the proof of) (1) in Proposition 2.46 there is a globally subanalytic function
G : R × Rp → R such that Ξ = G(Ψ, ỹ1, . . . , ỹp) on Bi . By (2) in Proposition 2.54
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there is a nicely log-analytic function λ : Blog (|y0|)
i → R in x of order at most p − 2

such that Ξ(t, x) = λ(t, log(|y0(t, x)|)) for every (t, x) ∈ Bi . Note that 0 ≤ p − 2 < r .
With Claim 2.58 applied to Ξ we find a definable cell decomposition K of Bi such
that Ξ|K is nicely (p − 1)–log-analytically prepared with nice LA-preparing tuple
(p − 1,Yp−1, āj, q̄j, s̄, v̄j, b̄, P̄) where q̄j ∈ {0} × Qp−1 , P̄ ∈ M1(s̄ × p,Q), and Yp−1

is a nice (p − 1)–logarithmic scale with center Θ̄ := (Θ0|π(K), Θ̄1, . . . , Θ̄p−1). With
Remark 2.18 we obtain property (∗)p−1 applied to every K ∈ K .

Case 1: ϑ = 0. Let am+j := bj for j ∈ {1, . . . , s}. By (1) in Proposition 2.54 there are
nicely log-analytic functions α1, . . . , αm+s : Alog(|y0|) → R in x of order at most r − 1
such that for every (t, x) ∈ A we have

aj(η(t), y1(t, x), . . . , yr(t, x)) = αj(t, log(|y0(t, x)|))

for every j ∈ {1, . . . ,m + s}. With Claim 2.58 applied to

βj : A → R, (t, x) 7→ αj(t, log(|y0(t, x)|)),

for j ∈ {1, . . . ,m + s} we are done by using composition of power series.

Case 2: ϑ ̸= 0. There is ϵ ∈ ]0, 1[ such that 0 < |w0 − ϑ(z,w′)| < ϵ|w0| for
(z,w) ∈ DA . This gives with Remark 2.12 w0 ∼DA ϑ(z,w′) and therefore

y0 ∼A ϑ(η, y1, . . . , yr).

By Claim 2.59 fj|A is a nicely log-analytic function in x of order at most r− 1 for every
j ∈ {1, . . . ,m}. With the inductive hypothesis applied to fj|A for j ∈ {1, . . . ,m} we
are done.

Since every log-analytic function is nicely log-analytic in x , Theorem 0.2 is established.

Theorem 2.60 Let m ∈ N, r ∈ N0 . Let X ⊂ Rn × R be definable. Let f1, . . . ., fm :
X → R be log-analytic functions of order at most r . Then there is a definable cell
decomposition C of X̸=0 such that f1|C, . . . , fm|C are nicely r–log-analytically prepared
in x in a simultaneous way for every C ∈ C .

In light of Theorem 2.60 one may ask if there is an another kind of preparation of
log-analytic functions of order > 0 with log-analytic data only. To investigate this
question one notes that an interesting example is the class of constructible functions
introduced by Cluckers and Miller in [1]. A function f : Rm → R is called constructible
if it is a finite sum of finite products of functions on Rm which are definable in Ran and
of functions which are the logarithm of a positive function on Rm which is definable
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in Ran . This is a proper larger class than the globally subanalytic functions, but a
proper subclass of the class of log-analytic ones of order at most 1 (since the function
R → R, x 7→

√
log(|x|+ 1), is log-analytic of order 1 but not constructible). For

constructible functions there is a pure preparation not in terms of units but suitable for
questions on integration (compare with [1]).

A important consequence of Theorem 2.60 is the following. Call a definable cell
C ⊂ Rn×R simple if Ct is of the form ]0, dt[ for every t ∈ π(C) where dt ∈ R>0∪{∞}
(see for example Definition 2.15 in Kaiser–Opris [8]). Proposition 2.19 in [8] states that
the center of every logarithmic scale on such a simple cell C vanishes. This gives the
following (compare with Theorem 2.30 in [8]).

Corollary 2.61 Let X ⊂ Rn ×R be definable. Let f : X → R be log-analytic of order
at most r . Then there is a definable cell decomposition C of X ̸=0 such that for every
simple C ∈ C we have that f |C is purely r–log-analytically prepared in x with center
0.

Proof By Theorem 2.60 there is a definable cell decomposition C of X̸=0 such that for
every C ∈ C we have that f |C is nicely r–log-analytically prepared in x . Fix a simple
C ∈ C and let (r,Y, a, q, s, v, b,P) be a nice LA-preparing tuple for f . Let Θ be the
center of Y . Note that Θ = 0. Let E be a set of C–heirs such that a and b can be
constructed from E . Let h ∈ E . There is r̂ ∈ N0 , an r̂–logarithmic scale Ŷ with center
(Θ̂0, . . . , Θ̂r̂) on C and l ∈ {1, . . . , r̂} such that h = exp(Θ̂l). Note that Θ̂l = 0. So
we have h = 1. So we obtain E = ∅ or E = {1}. With the proof of Claim 2.34 (see (2)
in Example 2.33) one sees that a and b are log-analytic.

Important consequences of Corollary 2.61 are differentiability results for the class of
log-analytic functions like strong quasianalyticity and a parametric version of Tamm’s
Theorem (see [8]).

3 Preparation theorems for definable functions in Ran,exp

This section is devoted to the proofs of Theorem 0.4 and C, the latter being the main
result of the paper. We start with some preparations which we need for the rigorous
proof of this both theorems.
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3.1 Preparations

For Section 3.1 we fix m ∈ N, a tuple of variables v := (v1, . . . , vm), and a de-
finable set X ⊂ Rm . Fix k, l ∈ N0 and definable functions g1, . . . , gk : X → R
and h1, . . . , hl : X → R. Set β := (g, hl, exp(h1), . . . , exp(hl)). (We could also
write β = (g, exp(h1), . . . , exp(hl)), but this simplifies notation below.) Note that
β(X) ⊂ Rk+l × R>0 . So there exists a 0–logarithmic scale on β(X), ie β(X) is
0-admissible.

Fix a log-analytic function F : Rk+l+1 → R. Let α : X → R, v 7→ F(β(v)). Let
y := (y1, . . . , yk+l) range over Rk+l . Let z be another single variable such that (y, z)
ranges over Rk+l × R. Let π∗ : Rk+l × R → Rk+l, (y, z) 7→ y.

Proposition 3.1 Let Θ : Rk+l → R be log-analytic such that

exp(hl) ∼X Θ(g, hl, exp(h1), . . . , exp(hl−1)).

There is a log-analytic function G : Rk+l → R such that

α = G(g, hl, exp(h1), . . . , exp(hl−1))

on X .

Proof Let κ := Θ(g, hl, exp(h1), . . . , exp(hl−1)). Note that κ > 0. There is δ > 1
such that

1
δ
<

exp(hl)
κ

< δ

on X . By taking logarithm we get, with λ := log(δ),

−λ < hl − log(κ) < λ

on X . Set

exp∗ : R → R, x 7→
{

exp(x), x ∈ [−λ, λ],
0, otherwise.

Then exp∗ is globally subanalytic and we have

α = F(g, hl, exp(h1), . . . , exp(hl−1), κ · exp∗(hl − log(κ)))

on X . Consider

G : Rk+l → R, y 7→
{

F(y,Θ(y) · exp∗(yk+1 − log(Θ(y)))), y ∈ π∗(β(X)),
0, otherwise.

Note that G is well-defined, log-analytic and we obtain

α = G(g, hl, exp(h1), . . . , exp(hl−1))

on X since for x ∈ X we have(
g(x), hl(x), exp(h1(x)), . . . , exp(hl−1(x))

)
∈ π∗(β(X)).
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Proposition 3.2 Assume that F is positive and purely 0–log-analytically prepared in z
with center 0 on β(X). Then there is a purely log-analytic function H : Rk+l ×R → R
in z of order 0 such that

log(F(β)) = H(β)

on X .

Proof Let (0,Y, a, q, s, v, b,P) be a pure LA-preparing tuple for f where b :=
(b1, . . . , bs) and Y := y. Note that a > 0. Consider

η := (η0, . . . , ηs) : π∗(β(X)) → R>0 × Rs, y 7→ (a(y), b1(y), . . . , bs(y)).

Note that η is log-analytic. Let w := (w0, . . . ,ws+2) range over Rs+3 . For w ∈
R>0 × Rs × R× R ̸=0 with −1 ≤ wi|ws+2|p0i ≤ 1 for every i ∈ {1, . . . , s} let

ϕ(w) := log(w0) + qws+1 + log
(
v(w1|ws+2|p01 , . . . ,ws|ws+2|p0s)

)
.

Consider

G : R>0 × Rs × R× R ̸=0 → R,

w 7→
{
ϕ(w), −1 ≤ wi|ws+2|p0i ≤ 1 for every i ∈ {1, . . . , s},
0, otherwise.

Then G is purely log-analytic in ws+2 of order 0 since log(v) is globally subanalytic.
Note that

log(F(β)) = G(η(g, hl, exp(h1), . . . , exp(hl−1)), hl, exp(hl))

on X . Then

H : Rk+l × R → R, (y, z) 7→
{

G(η(y1, . . . , yk+l), yk+1, z), (y, z) ∈ β(X),
0, otherwise,

does the job, because H is purely log-analytic in z of order 0.

Corollary 3.3 Let c, d ∈ N. Suppose there are functions µ1, . . . , µc : Rk+l × R → R
and ν1, . . . , νd : Rk+l × R → R>0 which are purely 0–log-analytically prepared in z
with center Θ on β(X), and a globally subanalytic function G : Rc+d → R such that

α = G (µ1(β), . . . , µc(β), log(ν1(β)), . . . , log(νd(β))) .

If Θ = 0 there is a purely log-analytic function H : Rk+l × R → R in z of order 0
such that α = H(β) on X . If Θ ̸= 0 then we have

exp(hl) ∼X Θ(g, hl, exp(h1), . . . , exp(hl−1)).
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Proof Note that y0 : β(X) → R, (y, z) 7→ z − Θ(y), is a 0–logarithmic scale with
log-analytic center Θ.

Case 1: Θ = 0. Then by Proposition 3.2 there are purely log-analytic functions
H1, . . . ,Hm : Rk+l × R → R in z of order 0 such that log(νj(β)) = Hj(β) on X
for every j ∈ {1, . . . ,m}. By (2) in Remark 2.27 we see that µ1, . . . , µc are purely
log-analytic in z of order 0. Because G is globally subanalytic we are done.

Case 2: Θ ̸= 0. By Remark 2.12 it is z ∼β(X) Θ. We obtain the result.

Corollary 3.4 Let r ∈ N0 . Suppose F is purely log-analytic in z of order r . Then
there is a decomposition C of X into finitely many definable cells such that for C ∈ C
the following holds. There is a purely log-analytic function H : Rk+l × R → R in z of
order 0 such that α|C = H(β|C) or there is a log-analytic function Θ : Rk+l → R such
that

exp(hl) ∼C Θ(g, hl, exp(h1), . . . , exp(hl−1)).

Proof We do an induction on r .
r = 0: Then F is purely log-analytic in z of order 0. The assertion follows.
r − 1 → r : With Definition 2.25 it is enough to consider the following situation. Let
c, d ∈ N0 , a globally subanalytic function G : Rc+d → R, purely log-analytic functions
ρ1, . . . , ρc : Rk+l × R → R and σ1, . . . , σd : Rk+l × R → R>0 in z of order at most
r − 1 be such that α = G(ρ1(β), . . . , ρc(β), log(σ1(β)), . . . , log(σd(β))). Applying the
inductive hypothesis to ρ1(β), . . . , ρc(β), σ1(β), . . . , σd(β) there is a decomposition A
of X into finitely many definable cells such that the following holds for A ∈ A. There
are functions µ1, . . . , µc : Rk+l × R → R and ν1, . . . , νd : Rk+l × R → R>0 which
are purely log-analytic in z of order 0 such that

α = G(µ1(β), . . . , µc(β), log(ν1(β)), . . . , log(νd(β)))

on A (G does not change) or there is a log-analytic function Θ̃ : Rk+l → R such that

exp(hl) ∼A Θ̃(g, hl, exp(h1), . . . , exp(hl−1)).

Fix such an A. If the latter holds we are done. So assume the former. Fix the correspond-
ing µ1, . . . , µc, ν1, . . . , νd . By Remark 2.56 there is a definable cell decomposition D
of Rk+l × R̸=0 such that µ1, . . . , µc, ν1, . . . , νd are purely 0–log-analytically prepared
in z in a simultaneous way on every D ∈ D . There is a definable cell decomposition C
of A such that for every C ∈ C there is DC ∈ D with β(C) ⊂ DC . Fix C ∈ C and the
center Θ of the pure 0–preparation of µ1, . . . , µc, ν1, . . . , νd on DC . If Θ = 0 we find
with Corollary 3.3 a purely log-analytic function H : Rk+l × R → R in z of order 0
such that α|C = H(β|C). If Θ ̸= 0 then with Remark 2.12 z ∼DC Θ(y) and therefore

exp(hl) ∼C Θ(g, hl, exp(h1), . . . , exp(hl−1)).
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3.2 Proof of Theorem 0.4 and Theorem 0.5

For a definable function f : X → R (where X ⊂ Rm is definable) there exist e ∈ N0

and a set E of positive definable functions on X such that f has exponential number at
most e with respect to E (ie is a composition of log-analytic functions and exponentials
from E , see Definition 1.5 and Remark 1.7).

The first goal for this section is to prepare f cellwise as a product of a log-analytic
function, an exponential of a function h which is the restriction of a finite Q–linear
combination of functions from log(E) with exponential number at most e − 1 with
respect to E , and a unit of a special form (see Theorem 0.4). Additionally h is itself
prepared. To be more precise we introduce cellwise a set P of positive definable
functions (or exponentials) which occur in the preparation of f and show that every
function from log(P) is also prepared (ie a product of a log-analytic function, an
exponential of a function g with exp(g) ∈ P and a unit of a special form). So analytical
properties of functions from log(E) closed under taking finite Q–linear combinations
(like the property of being locally bounded) can be cellwise transferred to every function
in log(P) (see Opris [12]).

The second goal for this section is to prove Theorem 0.5 by combining Theorem 2.60
and Theorem 0.4: From Theorem 0.4 we also get cellwise a finite set L of log-analytic
functions which occur in the preparation of f and with Theorem 2.60 we prepare all
functions from L simultaneously.

Definition 3.5 Let X ⊂ Rm be definable and f : X → R be a function. Let E be a set
of positive definable functions on X .

(1) Let L be a set of log-analytic functions on X . By induction on e ∈ N0 ∪ {−1}
we define that f : X → R is e–prepared with respect to L and E .
Base Case. The function f is (−1)–prepared with respect to L and E if f is the
zero function.
Inductive step. The function f is e–prepared with respect to L and E if

f = a · exp(c) · u

where a ∈ L vanishes or does not have a zero, c : X → R is (e − 1)–prepared
with respect to L and E , exp(c) ∈ E and u : X → R is a function of the form

u = v(b1 · exp(d1), . . . , bs · exp(ds))

where s ∈ N0 , bj ∈ L does not have any zero, dj : X → R is (e − 1)–prepared
with respect to L and E and exp(dj) ∈ E for every j ∈ {1, . . . , s}. Additionally,
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v is a power series which converges absolutely on an open neighborhood of
[−1, 1]s , it is bj(x)exp(dj(x)) ∈ [−1, 1] for every x ∈ X and every j ∈ {1, . . . , s},
and v([−1, 1]s) ⊂ R>0 .

(2) We say that f is e–prepared with respect to E if there is a set L of log-analytic
functions on X such that f is e–prepared with respect to L and E .

Remark 3.6 Let X ⊂ Rm be definable. The following hold.

(1) Let e ≥ 0. If f : X → R is e–prepared with respect to a set E of positive
definable functions then 1 ∈ E .

(2) Let f : X → R be log-analytic. Then f is 0–prepared with respect to L := {f}
and E := {1}.

(3) If f is 0–prepared with respect to a set E of positive definable functions then f
is log-analytic.

Remark 3.7 Let X ⊂ Rm be definable. Let E be a set of positive definable functions
and L be a set of log-analytic functions on X . Let e ∈ N0 . Let f : X → R be e–prepared
with respect to L and E . There are k ∈ N, log-analytic functions h1, . . . , hk ∈ L,
(e − 1)–prepared g1, . . . , gk with respect to L and E with exp(g1), . . . , exp(gk) ∈ E
and a globally subanalytic function G : R2k → R such that

f = G(h1, . . . , hk, exp(g1), . . . , exp(gk)).

Proof The proof is similar as the proof of (1) in Proposition 2.46.

Remark 3.8 Let X ⊂ Rm be definable. Let E be a set of positive definable functions
on X . Let e ∈ N0 . Let f : X → R be e–prepared with respect to E . Then f has
exponential number at most e with respect to E and is therefore definable.

Proof This is easily seen with Remark 3.7 and an easy induction on e.

Now we are ready to formulate and prove Theorem 0.4.

Theorem 3.9 Let X ⊂ Rm be definable and e ∈ N0 . Let f : X → R be a function.
Let E be a set of positive definable functions on X such that f has exponential number
at most e with respect to E . Then there is a decomposition C of X into finitely many
definable cells such that for every C ∈ C there is a finite set P of positive definable
functions on C and a finite set L of log-analytic functions on C such that the following
hold.
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(1) f |C is e–prepared with respect to L and P and for every g ∈ log(P) there is
α ∈ {−1, . . . , e − 1} such that g is α–prepared with respect to L and P.

(2) P satisfies the following condition (∗e) with respect to E|C : If g ∈ log(P) is
l–prepared with respect to L and P for l ∈ {0, . . . , e − 1} then g is a finite
Q–linear combination of functions from log(E) restricted to C which have
exponential number at most l with respect to E .

Proof We do an induction on e.
e = 0 : Then f is log-analytic and we are done by choosing P = {1} and L = {f}.
e − 1 → e : There are k, l ∈ N, functions g1, . . . , gk, h1, . . . , hl : Rm → R with expo-
nential number at most e− 1 with respect to E , and a log-analytic function F : Rk+l →
R such that f = F(g1, . . . , gk, exp(h1), . . . , exp(hl)) and exp(h1), . . . , exp(hl) ∈ E .

By an auxiliary induction on l and involving the inductive hypothesis we may assume
that the theorem is proven for functions of the form

κ = H(g1, . . . , gk, hl, exp(h1), . . . , exp(hl−1))

on X where H : Rk+l → R is log-analytic. (∗∗)

(If l = 1 then (∗∗) holds by the inductive hypothesis: g = H(g1, . . . , gk, hl) has
exponential number at most e − 1 with respect to E by Remark 1.8.)

(This includes also functions of the form κ = Ĥ(g1, . . . , gk, exp(h1), . . . , exp(hl−1)) on
X where Ĥ : Rk+l−1 → R is log-analytic.)

Let g := (g1, . . . , gk). Let y := (y1, . . . , yk+l) range over Rk+l . Let z be another
single variable such that (y, z) ranges over Rk+l × R. Let y′ := (y1, . . . , yk+l−1). Let
π+ : Rk+l → Rk+l−1, y 7→ y′ . Let r ∈ N0 be such that F is purely log-analytic in
yk+l of order at most r .

Case 1: r = 0. By Remark 2.56 we find a definable cell decomposition D of
Rk+l−1 × R ̸=0 such that F|D is purely 0–log-analytically prepared in yk+l for ev-
ery D ∈ D . There is a decomposition A of X into finitely many definable cells
such that for every A ∈ A there is DA ∈ D such that for every x ∈ A we have
(g(x), exp(h1(x)), . . . , exp(hl(x))) ∈ DA . Fix A ∈ A and a purely preparing tuple
(0,Y, a, q, s, v, b,P) for F|DA where b := (b1, . . . , bs) and P := (p1, . . . , ps)t . Let Θ
be the center of Y . Then one of the following properties holds.

(1) There is ϵ ∈ ]0, 1[ such that 0 < |yk+l −Θ(y′)| < ϵ|yk+l| for all y ∈ DA .
(2) Θ = 0 on π+(DA).
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Assume (1). Then by Remark 2.12 we have yk+l ∼DA Θ. This gives

exp(hl) ∼A Θ(g, exp(h1), . . . , exp(hl−1)).

By Proposition 3.1 there is a log-analytic function G : Rk+l → R such that

f = G(g, hl, exp(h1), . . . , exp(hl−1))

on A. With (∗∗) applied to f we are done.

Assume (2). Let β := (g, exp(h1), . . . , exp(hl−1)). It holds

f |A = a(β)exp(qhl)v(b1(β)exp(p1hl), . . . , bs(β)exp(pshl)).

Let b0 := a. Note that we can apply (∗∗) to bj(β) for j ∈ {0, . . . , s} and so there is a
decomposition B of A into finitely many definable cells such that for every B ∈ B the
following holds: There is a finite set P′ of positive definable functions on B and a finite
set L′ of log-analytic functions on B such that b0(β)|B, . . . , bs(β)|B are e–prepared
with respect to L′ and P′ and that P′ satisfies property (∗e) with respect to E|B . Fix
such a B. Then we have, for j ∈ {0, . . . , s},

bj(β) = âjexp(ĉj)v̂j(b̂1jexp(d̂1j), . . . , b̂sjjexp(d̂sjj))

where sj ∈ N, âj, b̂1j, . . . , b̂sjj are log-analytic and ĉj, d̂1j, . . . , d̂sjj are finite Q–linear
combinations of functions from log(E) restricted to B which have exponential number
at most e − 1 with respect to E and v̂j is a power series which converges absolutely
on an open neighborhood of [−1, 1]sj and v̂j([−1, 1]sj) ⊂ R>0 . Since hl ∈ log(E)
has exponential number at most e − 1 with respect to E we obtain that ĉ0 + qhl and
ĉj + pjhl for j ∈ {1, . . . , s} are finite Q–linear combinations of functions from log(E)
restricted to B which have exponential number at most e − 1 with respect to E . (Note
that hl is not necessarily (e − 1)–prepared with respect to P′ on B.)

Consequently we obtain by composition of power series that there are s̃ ∈ N, log-
analytic functions ã, b̃1, . . . , b̃s̃ : B → R, and functions c, d1, . . . , ds̃ : B → R which
are finite Q–linear combinations of elements from log(E) restricted to B which have
exponential number at most e − 1 with respect to E|B such that the following holds:
we have

f |B = ãexp(c)ṽ(b̃1exp(d1), . . . , b̃s̃exp(ds̃))

where b̃j(x)exp(dj(x)) ∈ [−1, 1] for every x ∈ B and j ∈ {1, . . . , s̃}, and ṽ is a
power series which converges absolutely on an open neighborhood of [−1, 1]s̃ and
ṽ([−1, 1]s̃) ⊂ R>0 . Note that c and d1, . . . , ds̃ have exponential number at most e − 1
with respect to E . By the inductive hypothesis there is a further decomposition CB of
B into finitely many definable cells such that for every C ∈ CB there is a finite set P̃
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of positive definable functions on C which satisfies property (∗e−1) with respect to
E|C and a finite set L̃ of log-analytic functions on C such that the functions c|C and
d1|C, . . . , ds̃|C are (e − 1)–prepared with respect to L̃ and P̃. So choose

L := L̃ ∪ {ã|C, b̃1|C, . . . , b̃s̃|C}
P := P̃ ∪ {exp(c)|C, exp(d1)|C, . . . , exp(ds̃)|C}.and

Then P satisfies property (∗e) with respect to E|C . Note that f |C is e–prepared with
respect to L and P and we are done.

Case 2: r > 0. By Corollary 3.4 there is a decomposition A of X into finitely many
definable cells such that for every A ∈ A one of the following properties holds.

(1) There is a purely log-analytic function H : Rk+l × R → R in z of order 0 such
that f |A = H(g, hl, exp(h1), . . . , exp(hl)).

(2) There is a log-analytic function Θ̃ : Rk+l → R such that

exp(hl) ∼A Θ̃(g, hl, exp(h1), . . . , exp(hl−1)).
Let A ∈ A. If (1) holds for A then we are done with Case 1. If (2) holds for A then by
Proposition 3.1 there is a log-analytic function H : Rk+l → R such that

f = H(g, hl, exp(h1), . . . , exp(hl−1))

on A. We are done with (∗∗) applied to f .

In the following we aim for the second goal of Section 3.2, the proof of Theorem
0.5. In contrast to the treatment of Lion–Rolin in [9] we describe precisely how the
unit in the preparation in Theorem 0.5 looks like, bound the number of iterations of
the exponentials which occur in the preparation by the exponential number of f and
determine which exponential functions occur: From Theorem 3.9 we cellwise take over
the set P of exponentials (each function from log(P) is a restriction of a finite Q–linear
combination of functions from log(E)) and Theorem 2.60, the log-analytic preparation
theorem, gives C–nice data (ie C–heirs).

Furthermore the preparation of every g ∈ log(P) ∪ {f} is described by a pair (l, r) ∈
(N0 ∪ {−1}) × N0 : From Theorem B we obtain finite sets L ,P and an l ∈ N0 ∪ {−1}
such that g is l–prepared with respect to L and P and from Theorem 2.60 an r ∈ N0

such that the functions from L are nicely r–log-analytically prepared in a simultaneous
way (the number r does not depend on g and is chosen so that every function from L is
log-analytic of order at most r).

After the complete proof of Theorem 0.5 we will give some important consequences.

For the rest of this section let n ∈ N0 , t := (t1, . . . , tn) range over Rn , x over R and let
π : Rn+1 → Rn, (t, x) 7→ t .
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Definition 3.10 Let r ∈ N0 and e ∈ N0 ∪ {−1}. Let C ⊂ Rn × R be definable and
f : C → R be a function. Let E be a set of positive definable functions on C . By
induction on e we define that f is (e, r)–prepared in x with center Θ with respect to
E . To this preparation we assign a preparing tuple for f .

e = −1: We say that f is (−1, r)–prepared in x with center Θ with respect to E if f is
the zero function. A preparing tuple for f is (0).

e − 1 → e: We say that f is (e, r)–prepared in x with center Θ with respect to E if

f (t, x) = a(t)|Y(t, x)|⊗qec(t,x)u(t, x)

for every (t, x) ∈ C where a : π(C) → R is C–nice which vanishes identically or has no
zero, Y := (y0, . . . , yr) is a nice r–logarithmic scale with center Θ, q = (q0, . . . , qr) ∈
Qr+1 , exp(c) ∈ E where c is (e − 1, r)–prepared in x with center Θ with respect to E
and u = v ◦ ϕ where v is a power series which converges on an open neighborhood of
[−1, 1]s with v([−1, 1]s) ⊂ R>0 and ϕ := (ϕ1, . . . , ϕs) : C → [−1, 1]s is a function
of the form

ϕj := bj(t)|y0|pj0 · . . . · |yr|pjr exp(cj(t, x))

for j ∈ {1, . . . , s} where bj : π(C) → R is C–nice, pj0, . . . , pjr ∈ Q, exp(cj) ∈ E and
cj is (e − 1, r)–prepared in x with center Θ with respect to E . A preparing tuple for f
is then

J := (r,Y, a, exp(c), q, s, v, b, exp(d),P)

where b := (b1, . . . , bs), exp(d) := (exp(d1), . . . , exp(ds)) and

P :=


p10 · · p1r

· ·
· ·

ps0 · · psr

 ∈ M
(
s × (r + 1),Q).

Remark 3.11 Let e ∈ N0 ∪ {−1} and r ∈ N0 . Let E be a set of positive definable
functions on C . Let f : C → R be (e, r)–prepared in x with respect to E . If e = 0 then
f is nicely log-analytically prepared in x .

Remark 3.12 Let e ∈ N0 ∪ {−1} and r ∈ N0 . Let E be a set of positive definable
functions on C . Let f : C → R be (e, r)–prepared in x with respect to E . Then there is
a set E of C–heirs such that f can be constructed from E ∪ E .

Proof We do an induction on e. For e = −1 there is nothing to show.
e − 1 → e: Let (r,Y, a, exp(c), q, s, v, b, exp(d),P) be a preparing tuple for f where
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b := (b1, . . . , bs), exp(d) := (exp(d1), . . . , exp(ds)), and exp(c), exp(d1), . . . , exp(ds)
∈ E . By the inductive hypothesis there is a set E ′ of C–heirs such that c and d1, . . . , ds

can be constructed from E∪E ′ . By Remark 1.8 we see that exp(c), exp(d1), . . . , exp(ds)
can be constructed from E ∪ E ′ . Because a, b1, . . . , bs and Θ0, . . . ,Θr are C–nice
there is a set Ē of C–heirs such that a, b1, . . . , bs and Θ0, . . . ,Θr can be constructed
from Ē . Set E := Ē ∪ E ′ . Then η := (a, exp(c), b1, . . . , bs, exp(d1), . . . , exp(ds))
can be constructed from E ∪ E . Note also that y0, . . . , yr can be constructed from E
(compare with the proof of Remark 2.51). Let k := 2 + 2s + r + 1. With a similar
argument as in the proof of (1) in Proposition 2.46 or Remark 3.7 we see that there is
a globally subanalytic F : Rk → R such that f (t, x) = F(η(t), y0(t, x), . . . , yr(t, x)) for
every (t, x) ∈ C . With Remark 1.8 we are done.

Now we are ready to formulate and prove Theorem 0.5.

Theorem 3.13 Let e ∈ N0 . Let X ⊂ Rn ×R be definable and let E be a set of positive
definable functions on X . Let f : X → R be a function with exponential number at
most e with respect to E . Then there is r ∈ N0 and a definable cell decomposition C
of X ̸=0 such that for every C ∈ C there is a finite set P of positive definable functions
on C and Θ := (Θ0, . . . ,Θr) such that the function f |C is (e, r)–prepared in x with
center Θ with respect to P. Additionally the following hold.

(1) For every g ∈ log(P) there is m ∈ {−1, . . . , e−1} such that g is (m, r)–prepared
in x with center Θ with respect to P.

(2) The following condition (+e) is satisfied: If g ∈ log(P) is (l, r)–prepared in
x with center Θ with respect to P for l ∈ {−1, . . . , e − 1} then g is a finite
Q–linear combination of functions from log(E) restricted to C which have
exponential number at most l with respect to E .

Proof By 3.9 we may assume that f is e–prepared with respect to a finite set L :=
{g1, . . . , gm} of log-analytic functions and a finite set Q of positive definable functions
with the following property:

Every g ∈ log(Q) is l–prepared with respect to L and Q for an l ∈ {−1, . . . , e − 1}.
Additionally if g ∈ log(Q) is l–prepared for l ∈ {−1, . . . , e − 1} with respect to L
and Q then g is a finite Q–linear combination of functions from log(E) which have
exponential number at most l with respect to E . (∗e)

Let r ∈ N0 be such that g1, . . . , gm are log-analytic of order at most r . By Theorem 2.60
there is a definable cell decomposition C of X ̸=0 such that g1|C, . . . , gm|C are nicely
r–log-analytically prepared in x in a simultaneous way for every C ∈ C . Fix C ∈ C
and the corresponding center Θ for the r–logarithmic preparation of g1|C, . . . , gm|C .
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Claim 3.14 Let l ∈ {−1, . . . , e} and h ∈ log(Q) ∪ {f} be l–prepared with respect to
L and Q. Then h|C is (l, r)–prepared in x with center Θ with respect to P := Q|C .

Proof We do an induction on l. If l = −1 it is clear. So assume l ≥ 0. Since h|C is
l–prepared with respect to {g1|C, . . . , gm|C} we have that h|C = µeσ ṽ(ν1eτ1 , . . . , νkeτk )
where k ∈ N, the functions µ, ν1, . . . , νk ∈ L|C are nicely r–log-analytically prepared
in x with center Θ, the functions σ, τ1, . . . , τk ∈ log(P) are (l − 1)–prepared with
respect to P and L|C and νj(t, x)eτj(t,x) ∈ [−1, 1] for every (t, x) ∈ C and j ∈ {1, . . . , k}.
Additionally, ṽ is a power series which converges absolutely on an open neighborhood
of [−1, 1]k with ṽ([−1, 1]k) ⊂ R>0 . By the inductive hypothesis we see that σ and
τ1, . . . , τk are (l − 1, e)–prepared in x with center Θ with respect to P.

With composition of power series we see that there is a C–nice a : π(C) → R, a
nice r–logarithmic scale Y with center Θ, s ∈ N, q, p1, . . . , ps ∈ Qr+1 , a tuple
b = (b1, . . . , bs) of C–nice functions on π(C), a tuple exp(d) := (exp(d1), . . . , exp(ds))
of definable functions on C with dj ∈ {τ1, . . . , τk} ∪ {0} for every j ∈ {1, . . . , s} such
that h(t, x) = a(t)|Y(t, x)|⊗qeσ(t,x)v(ϕ1(t, x), . . . , ϕs(t, x)) for every (t, x) ∈ C where for
j ∈ {1, . . . y, s},

ϕj : C → [−1, 1], (t, x) 7→ bj(t)|Y(t, x)|⊗pjexp(dj(t, x)),

v is a power series which converges on an open neighborhood of [−1, 1]s , and
v([−1, 1]s) ⊂ R>0 . So we see that h is (l, r)–prepared in x with respect to P. (By (1)
in Remark 3.6 we have e0 ∈ Q since l ≥ 0.)

Because f is e–prepared with respect to Q we see by the claim that f |C is (e, r)–
prepared in x with center Θ with respect to P. With the claim we obtain that g|C is
(l, r)–prepared in x with center Θ with respect to P for every g ∈ log(Q) which is
l–prepared with respect to Q. So with (∗e) we see that (+e) is satisfied.

Theorem C allows us to study specific classes of definable functions and discuss
various analytic properties of them. One example are the so-called restricted log-
exp-analytic functions. These are definable functions which are compositions of log-
analytic functions and exponentials of locally bounded functions (see Definition 2.5
in Opris [12]). For a restricted log-exp-analytic function f : X → R we find a pair
(e, r) ∈ (N0 ∪ {−1}) × N0 and a decomposition C of X into finitely many definable
cells such that for every C ∈ C there is a set P of locally bounded functions on C with
respect to X such that f |C is (e, r)–prepared with respect to P. Consequences of this
observation are the following. On the one hand differentiability properties like strong
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quasianalyticity or a parametric version of Tamm’s theorem could be established for
restricted log-exp-analytic functions (see [12]) and on the other hand it could be shown
that a real analytic restricted log-exp-analytic function has a holomorphic extension
which is again restricted log-exp-analytic (see Opris [11]). (These are generalizations of
the corresponding results of van den Dries and Miller [4] and Kaiser [7] in the globally
subanalytic setting respectively.) So restricted log-exp-analytic functions share their
properties with globally subanalytic ones from the point of analysis, but not from the
point of o–minimality.

I am hopeful that these results and proofs may serve as stepping stones towards a
better understanding of the o–minimal structure Ran,exp by identifying more different
interesting classes of definable functions and proving analytic properties of them.
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[13] W Pawłucki, A Piękosz, A remark on the Lion-Rolin Preparation Theorem for LA-
functions, Annales Polonici Mathematici 71 (1999) 195–197; https://doi.org/10.4064/ap-
71-2-195-197

Andre Opris, University of Passau, Faculty of Computer Science and Mathematics, D-94030
Germany

andre.opris@uni-passau.de

Received: 14 December 2021 Revised: 14 February 2023

Journal of Logic & Analysis 15:1 (2023)

https://doi.org/10.5802/aif.1583
https://doi.org/10.5802/aif.1583
https://doi.org/10.1090/S0002-9947-06-04190-0
https://doi.org/10.1090/S0002-9947-06-04190-0
https://doi.org/10.1215/00192082-10234104
https://doi.org/10.1215/00192082-10234104
https://doi.org/10.4064/ap-71-2-195-197
https://doi.org/10.4064/ap-71-2-195-197
mailto:andre.opris@uni-passau.de

	1 Log-analytic functions and the exponential number
	2 A preparation theorem for log-analytic functions
	2.1 Logarithmic scales
	2.2 A preparation theorem for log-analytic functions
	2.3 A type of definable functions closed under log-analytic preparation

	3 Preparation theorems for definable functions in Ran,exp
	3.1 Preparations
	3.2 Proof of Theorem 0.4 and Theorem 0.5

	Bibliography

