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Spreen spaces and the synthetic
Kreisel-Lacombe-Shoenfield-Tseitin theorem

ANDREJ BAUER

Abstract: 1 take a constructive look at Dieter Spreen’s treatment of effective
topological spaces and the Kreisel-Lacombe—Shoenfield—Tseitin (KL.ST) continuity
theorem. Transferring Spreen’s ideas from classical computability theory and
numbered sets to a constructive setting leads to a theory of topological spaces, in
fact two of them: a locale-theoretic one embodied by the notion of o—frames, and
a pointwise one that follows more closely traditional topology. Spreen’s notion of
effective limit passing turns out to be closely related to sobriety, while his witnesses
for non-inclusion give rise to a novel separation property — any point separated
from an overt subset by a semidecidable subset is already separated from it by an
open one. I name spaces with this property Spreen spaces, and show that they give
rise to a purely constructive continuity theorem: every map from an overt Spreen
space to a pointwise regular space is pointwise continuous. The theorem is easily
proved, but finding non-trivial examples of Spreen spaces is harder. I show that
they are plentiful in synthetic computability theory.
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1 Introduction

Dieter Spreen gave a comprehensive treatment [11] of topological spaces in the context
of numbered sets and computability theory. He defines an effective topological space to
be a topological space with given numberings of its points and basic opens, equipped
with a suitable additional computability structure. The definition is quite general, as it
encompasses recursive metric spaces, effective domains, and other kinds of computable
spaces. Among many results we find a novel generalization of the fundamental theorem
of Kreisel, Lacombe, Shoenfield and Tseitin (KLST) about effective pointwise continuity
of effective functions.
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2 Andrej Bauer

In this paper I transfer Spreen’s work to constructive mathematics and to the setting of
synthetic computability (Bauer [1, 2], Bauer and Le$nik [3]). The result is a satisfying
account of countably based topological spaces (Section 3). There are in fact two
variants, a localic one in the style of synthetic topology (Escardé [5], Lesnik [7], [3]),
as embodied by the notion of o—frames (Section 3.1), and a pointwise one that follows
more closely traditional topology (Section 3.2). These are shown to be inequivalent in
the effective topos (Proposition 3.5).

Effective topological notions, such as effective separability, effective regularity, effective
continuity, etc., readily translate to standard topological concepts. It is less obvious that
Spreen’s effective limit passing is closely related to sobriety (Proposition 4.12), and
that his witnesses for non-inclusion turn out to be a new separation property involving
overt subsets. We call spaces satisfying it Spreen spaces (Definition 3.16).

In constructive mathematics Spreen’s formulation of the KLST theorem becomes a
continuity principle stating that all maps from an overt Spreen space to a regular space
are pointwise continuous (Theorem 3.17). The proof is very simple, even trivial, but to
show that all countably based sober spaces are Spreen spaces (Theorem 5.1) we have
to work harder and employ the full power of the axioms of synthetic computability
(Section 4). We must even adopt a new synthetic axiom, the Stable Subspace Axiom, to
get the desired results.

Proofs and constructions in the theory of numbered sets are intensional in nature, ie,
one refers to realizers of elements and computations on them, thereby performing steps
that need not respect equality of mathematical objects. In the synthetic setting this
approach is not available, as one works directly with mathematical objects. To cope
with this phenomenon, we employ both partial and multivalued maps (Section 4.1). We
use the synthetic Recursion theorem (Theorem 4.6), which provides fixed points of
multivalued maps, to derive a sequential continuity principle for multivalued open sets
(Theorem 4.8). The principle allows us to recast the so called “waiting arguments” of
computability theory to constructive statements about sequential limits.

Unless stated otherwise, we work constructively (Bishop [4]) in higher-order intuitionis-
tic logic with Dependent Choice. We strive to minimize the uses of Dependent Choice
by replacing it with Countable Choice whenever possible, and never silently apply any
non-logical axioms. Even though we habitually speak of sets, everything we do can be
interpreted in the internal language of a topos, so long as universal quantifications over
all sets or objects of a certain kind are understood schematically as statements about all
objects of a topos.
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2 Semidecidable truth values and subsets

Under the traditional view of topology the open subsets of a topological space may be
arbitrarily complex. In an extreme case, the topology comprises the whole powerset of
the underlying set, which is much too liberal from the point of view of computability
theory, where it is natural to require that open sets be semidecidable. So we first need a
notion of semidecidable sets which works well constructively.

The Rosolini dominance 3. [9] is the set of those truth values that are equivalent to
existential quantification of a decidable predicate on N,

Y={peQ|IFe2N.peImeN.f(n)=1)}

where (2 is the set of all truth values (the subobject classifier). We call the elements of
3} the semidecidable truth values. The name is justified because ¥ contains L and T,
and is closed under finite meets and countable joins, thanks to Countable Choice. For
any set X we call the elements of X the semidecidable subsets of X. (In general we
write YX or X — Y for the set of all functions from X to Y.)

We remark that in the effective topos > is the numbered set with two elements |
and T, realized by the (codes of) the non-terminating and terminating computations,
respectively. If X is a numbered set then the exponential X is the numbered set of
completely computably enumerable subsets of X, with and acceptable numbering. In
classical mathematics > = €2, because all truth values are decidable and hence also
semidecidable, and XX is just the powerset of X.

A notion related to semidecidability is overtness. Say that a subset T C X is overt when
existential quantification over T preserves semidecidability, ie, for any ¢: X — X the
truth value dx € T. ¢(x) is semidecidable. We say that a space X is overt when it is
overt as a subset of itself. The natural numbers are overt, and under further assumptions
also separable sober spaces, see Corollary 4.14. Synthetic topology has much to say
about overtness, which is dual to compactness, but we shall limit ourselves just to two
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4 Andrej Bauer

observations: the inverse image of an overt subset is overt, and a semidecidable subset
of an overt set is overt.

A set X is countable when there is a surjection ¢: N — 1 + X, called an enumeration
of X, where 1 = {x} is a singleton and + stands for the disjoint sum. Thus an
enumeration is allowed to output the special element x when it wants to “skip”. An
enumeration which always skips enumerates the empty set. An inhabited set may be
enumerated without skipping.

The semidecidable subsets of N are precisely the countable ones. Indeed, if S C N is
enumerated by e then n € S is semidecidable, as it is equivalent to 3m € N.n = e(m).
Conversely, if S C N is semidecidable, then there exists by countable choice a map
p: N — 2N such that m € S is equivalent to 3n € N.p(m)(n) = 1, hence an
enumeration of S is given by

m  if p(m)(n) = 1,
* if p(m)(n) =0

e((m,n)) = {

where (—, —) is a pairing function witnessing that N x N is isomorphic to N.
On several occasions we shall make use of the set of antimonotone binary sequences
Ny = {r€ 2V | Vn e N.t(n) > t(n + 1)}.

It helps to think of N, as the one-point compactification of N. A natural number n
corresponds to the sequence n: N — 2 defined by n(i) = 1 < i < n that drops to zero
after n ones. The point at infinity co is the sequence of all ones. We do not distinguish
notationally between a number n and the corresponding element 7 of N, and think of
N as a subset of N.

The order on N, defined by
t<u < VneN.t(n) < un)

extends the usual one on N, and has oo as the largest element. There is also a strict
order:
t<u <= dneN.t(n) < u(n)

For n € N and r € N, it is decidable whether n < ¢, because it is equivalent to
t(n) = 1. Likewise, ¢t < n is decidable because it is equivalent to #(n) = 0. Both facts
together imply that, for all n € N and ¢ € N, either n < t or t < n.

Rosolini’s dominance is a quotient of N, by the map ¢ — (¢ < 00). Indeed, t < oo is
semidecidable because it means Jn € N. f(n) = 0, while for any o € 2N we have

(@neN.ahn)=1) <= rla) < ©
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Spreen spaces and the synthetic KLST theorem 5

where r: 2N — N is the retraction r(a)(n) = min(c(0), . . ., a(n)).

When we think of an element ¢ € N, as the “time” at which a semidecidable condition
is satisfied, we recognize in the quotient Ny, — X the “waiting arguments” of classical
computability theory, in which one waits for a semidecision procedure to terminate. A
related kind of argument is a (possible unsuccessful) search for a value satisfying a
semidecidable condition, which we express as follows in the synthetic setting.

Lemma 2.1 Suppose 3x € X. ¢(x) is semidecidable. Then there is T € X| such that
dx € X. ¢(x) is equivalent to Ix € T. P(x).

Proof There exists ¢ € N — 2 such that dx € X. ¢(x) is equivalent to 3n € N.¢, = 1.
For every n € N there is u € 1 + X such that

en =15 ueXAow).

Indeed, if ¢, = 0 then we take u = %, and if ¢, = 1 then there is x € X such that ¢(x),
so we take u = x. By Countable Choice there is a sequence b: N — 1 4+ X such that
cn=1< b, € XA\ @p(by) for all n € N. Now define:

T={xeX|3neNb,=xANVk <n.bp=x}

Clearly, any two elements of T are equal, and dx € X.x € T is semidecidable because
it is equivalent to the statement dn € N.¢, = 1. Thus we have T € X, , as required.

Notice that every x € T satisfies ¢(x), therefore dx € T. ¢(x) implies dx € X. ¢(x).
Conversely, if there is x € X such that ¢(x) then there is a least n € N such that ¢, = 1,
which means that b, € T. O

3 Topological spaces

A fundamental insight of synthetic topology is that the semidecidable subsets X behave
like a topology on X. Because XX is not something we impose, but is rather present
already, we call XX the intrinsic topology of X. In Spreen’s theory of effective spaces
the intrinsic topology of a numbered set is known as the Ershov topology, while a
Malcev topology is one that is coarser than the Ershov topology.
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6 Andrej Bauer

3.1 Malcev topologies and o—frames

We should be careful about forming unions of open sets, because arbitrary unions need
not preserve semidecidability. They are preserved by countable unions, though, which
prompts the following definition.

Definition 3.1 A o—frame is a partially ordered set with finite meets and countable
joins, with the former distributing over the latter. A Malcev topology on a set X is a
o—subframe of the intrinsic topology ¥X.

Henceforth we call Malcev topologies just “topologies”, as these are the only ones we
are interested in. We write (X,7") for a set X with a Malcev topology 7. Next, we
need a notion of continuity.

Definition 3.2 A oc-homomorphism is a map between o—frames which preserves
finite meets and countable joins. A map f: X — Y between spaces (X, 7x) and (Y, Ty)
is continuous if its inverse image map f* maps Ty—-open sets to Tx—open sets, in which
case it is a o—homomorphism f*: Ty — Tx.

We write Hom(L, M) for the set of c—homomorphisms between o—frames L and M.
Note that the meets and joins of a Malcev topology are computed as intersections
and unions, respectively, because they are inherited from the intrinsic topology. The
prototypical example of a topology is the metric topology in which we take as the open
sets the countable unions of open balls. The open balls are semidecidable because strict
inequality < on R is semidecidable.

If a metric space is separable, its topology is generated by a countable collection of
open balls. In general, we shall be interested in those topologies that are generated by a
countable family of opens.

Definition 3.3 A countable base for a o—frame L is a family (b,),cn of its elements,
which we call basic, such that, for every x € L, there is a countable set / C N for which

x=Vierbi-

When is a family of semidecidable sets the base of a topology? The answer is analogous
to the familiar one from classical topology.

Proposition 3.4 A family (B,),cN of semidecidable subsets of X is the base of a
topology on X if, and only if, the intersection of any two basic sets B; N B; is a countable
union of basic sets. In this case the unique topology (B) which has B as its base is the
collection of all countable unions of the basic sets.
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Spreen spaces and the synthetic KLST theorem 7

Proof Clearly, if (B,),cn is the base of a topology, then the intersection of any two
basic sets, itself being an element of the topology, must be a countable union of basic sets.
Conversely, if (B,),cn has the required property, then the collection of all countable
unions of its elements forms a o—frame because it is closed under finite intersections by
the required property. By design (By,),en is its base. O

A countably based space (X, (B)) is a set X with a topology that is generated by a
chosen countable base B: N — XX,

3.2 Pointwise topology and continuity

We may formulate topological notions by emphasizing the points. Given a family
(Bj)ier of semidecidable subsets of X, say that U C X is pointwise open with respect to
(By)ier if for every x € U there is i € I such that x € B; C U. In other words, whereas
open sets are overt unions of basic opens, the pointwise open sets are arbitrary unions
of opens.

We say that the family (B;);c; is a pointwise base if B; N B; is pointwise open with
respect to the family, for all i,j € I. The topology generated by such a base consists of
all unions of basic opens, and is closed under finite intersections and all unions. A map
is pointwise continuous when its inverse image takes pointwise open set to pointwise
open sets.

An obvious question to ask is whether passing to the pointwise notions makes a
difference, since it does not in classical mathematics.

Proposition 3.5 In the effective topos there is a countable pointwise base which is not
a countable base.

Proof In this proof we work in classical mathematics, and in particular classical
computability theory. Recall from computability theory that there exists an infinite
and coinfinite computably enumerable (c.e.) set M such that whenever M C K and K
is c.e., then K \ M or N\ K is finite. Such a set is called a maximal c.e. set." A proof
of their existence may be found in Soare [10, Chapter X, Section 3].

We are going to construct the relevant objects of the effective topos as numbered sets.
Let I be a superset of M that is coinfinite and not c.e. There are coinfinite sets U and V

'T thank Douglas Cenzer for identifying maximal c.e. sets as the essential ingredient of this
proof.
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8 Andrej Bauer

that are not c.e. such that U U V is coinfinite, I = UNV, U \ I is infinite, and V \ [ is
infinite. Let X be a superset of U U V that is not c.e., is coinfinite, and X \ (U U V) is
infinite.

As our numbered set of points we take X with the numbering vy : N — X defined by:
vx(dn)y=n <= neX\(UUV)
vx@n+1)=n < nelU
vx@dn+2)=n < nevVv
vx(dn+3)=n < nelUNV

If 0 <j<3andn¢X then vx(4n +j) is undefined. Next, we need a pointwise base
B: N — X on X, which we define as:
B():U BI:V B,H_z:{n}ﬁX
Let us verify that B is a pointwise base on X. The relation vx(i) € B, is completely c.e.
because, for all n,k € N and i,j € {0, 1} such that 4k + 2j + i € dom(vy):
vx(4k +2j+1i) € B, —
m=0=i=D)An=1=j=1) AN(n>2=k=n-2)
The right-hand side is even decidable. So B, is indeed a semidecidable subset of (X, vx),
uniformly in 7. Let s: N3 — N be the function defined for i,j € {0,1}, k,m,n € N
by:
sk +2j+imn)=k+2
Suppose vx(4k + 2j + i) is defined and vx(4k + 2j + i) € B, N B,. Then clearly we
have:
vx(dk+2j+1)=k e {k} = Bs(4j+2j+i,m,n) CB,NB,
This shows that B is a pointwise base.

To see that B is not a base, assume to the contrary that it is. Then for some total recursive
function r: N x N — N we would have

I=UNV=ByNB = J{B| ke Wy}

where W is a standard numbering of c.e. sets. Since / contains neither U nor V, it
follows that 0 & W,o.1) and 1 € Wy 1). The set

C= {k—2 | k € Wr(O,l)}

isac.e.setand M C I C C. Since I \ M is infinite, C \ M is infinite. It follows from
maximality of M that N\ C is finite, but this is only possible if C N (X \ 1) # 0. Pick
some k € CN (X \ I). Then on one hand k € X \ I, and on the other k € By, € 1
because k 42 € Wy 1). This is a contradiction. O
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Spreen spaces and the synthetic KLST theorem 9

3.3 The neighborhood filter and sober spaces

We may ask under what circumstances the points of a space (X, 7)) can be recovered from
its topology. Define the neighborhood filter [J: X — Hom(T,X) by 2(U) = (x € U)
forx € X and U € T. The c—homomorphism % contains as much information about x
as 7 can provide. Thus, if the neighborhood filter can be inverted, the points of X can
be recovered from 7 .

Definition 3.6 A space is sober if its neighborhood filter is a bijection.

For a countably based space (X, (B)) we can also define the basic neighborhood filter
Py: X — 3N as the map

Ox(x) =%oB={ieN|xe€B;}

which assigns to a point the set of indices of its basic neighborhoods. When no confusion
could arise, we write ® instead of ®y.

The neighborhood filter may be recovered from the basic neighborhood filter. Indeed,
forany x € X and U € (B) we have

XU)=EneN.B, CUAne ®x).

We give two examples of sober spaces, one arising from metrics and the other from
partial orders.

Proposition 3.7 A complete separable metric space is sober with respect to the metric
topology.

Proof Suppose (M, d) is a complete metric space with a dense sequence (a;);cn. The
metric topology has a countable base of open balls of the form B; ; = B(a;, 277), where
i, j € N. Consider an arbitrary c—homomorphism p: (B) — X. Because every ball
in M can be written as a countable union of smaller basic balls, Dependent Choice yields
sequences (ix)ken and (joken such that By | ;.\ € By j.» jk = k,and p(B; ;) = T,
for all k € N. More precisely, observe that there is B;, ;, such that p(B;, ;) = T
because basic open balls cover M and p(M) = T. Then, assuming B;_;, is known, it is
a countable union of smaller basic open balls, and we choose B;,_, ;.. to be one of the
members of the union that p maps to T. Also note that the sequence (a;, )« is Cauchy,
so it converges to a point x = limy a;, which is contained in all B;,_;,’s.

We claim that p = %. To show this, consider any open ball B(y, r). If x € B(y, r) then
there is k such that x € B;, ; C B(y,r), hence p(B(y,r)) > p(B,, ;) = T. For the other
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10 Andrej Bauer

direction, suppose p(B(y,r)) = T. There is 0 < g < r such that p(B(y,q)) = T. Then,
forany k € N,
p(B(y,q) N By j) = p(B(y, @) A p(Bi,j) = T

whence B(y, ¢) and B, j, cannot be disjoint, from which d(y,a;) < g + 27k follows.
For a large enough k we obtain d(y,a;) < ¢+ 277 < r, and so x € B(y, r), which
implies X(B(y,r)) = T, as desired. O

Completeness cannot be dropped from the previous proposition, in contrast to classical
mathematics where all Hausdorff spaces are sober.

Proposition 3.8 If every separable metric space is sober then the Limited Principle of
Omniscience (LPO) holds.

Proof The limited principle of omniscience states that every a € 2 is either equal
to the zero sequence o, or is apart from it. Recall that the apartness relation o # 3 is
defined as In € N. a(n) # B(n).

Let d be the complete ultrametric on the Cantor space 2" defined by:
(1) d(O[, /6) — hmn 2= min{k|k:nVak7é6k}

We write a(n) = [«(0),...,a(n — 1)] for the initial segment of « of length n. A
countable basis for the metric topology on 2V consists of open balls, one for each finite
sequence a € 2* of length |al:

B, ={a €2V |a(la)) = a}

Define the metric space M = {a € 2 | a = 0V a#0}, with the metric induced by 2V,
The open balls B/, = B, N M form a countable base for the metric topology on M.
Because M is dense in 2" we may define a c—homomorphism r: (B’) — (B) by:

r (Vien Bo) = Vien Ba
In fact, r is the left inverse of the o—homomorphism i*: (B) — (B') where i: M — 2N
is the canonical inclusion.

Consider any o € 2V, By assumption M is sober, therefore there exists 3 € M such
that 5 = &or. Butthen & = &oroi* = §oi*, which means that o« = 3,50 o = 0
or a#o. O
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Spreen spaces and the synthetic KLST theorem 11

For our second example of sober spaces we venture into domain theory. Dieter Spreen
considered general spaces, such as A—spaces, f—spaces, and other domain-like spaces.
We shall be content with just one kind of domains, namely the w—algebraic chain-
complete partial orders. We review here just enough domain theory to establish sobriety
of such spaces, and direct the interested readers to [2] for a further study of domain
theory in the context of synthetic computability.

A partially ordered set, or poset, (P,<) is a set P with a reflexive, transitive and
asymmetric relation <. A chain in (P, <) is a monotone sequence c: N — P such
that for all i € N, ¢; < c¢iy1. A chain-complete poset (w—cpo) is a poset (P, <) in
which every chain ¢: N — P has a supremum \/,c,.

Recall that S C P is directed if it is inhabited and for all x,y € S there is z € S such
that x < z and y < z. The following lemma shows that in the presence of Countable
Choice no generality is gained by generalizing chains to countable directed-complete
sets.

Lemma 3.9 A countable directed subset of an w—cpo has a supremum.

Proof Suppose S C P is a directed subset of an w—cpo (P, <), enumerated by
e: N — S. By Countable Choice there is amap s: N x N — N such that e,, < ey
and e, < ey forall m,n € N. Define c: N — N by ¢p = 0 and ¢,11 = s(c,, n).
Then e o ¢ is a cofinal chain in S, so its supremum is the supremum of . |

We say that a semidecidable subset U C P is Scott-open when it is

(1) upward closed: if x € U and x < y then y € U, and
(2) inaccessible by suprema of chains: if ¢c: N — P is achainand \/,c, € U then
¢m € U for some m € N.

The Scott-opens of an w—cpo (P, <) form a o—frame Sp, as is easily checked.

In a poset (P, <), the way-below relation x < y is defined to mean: if c: N — P isa
chain such that y < \/,,Cn then there is m € N such that x < ¢,,. An element x € P is
compact when x < x. We let JC(P) denote the set of all compact elements of P. It is
closed under binary joins.

An w-cpo (P, <) is w—algebraic when

(1) K(P) is countable and the induced order decidable, and
(2) forevery x € P, the set {y € KC(P) | y < x} is countable and x is its supremum.
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12 Andrej Bauer

When these conditions are met, every x € P is the supremum of a chain of compact
elements, because {y € K(P) | y < x} contains a cofinal chain, as was shown in
Lemma 3.9. Furthermore, for x € K(P) and y € P the relation x < y is semidecidable:
there is a chain ¢: N — K(P) whose supremum is y, hence x < y is equivalent to
dn € N.x <¢,, and x < ¢, is decidable.

The upshot of these definitions is that the Scott topology of an w—algebraic w—cpo P is
countably based, with the basic opens of the form 1x for x € X(P). We just argued that
they Tx is semidecidable, and it is Scott-open because x is compact. To see that we
really have a base, we verify that an Scott-open U C P is a countable union of basic
opens,

U=UU{tx|xe KP)ANx e U}.

Clearly, this is a countable union because K(P) is countable and x € U is semidecidable.
The inclusion from right to left holds because U is an upper set. For the opposite
inclusion, consider any y € U. Because y is the supremum of compact elements below
it, and U is inaccessible by suprema of chains, there is x € KC(P) such that x < y and
x € U, therefore y € Tx and y is an element of the right-hand side.

Proposition 3.10 The Scott topology of an w—algebraic w—cpo is sober.

Proof Let (P,<) be an w-algebraic w—cpo, and consider a oc—homomorphism
p: Sp — X. The set
S={xe K(P)|pkx) =T}

is countable and directed, for if p(x) = T and p(y) = T for x,y € IC(P) then:
pAxVy) =pxnty) =p(t) Ap(ty) = TAT =T

We claim that p = Z where z = \/ S. It suffices to check that p and Z agree on the basic
opens. For any x € KC(P), if 2(1x) then x < z = \/ S, hence x < y for some y € S,
from which we get T = p(1y) < p(Tx). Conversely, if p(tx) = T then x € S, hence
x<\S=zand Z(tx) = T. |

The poset (XN, ©) is an w—algebraic w—cpo whose compact elements are the finite
subset of N. This is in fact a universal countably based Tp—space.

Definition 3.11 A space is a Tp—space when its (basic) neighborhood filter is injective.

Proposition 3.12  Every countably-based Ty—space embeds in X equipped with the
Scott topology.
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Spreen spaces and the synthetic KLST theorem 13

Proof The embedding of a countably based Ty—space (X, (B)) into XN is the basic
neighborhood filter ®: X — XN, It is injective because X is a To—space, and is
continuous because the inverse image of T{n;,...,n} is By, N--- N By, . To see that
®* is surjective, and therefore ® a topological embedding, consider U € (B) and write

itas aunion U = |J,,; B, where I C N is countable. Then

®(x) € Uy M} <= 3nelxeB, < xcU
therefore ®*(|J,¢; T{n}) = U. O

3.4 An equational characterization of oc—frame homomorphism

Given a o—frame with a countable base, how can we tell whether a map of basic
elements into another o—frame is induced by a o—homomorphism? The following
answer shows that the criterion can be expressed equationally.

Lemma 3.13 Let L be a o —frame with a countable base (b,),cy and ¢: L — M a
o —homomorphism. Then the map f: N — M defined by f(n) = ¢(b,) satisfies the
following conditions:

(1) forall T,T' € SN, if \/yer bk = V pyeps b then \/ yep f (k) = \/ g f(m),
@) V,enfm =T, and
(3) forall T,T',T" € ¥V, if

(VkGT bk) A (vmeT/ bm) = \/ bn

neT”
then (Vierf®) A (Ve fm) = \/ f).
neT”
Conversely, any map f: N — M satisfying these conditions is so induced by a unique
o—homomorphism ¢: L — 3., characterized by

d)( \/neT bn) = \/nETf(n)-

Proof It is easy to check that f really satisfies the stated conditions. Conversely,
suppose f satisfies the conditions. Then the map ¢ is well defined by the first condition
and the fact that L is generated by the base. The first condition also guarantees that
¢ commutes with countable joins, and the remaining two that it commutes with finite
meets. d

Corollary 3.14 For a countably based sober space (X, (B)), the basic neighborhood
filter is the equalizer of two maps whose common codomain is a power of X..
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Proof The corollary claims that ®x is an equalizer of the form:

X Px EN . Z[
r

In plain terms, this amounts to ®x being injective and its image being the solution set

of a system of equations between semidecidable truth values. Injectivity holds because

B generates (B) and by sobriety points are uniquely determined by their neighborhood

filters. The system of equations is essentially the one from Lemma 3.13 adapted to

capture ®x. Specifically, define the maps J: XN — 7 and K: N x &N — ¥ by
J(T)=UjerBi and K(S,T)=@GneNneSAncT).

We claim that § € XV is in the image of ®x if, and only if,

(1) forall T,T" € ¥V if J(T) = J(T") then K(S, T) = K(S, T"),
(2) K(S,N)=T,and
@) forall T,T', 7" € SN if J(T)NJ(T') = J(T") then K(S, T)AK(S, T') = K(S, T").

The first condition says that K(S, —) factors through J, while the remaining two ensure
that the factorization commutes with finite meets. For S = ®(x) both conditions are
easily checked using the fact that K(®(x),T) = (x € UieT B;). Conversely, if the
conditions hold for some S € XN then we may define p: (B) — ¥ by

p (UieT Bi) =K(S,T)

which is a c—homomorphism by Lemma 3.13. As X is sober there exists x € X such
that p = X, and so, for every n € N,

(n € 8) = K(S,{n}) = p(B,) = (x € By)
which proves S = ®(x).

The equations (1), (2), (3) can be recast as the maps ¢ and r from the statement, as
follows. Define

1={(T,T)exNx N | JT1)=JT)} U {x} U
(@, 7', 7" e N x N 5 =N | J(n)y n a1’y = J(T1")}

and let the parallel arrows ¢ and r be the left- and right-hand sides of the equations,

respectively:
US)(T,T') = K(S,T) r(S)T,T") = K(S,T")
U(S)(x) = K(S,N) rS)x) =T
(ST, T',T") = K(S,T) NK(S, T') r(S)T, T, T") = K(S,T") o
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3.5 The synthetic KLST theorem

The classic KLST theorem states that all computable maps from a computable complete
separable metric space to a computable metric space are computably continuous. Dieter
Spreen generalized it in several ways to computable maps between certain effective
To—spaces. We aim for the version of the theorem that speaks about maps into regular
spaces, so we first need a constructive version of regularity.

A topological space (X, T) is (pointwise) regular when for every x € U € T there are
disjoint open sets S, 7 € T suchthat x € SC U and TU U = X.

Proposition 3.15 A separable metric space is pointwise regular.

Proof Let (M,d) be a metric space with a dense sequence (x,),cn. It suffices to
verify the regularity condition for an open ball, so suppose x € B(y,r). Let ¢ = d(x,y),
S=Bx,(r—q)/3)and T = {z € M | d(y,z) > 2r+ ¢q)/3}. Clearly, S and T are
disjoint, x € S and B(y,r) UT = M. The set T is open because it is the union of the
countable family of basic open balls

{B(x,, 27 | n,k € NAd(x,y) > 2%+ @2r+q)/3}. |

If pointwise regularity is to be imposed on the codomain, what condition should restrict
the domain of the map appearing in the KLST theorem? By analyzing Spreen’s proof
and his notion of “witness for non-inclusion”, we obtain the following notion.

Definition 3.16 A Spreen space is a space (X, T) in which every point separated from
an overt subset by a semidecidable subset is also separated from it by an open one.

Precisely: if 7 C X isovert x € S € XX and SN T = (), then there is U € T such that
xeUand UNT = (.

Thus, a Spreen space is one in which the pointwise open sets, while coarser than the
semidecidable ones, are still fine enough to witness non-inclusion in an overt subset
(hence the original name). At the moment we are only able to provide trivial examples,
such as a space equipped with the intrinsic topology. Nevertheless, the KLST theorem
is expressed naturally using Spreen spaces.

Theorem 3.17 (Synthetic KLST) A map from an overt Spreen space to a regular
space is pointwise continuous.
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Proof Consider any f: X — Y, as in the statement of the theorem. Let x € X and
f(x) € V. C Y where V is open. Because Y is regular, there are disjoint open sets
S, T C Y that f(x) € S C Vand T UV =Y. Notice that the inverse image f*(T) is
a semidecidable subset of an overt space, hence overt. Then x € f*(S), and f*(S) is
semidecidable and disjoint from the overt f*(T). Therefore, there is an open U C X
such that x € U and U N f*(T) = 0, but then f*(T) Uf*(V) = X implies U C f*(V),
as required. a

It is clear from the proof that we could formulate variations of the theorem. For example,
we could require overtness of the codomain instead of the domain. Or we could
drop overtness altogether and replace regularity of the codomain Y with the following
condition: if y € V and V C Y is open, then there exists disjoint semidecidable S and
overt T such that y € S and VU T =Y. Is this a relevant notion of space?

In order to recover the classic KLST theorem we would have to know that a complete
separable metric space is an overt Spreen space. This is a properly intuitionistic
requirement, because it contradicts classical logic. Therefore, we work toward showing
that in the context of synthetic computability theory, or the effective topos, there is a
rich supply of Spreen spaces.

4 Synthetic computability

Everything we have done so far is valid in any topos satisfying Dependent Choice, as
well as in Bishop-style constructive mathematics. We now move to the effective topos.
However, rather than working directly with the topos, we identify axioms which are
valid in it, and then keep working constructively using the additional axioms. We call
this setting synthetic computability [1, 2]. It is a reformulation and extension of Fred
Richman’s setup from [8].

Double negation plays an important role in synthetic computability. Say that a
proposition ¢ is ———stable, or just stable, if ——¢ = ¢. Similarly, a subset § C X is
stable when its membership predicate is stable, =—(x € §) = x € S for all x € X.

The first axiom is a familiar one:

Markov principle: If not all terms of a binary sequence are zero, then the
sequence contains a one.

The axiom is equivalent to the statement that semidecidable truth values are - ——stable,
ie, Vp € X. ~—p = p.
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The second axiom corresponds to the fact that there is an computable enumeration of
c.e. sets:

Enumerability Axiom: There are countably many countable subsets of
natural numbers.

As is traditional in computability theory, we let W denote a fixed enumeration of XV,
The axiom is equivalent to Fred Richman’s axiom CFP which states that there are
countably many partial maps with countable graphs [8].

The last axiom needs an introduction. A Turing machine may be run on any input tape,
even one that it is not designed for. It may get stuck, diverge or output nonsense, but it
will always do something. This observation is so trivial that it is rarely made explicit,
yet it is essential in many computability theory proofs and constructions. Its topological
manifestation is the following notion.

Definition 4.1 A subset X C Y is an intrinsic subspace of Y when the restriction map
—NX: XY = 3% is surjective.

In other words, every S € XX is the restriction of some T € Y. Our last axiom states:

Stable Subspace Axiom: A stable subset of the natural numbers is an
intrinsic subspace.

In the effective topos a ———stable subobject of N is just an ordinary subset X C N,
where each n € X is realized by itself. The object ¥ is the numbered set whose
elements are restrictions of c.e. sets to X, and a number k realizes U € ©X when
U= {n e X| gr(n)l}. Because it makes sense to apply the k—th partial computable
map ¢ to any number, not just those in X, k also realizes a c.e. set V C N which
restricts to U, hence the stable subspace axiom is realized by the identity function.

Henceforth we adopt the above axioms, unless otherwise stated. Anyhow, we shall
make all their applications explicit.

4.1 Partial and multi-valued maps
The Stable Subspace Axiom allows us to extend semidecidable sets, but sometimes we

wish to extend maps, and partial maps in particular. We also define multivalued maps,
which we will need later on.
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Apartialmap f: X — Y isamap f: ||f|| — Y defined on a subset ||f|| C X, called
the support of f. Equivalently, it is amap f: X — ¥ whose values are subsets of Y
with at most one element,

Y={SCY|W,yecSy=yl

The elements of ¥ are called partial values. The empty set () € ¥ plays the role of the
undefined value, and the singletons {y} with y € Y the total values. The support of a
partial map f: X — Y is computed as ||f|| = {x € X | Iy € Y.y € f(x)}.

A multivalued map f: X = Y isamap f: X — P.(Y) whose values are inhabited
subsets of Y,
PY)={SCY|3IyeY.yeS}

The partial maps N — N in the effective topos do not correspond to the partial
computable maps. To get the desired correspondence we must take partial maps whose
support is semidecidable. For this purpose we define the (semidecidable) lifting Y,
of Y to be the set of partial values whose inhabitation is semidecidable,

Y, ={Se¥Y|@yeY.yeSeX}

The support of a map f: N — N, is indeed semidecidable because n € ||f]| is
equivalent to dk € N. k € f(n), which is semidecidable by definition. We shall only
consider partial maps X — Y| .

The Stable Subspace Axiom allows us to extend partial maps.

Proposition 4.2 A map f: T — N, whose domain T C N is a stable subset has an
extension f: N — N .

Proof Forevery n € N, f*({n}) = {m € T | n € f(m)} is semidecidable, and so it
has a semidecidable extension to N by the Stable Subspace Axiom. Use countable
choice twice, first to obtain amap S: N — N such that Sm) N T = f*({n}) for every
n € N, and then amap e: N — 1+ N such that k — e({n, k)) enumerates S(n) for
every n € N. The desired extension f: N — N, may be defined by:

fm)={neN|JieNe@l)=mAm@)=nAVj<i.e()#m} m|

The use of Countable Choice in the previous proposition is essential for getting a
single-valued extension. Without it we can only hope to get a multivalued one, as
demonstrated by the following proposition.
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Proposition 4.3 Suppose X C Y is a stable subset of a countable set Y. Then every
U: X — X extends to a multivalued U: Y = X.

Proof Let e: N — 1+ Y be an enumeration of ¥ and let S = ¢*(X) = {n € N |
e(n) € X}. Because S is a stable subset of N and V = {n € S | e(n) € U} is
semidecidable, by the Stable Subspace Axiom V has an extension V € XN, We may
take Ux) ={peX|IneN.en)=xAp=meV)}. O

The situation in which semidecidable subsets of a subset extend to multivalued semide-
cidable subsets of the larger set will figure later on, so we give it a name.

Definition 4.4 A weak intrinsic subspace X C Y is asubset such thatevery S: X — X
has a multivalued extension S: Y = 3. Similarly, an injective map i: X — Y is
a weak intrinsic inclusion when every S: X — ¥ extends along i to a multivalued
S:Y=3.

In synthetic computability there are weak intrinsic subspaces which are not intrinsic
subspaces.

Proposition 4.5 The inclusion i: Ny, — SN*N of the Baire space by the map
i(a) = {(n,a(n)) | n € N} is a weak intrinsic inclusion which is not an intrinsic
inclusion.

Proof Clearly, i is an injection, and an application of Markov principle shows that
its image is stable. Thus, N, is a weak intrinsic subset of X"*N by Proposition 4.3.
But it is not an intrinsic subspace. Indeed, by Proposition 4.10, proved below, every
semidecidable subset of ¥ is a union of basic opens whose inverse images under i
are open balls in N, for the ultrametric (1). However, by Bauer and LeSnik [3,
Proposition 7.2] there are semidecidable subsets of N, which are not unions of
balls. |

4.2 Recursion theorem and its consequences

The synthetic recursion theorem is reminiscent of Lawvere’s fixed point theorem [6]
which states that any endomap on X has a fixed point if there is a surjection A — X4.
Say that X has the multivalued fixed-point property when for every f: X = X there is
x € X such that x € f(x), called a fixed point of f .
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Theorem 4.6 (Recursion theorem) If there is a surjection N — X" then X has the
multivalued fixed-point property.

Proof Let ¢: N — XV be an enumeration and f: X — X a multivalued map whose
fixed point needs to be constructed. For every n € N there is x € X such that
x € f(e(n)(n)), therefore by countable choice there is a map g: N — X such that
g(n) € f(e(n)(n)) for every n € N. There is k € N such that g = e(k). But now e(k)(k)
is a fixed point of f because e(k)(k) = g(k) € f(e(k)(k)). O

The theorem is discussed in detail in Bauer [2], where a justification for its name can be
found, too. Both Lawvere’s fixed-point theorem and the synthetic recursion theorem
are valid in pure constructive mathematics, but have no interesting instances without
extra axioms. One such axiom is the Enumeration Axiom, because it is precisely
the hypothesis of the recursion theorem for ¥. Also, since XN 22 NN o~ (NN
the space ¥V has the multivalued fixed-point property, too. We are interested in the
topological consequences of the recursion theorem.

In [3] the following continuity principle is shown to hold in many (necessarily non-

classical) varieties of constructive mathematics, including synthetic computability.

Theorem 4.7 (WSO) If U: Ny, — X is such that oo € U then n € U for some
n € N.

We need the generalization of the principle to multivalued maps.

Theorem 4.8 (Multivalued WSO) If U: Ny, = ¥ is such that U(co) = {T} then
there is n € N such that T € U(n).

Proof Given U as in the statement of the theorem, define the multivalued map
f: X=X by:

fP)={q€X|FHENc.p=@1t<00)Nge UM}

By recursion theorem there is a fixed point p € f(p), and so there is x € Ny, such
that p = (x < o0) and p € U(x). It suffices to show that x < co. If x = oo then
1 = p € U(c0), which contradicts the assumption. Therefore x # oo and by Markov
principle x < oo. o

We shall use the following corollary repeatedly.
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Corollary 4.9 Iff: Ny, — X and U: X = X is such that U(f(c0)) = {T} then
T € U(f(n)) for some n € N.

Proof Apply Theorem 4.8 to U of. a

With WSO in hand we can compute the intrinsic topology of XN,

Proposition 4.10 The intrinsic topology of ¥ is the Scott topology.

Proof Recall that the Scott topology on XV is the topology generated by the basic
open sets of the form
tr={sexN|TCs}

where T is a finite subset of N. So forany U: XN — 3 we have to prove that for all
S € N, § € U precisely when some finite subset of S is already in U,

SeU < IT CS.T € UAT finite.
For the implication from left to right, consider the map f: N, — XN defined by:
f@)={keN|k<tANkeS}

Since f(co) = S € U there exists by WSO some k < oo such that f(k) € U, and so
f(k) is the finite subset of S we are looking for.

For the converse, suppose T C S is a finite subset of S and 7 € U. Consider the map
f: Ny — =N defined by:

f(®) = U;en(if i <t then T else S)
As f(oco) =T € U there exists by WSO some k < oo such that S = f(k) € U. a

4.3 Weak intrinsic subspaces of X"

Our plan is to transfer topological properties of N to a countably based Ty—space X
via the basic neighborhood filter ® : X — ¥, which was shown to be a topological
embedding in Proposition 3.12. However, since Spreen spaces involve semidecidable
sets, not just open ones, we need to relate $x to semidecidable subsets, too. Ideally,
®x would be an intrinsic embedding, but that is to stringent a requirement, as it would
eliminate examples that we would like to keep, see Proposition 4.5. Luckily, ®x being
just a weak intrinsic inclusion suffices for our purposes. Dieter Spreen identified a
sufficient condition for this to be the case, which he called effective limit passing.
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Definition 4.11 A countably based space is a space with limit passing when it is a
To—space and the image of its basic neighborhood filter is stable.

In symbols, (X, (B)) has limit passing when, for all § € XV, if =—3x € X. § = ®x(x)
then there exists a unique x € X such that § = ®x(x). From a computational point of
view, the limit passing condition says that a point x € X can be recovered when its
neighborhood filter ®x(x) qua semidecidable predicate on the indices of basic open
sets. Here are some spaces with limit passing.

Proposition 4.12

(1) A countably based sober space is a space with limit passing.
(2) A stable subspace of a space with limit passing is again such a space.

Proof
(1) Clearly, a countably based sober space (X, (B)) is a To—space. By Corollary 3.14
there is an equalizer:

7
X Px EN Hzl
8

This implies that the image of ®y is a set of the form

{S €SN |VielLfS)i)=g®)i}.

By Markov principle equality on 3 is stable, therefore the set is defined by a
stable predicate on XV,

(2) Let (Y, (B)) be a space with limit passing and X C Y a stable subset. The
subspace topology on X is induced by the base B), = X N B,,. Thus, for x € X
we have ®x(x) = ®y(x) and so the image of Py is a stable subset of the image
of @y, which is itself a stable subset. Of course (X, (B')) is a Tp—space because
Ty is a hereditary property. a

Our first application of limit passing relates separability and overtness.

Proposition 4.13 If a sequence is dense with respect to a sober topology, then it is
dense with respect to intrinsic topology.

Proof Let (X, (B)) be a sober space with a dense sequence (x,),cy and y € S € X,
Combine Proposition 4.12 and Proposition 4.3 to extend S to S: ¥ = 3 along ®.
Let a: N — N be an enumeration of ®(y). By Countable Choice there is a sequence
(in)nen such that, forall n € N, x;, € By) N -+ - N Byy. Define f: Nog — N by:

fO ={aG)|i<t}U{keN|t<ooAkeE P(x;)}
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Note that f(0o) = ®(y) and f(n) = ®(x;,) for n € N. Because S(f(c0)) = {T} there
is n € N such that T € 5(f(n)) = {S(x;,)}, which gives the desired x;, € S. |

Corollary 4.14 Separable sober spaces, such as separable complete metric spaces and
w—algebraic w—cpos, are overt.

Proof If (X,7) is sober and (x,),cn a sequence in X which is dense with respect
to 7, then by Proposition 4.13 it is also dense for the intrinsic topology ¥*. But then
for any S € ¥X we have

(IyeX.yel) < (dneN.x, €Y9)

and the right-hand statement is semidecidable. |

S Spreen spaces in synthetic computability

Finally, here is a supply of Spreen spaces.

Theorem 5.1 A countably based sober space is a Spreen space.

Proof Let (X, (B)) be sober, S C X semidecidable, T C X overt, SNT = (), and
x € §. We seek a basic neighborhood B, of x which is disjoint from 7.

Let a: N — N be an enumeration of ®(x), and define C,, = T N Byo) N -+ - N By .-
Lemma 2.1 and Countable choice together yield amap g: N — X, such that g(n) C C,
for every n € N, and moreover g(n) is inhabited if, and only if, C, is inhabited.

Define f: Ny, — XN by:
fO={a@|i<t}ul{keN|t<ooAdyeX.yecgt)NB}

Notice that f(co) = ®(x), while for every n € N we have: if C, is inhabited then
f(n) = ®(y) for some y € C,,.

Using Proposition 4.12 and Proposition 4.3, extend S along ®y to §: XN = ¥, Because
S(f(0)) = {S(x)} = {T} there is n € N such that T € S(f(n)). If C,, were inhabited
then for some y € C, we would have f(n) = ®(y), hence T € 5(f(n)) = {S(y)}, from
which the contradiction y € S N T = () would follow. Therefore, C,, = (), so it suffices
to take any basic open By, such that x € B, C Byo) N -+ N Byw. O

In conclusion, here is the classic KLST theorem.

Corollary 5.2 (Classic KLST) Every map from a complete separable metric space to
a metric space is pointwise continuous.
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Proof A complete separable metric space is sober by Proposition 3.7, overt by
Corollary 4.14 and a Spreen space by Theorem 5.1. Because a metric space is
pointwise regular by Proposition 3.15, we may apply Theorem 3.17, the synthetic KLST
theorem. |
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