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Simulation of Turing machines with analytic discrete ODEs:

Polynomial-time and space over the reals characterised with
discrete ordinary differential equations

MANON BLANC
OLIVIER BOURNEZ

Abstract: We prove that functions over the reals computable in polynomial time can
be characterised using discrete ordinary differential equations (ODE), also known
as finite differences. We also characterise functions computable in polynomial
space over the reals.

While existing characterisations could only cover time complexity or were restricted
to functions over the integers, here we deal with real numbers and space complexity.
Furthermore, we prove that no artificial sign or test function is needed, even for
time complexity.

At a technical level, this is obtained by proving that Turing machines can be
simulated with analytic discrete ordinary differential equations. We believe this
result opens the way to many applications, as it opens the possibility of programming
with ODEs with an underlying well-understood time and space complexity.
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1 Introduction and related work

Recursion schemes constitute a major approach to classical computability theory and,
to some extent, to complexity theory. The foundational characterisation of FPTIME,
based on bounded primitive recursion on notations, due to Cobham [20] gave birth to
the field of implicit complexity at the interplay of logic and theory of programming.
Alternative characterisations based on safe recursion, by Bellantoni and Coook [1], or
on ramification (see Leivant [30] and Leivant and Marion [31]) or for other classes [32]
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followed: see Clote [18] and Clote and Kranakis [19] for monographs. Recent results
include Férée, Hainry, Hoyrup and Péchoux [23] and Hainry, Mazza and Péchoux [27].

Initially motivated to help understand how analogue models of computations compare
to classical digital ones, in an orthogonal way, various computability and complexity
classes have been recently characterised using Ordinary Differential Equations (ODE).
An unexpected side effect of these proofs is the possibility of programming with classical
ODEs, over the continuum. It recently led to solving various open problems. This
includes the proof of the existence of a universal ODE, see Bournez and Pouly [14],
the proof of the Turing-completeness of chemical reactions, see Fages, Le Guludec,
Bournez and Pouly [21], or hardness of problems related to dynamical systems, see
Graca and Zhong [26].

While the above results are easy to state, their proofs are mixing considerations about
approximations, control of errors, and various constructions to emulate continuously
some discrete processes, despite some recent attempts for a kind of programming
language to help intuition, see Bournez [7].

Discrete ODEs, which we consider in this article, are an approach in-between born from
the attempt of Bournez and Durand in [11, 12] to explain some of the constructions for
continuous ODEs in an easier way. The basic principle is, for a function f(x), to consider
its discrete derivative defined as Af(x) = f(x + 1) — f(x) (also denoted f’(x) in what
follows to help analogy with classical continuous counterparts). A consequence of this
attempt is the characterisation obtained in [11, 12] of polynomial time. Namely, they
provided a characterisation of FPTIME for functions over the integers that does not
require the specification of an explicit bound in the recursion, in contrast to Cobham’s
work [20], nor an explicit assignment of a specific role or type to variables, in contrast
to safe recursion or ramification, see Bellantoni and Cook in [1] and Leivant in [29].
Instead, they only assume the involved ODEs to be linear, implicitly capturing the role
of the ramification. A characterisation, like ours, happens to be rather simple using only
common notions from the world of ODEs. In particular, considering /inear ordinary
differential equations is very natural for ODEs.

Remark 1 Unfortunately, even if it was the original motivation, both approaches for
characterising complexity classes for continuous and discrete ODEs are currently not
directly connected. A key difference is that there is no simple expression (no analogue
of the Leibniz rule) for the derivative of the composition of functions in discrete settings.
The Leibniz rule is a very basic tool for establishing results over the continuum, using
various stability properties, but similar statements cannot be established easily over
discrete settings.
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FPTIME and FPSPACE over the reals characterised with discrete ODEs 3

In the context of algebraic classes of functions, the following notation is classical:
call operation an operator that takes finitely many functions and returns some new
function defined from them. Then [f1,f2, ..., fk; opy, 0P,, - - . , 0p,] denotes the smallest
set of functions containing f1, /2, . .., fr that is closed under the operations op,, op,,
... op,. Call discrete function a function of type f: Sy X ---xSg — S8 x...§/,, where
each S;, S/ is either N or Z. Write FPTIME for the class of functions computable in
polynomial time, and FPSPACE for the class of functions computable in polynomial
space. We give here general notations and do not the domain and the image of the
functions. We will use intersections with sets of functions when we need to specify
which class of functions we study. For example, FPTIME N N means the class of
discrete functions computable in polynomial time.

It is important to observe that the literature considers two possible definitions for
FPSPACE, according to whether functions with non-polynomial size values are
allowed. In our case, we should add “whose outputs remain of polynomial size” to
resolve the ambiguity.

Remark 2 Without this assumption, FPSPACE would not be closed by composition.
This may be considered a basic requirement when talking about the complexity of
functions. The issue is about the usage of not counting the output as part of the total
space used. In this model, given f computable in polynomial space and g in logarithmic
space, f o g (and g o f) is computable in polynomial space. But this is not true if we
assume only f and g to be computable in polynomial space since the first might give an
output of exponential size.

A main result of Bournez and Durand [11, 12] is the following (LDL stands for linear
derivation on length):

Theorem 1.1 (Bournez and Durand) For functions over the reals, we have LDL =
FPTIME where

LDL = [0,1, 77{“, £(x), 4+, —, X, sg(x) ; composition, linear length ODE].
In particular, writing as usual B4 for functions from A to B, we deduce:
Corollary 1.2 (Functions over the integers) LDL N NY = FPTIME N NV,
That is to say, LIDL (and hence FPTIME for functions over the integers) is the smallest

class of functions that contains the constant functions 0 and 1, the projections ¥ of
the i—th coordinate of a vector of size k, the length function ¢(x), mapping an integer
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4 M. Blanc and O. Bournez

to the length of its binary representation, the addition x+y, the subtraction x—y, the
multiplication x X y, the sign function sg(x) and that is closed under composition (when
defined) and linear length ODE scheme: the linear length ODE scheme, formally given
by Definition 2.4, corresponds to defining a function from a linear ODE with respect to
derivation along the length of the argument, so of the form

of(x,y)
ov
Here, we use the notation which corresponds to the derivation of f along the

length function: given some function £: NP*! — 7Z and in particular for the case
where L(x,y) = f(x),

= A[f(-x7 Y)a-xa Y] : f(-x7 Y) + B[f(-x7 y)7-x7 Y]

of(x,y)
ol

of(x,y) _ Of(x,y)
oL  OL(x,y)

(1-1) = h(f(x,y),x,y)

is a formal synonym for

foe+ 1,y) = f(x,y) + (L + Ly) — L(x,y) - h(f(x, y), x, y).

Remark 3 This concept introduced in Bournez and Durand [11, 12], is motivated by
the fact that the latter expression is similar to the classical formula for continuous ODEs,
of(x,y) _ 0L(x,y) of(x,y)

0x ox 0L(x,y)
and hence is similar to a change of variable. Consequently, a linear length ODE is a
linear ODE over a variable ¢ once the change of variable r = ¢(x) is done.

However, in the context of (classical) ODEs, considering functions over the reals
is more natural than only functions over the integers. Call real function a function
frSix--x8;— 8 x...8,, where each S;, §; is either R, N or Z, with at least one
S; and one Sj’~ being R. A natural question about the characterisation of FPTIME for
real functions (in particular functions from R®) arises, and not only discrete functions:
we consider here computability over the reals in its most classical approach, namely
computable analysis, see Weihrauch [39].

As a first step, the class
LDL® = [0, 1, Trff, U(x), +, —, x, cond(x), g;composition, linear length ODE

has been considered in [2, 5] by Blanc and Bournez where the authors get some
characterisation of PTIME, but only for functions from the integers to the reals (ie
sequences) while it would be more natural to characterise functions from the reals to
the reals.

Journal of Logic & Analysis 17:FDS5 (2025)



FPTIME and FPSPACE over the reals characterised with discrete ODEs 5

More importantly, this was obtained by assuming that some non-analytic exact function
is among the basic available functions to simulate a Turing machine: cond valuing 1
for x > % and 0 for x < }t.

We prove first this is not needed, and mainly, we extend all previous results to real
functions, covering not only time complexity but also space complexity. Consider

LDL° = 0,1,7Tl]~‘,€(x),+,—,tanh,)2ﬁ,§
where 5: R — R is the function dividing by 2 (similarly for 3) and all other basic
functions defined exactly as for ILIDIL, but are considered here as functions from the
reals to reals.

; composition, linear length ODE]

Remark 4 We can consider N C Z C R but as functions may have different types of
outputs, the composition is an issue. We consider, as this is done in [2, 5] by Blanc and
Bournez, that composition may not be defined in some cases: it is a partial operator.
For example, given f: N — R and g: R — R, the composition of g and f is defined
as expected, but f cannot be composed with a function such as A: N — N.

First, we improve Theorem 1.1 by stating FPTIME over the integers can be characterised
algebraically using linear length ODEs and only analytic functions (ie no need for sign
function). Since ILDIL° is about functions over the reals, and Theorem 1.1 is about
functions over the integers, we need a way to compare these classes. Given a function
f: R —» R? sending every integer n € N¢ to the vicinity of some integer of N?, say
at a distance less than 1/4, we write DP(f) for its discrete part: this is the function
from N — N mapping n € N to the integer rounding of f(n). Given a class C of
such functions, we write DP(C) for the class of the discrete parts of the functions of C.

Theorem 1.3 DP(LDL°) = FPTIME N NV,

Second, we improve Blanc and Bournez [2]. Write ILDILL° for the class obtained by
adding some effective limit operation similar to the one considered there. Namely, we
introduce the operation ELim (standing for Effective Limit):

Definition 1.4 (Operation ELim) Given f : R? x N’ x N — R? ¢ LDL® such
that for all x € RY, X € N, x € [-2¥X,2X], m € N¥', n € N, ||f(x,m,2¥,2") —
f(x,m)|| < 27", then ELim(f) is the (clearly uniquely defined) corresponding function
f: R - RY.

We get a characterisation of functions over the reals (and not only sequences as in Blanc
and Bournez [2]) computable in polynomial time.
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6 M. Blanc and O. Bournez

Theorem 1.5 (Generic functions over the reals) LDL° N RR = FPTIME N RE,
More generally: LDL° N RN‘XRY _ FPTIME N RV *R

We also prove that, by adding a robust linear ODE scheme (Definition 2.7), we get a
class RLLID® (this stands for robust linear derivation) with similar statements but for
FPSPACE.

Theorem 1.6 DP(RLD°) = FPSPACE N NV,

Theorem 1.7 (Generic functions over the reals) RLD° N RR = FPSPACE N RR.
More generally: RLD° N RN‘XRY — FPSPACE N RN/ xR

There exist previous characterisations of FPSPACE without explicit bounds, but for
very different models of computation, eg for term rewrite systems in [33] by Marion
and Péchoux, and for A—calculus in [24] by Gaboardi, Marion and Ronchi Della Rocca.
As far as we know, this is the first time a characterisation of FPSPACE with discrete
ODE:s is provided for Turing machines.

If we forget the context of discrete ODEs, FPSPACE has been characterised in [38] by
Thompson but using a bounded recursion scheme, ie requiring some explicit bound in
the spirit of Cobham’s statement [20]. We avoid this issue by considering numerically
stable schemes, which are very natural in the context of ODEs.

At a technical level, all our results are obtained by proving Turing machines can be
suitably simulated with analytic discrete ODEs. We believe our constructions could be
applied to many other situations where programming with ODEs is needed.

More on related works In addition to the previous state-of-the-art discussions, we
comment here on some aspects. Our ways of simulating Turing machines are reminiscent
of similar constructions used in other contexts such as neural networks, see Siegelmann
and Sontag [37] and Siegelmann [36]. In particular, we use a Cantor-like encoding
set Z with inspiration from these references. These references use some particular
sigmoid function o (called sometimes the saturated linear function) that values 0 when
x<0,xfor0<x<1,1 for x > 1. The latter corresponds to m(% + %x), for the
function considered by Blanc and Bournez in [2, 5] and hence their constructions can
be reformulated using the cond function. We completely avoid this, by considering
the tanh function, which is more natural in the context of formal neural networks. The
models considered by Siegelmann and Sontag in [37, 36] rely on inductions, while our
constructions are not inductive neural networks, and second, their models are restricted
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FPTIME and FPSPACE over the reals characterised with discrete ODEs 7

to live on the compact domain [0, 1], which forbids getting functions from R — R,
while our settings allow more general functions. Our proofs also require functions
taking some integer arguments that would be impossible to consider in their settings
(unless at the price of an artificial recoding).

Remark 5 In some sense, our constructions can be seen as operators that map to a
family of neural networks in the spirit of these models, instead of considering fixed
recurrent neural networks, but also dealing with tanh, and not requiring the saturated
linear function.

The question of whether Turing machines can be simulated by recurrent neural networks
of finite size, using the tanh activation function (and not the “exact” saturated linear
function) is a well-known long-standing open problem. Despite some attempts, such as
the one described in the monograph from Siegelmann [36], up to our knowledge, there
remain some of the statements not yet formally proved, or at least not fully generally
accepted, in the existing proofs. Our statements deal with the tanh activation function
in some sense, but we avoid this open question by restricting it to finite space or time
computations. By the way, our proofs state this is possible if the space or the time of
the machine is bounded, up to some controlled error.

In the context of neural network models, there have been several characterisations of
complexity classes over the discrete (see the monograph [36] by Sieglemann about the
approach discussed above, but not only), as far as we know, the relation between formal
neural networks with classes of computable analysis has never been established before.

If we do not restrict ourselves to neural network-related models, as in all these previous
contexts, as far as we know, only a few papers have been devoted to characterisations of
complexity and even computability classes in the sense of computable analysis. There
have been some attempts using continuous ODEs, for example Bournez, Campagnolo,
Graga and Hainry [8], that we already mentioned, or the so-called R—recursive functions,
see Bournez and Pouly [15] and Bournez, Gomaa and Hainry [13]. For discrete schemata,
we only know Brattka [16] and Ng, Tavana and Yang [34], focusing on computability
and not complexity. We also mention the references [22], by Férée, Gomaa and
Hoyrup, discussing the complexity of operators in computable analysis. Notice that
most of the classical complexity classes of the Blum—Shub—Smale model [6] have been
characterised using the implicit complexity approach, see Bournez, Cucker, de Naurois
and Marion [10, 9].

Organisation of the article In Section 2, we recall some basic statements about the
theory of discrete ODEs. In Section 3, we establish some properties about particular
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8 M. Blanc and O. Bournez

functions required for our proofs. In Section 4, we prove our main technical result:
Turing machines can be simulated using functions from LDL°. Section 5 is about
converting integers and reals (dyadic) to words of a specific form. Section 6 is about
applications of our toolbox. We prove, in particular, all the above theorems.

In this article, when we say that a function f: S; X --- X Sg — RY is (respectively,
polynomial time or space) computable, it will always be in the sense of computable
analysis: see eg Brattka Hertling Weihrauch [17] and Weihrauch [39]. As we did not
find a reference where the case of functions mixing integer and real arguments is fully
formalised, we proposed a formalisation in [2]. We assume the same formalisation here.

This is the journal version of an article accepted at MFCS’2023 [3].

2 Some concepts related to discrete ODEs

In this section, we recall some concepts and definitions from discrete ODEs, either
well-known or established by Bournez and Durand [11, 12] or Blanc and Bournez [2].

We need to talk about tanh—polynomial expression. This is not exactly as in Bournez
and Durand [11, 12], but similar. They use similar definitions with the sign function sg
and Blanc and Bournez [2] with the piecewise affine function cond, which values 1 for
x> % and O for x < %, instead of tanh.

Definition 2.1 (adapted from Blanc and Bournez [2]) A tanh—polynomial expression
P(x1, ..., x5) is an expression built-on +, —, X (often denoted -) and tanh functions over
a set of variables V = {xj, ..., x5} and rational constants.

We need to measure the degree, similarly to the classical notion of degree in a
polynomial expression, but considering all the subterms within the scope of a tanh
function contributes to 0 to the degree.

Definition 2.2 (adapted from Blanc and Bournez [2]) The degree deg(x, P) of a term
of a variable x € V in a tanh—polynomial expression P is defined inductively as follows:

* Define deg(x,q) = 0, when ¢ is some rational.

e deg(x,y) =1 if x =y, and deg(x,y) = O otherwise.
* deg(x, P + Q) = max{deg(x, P),deg(x, Q)}.

e deg(x, P x Q) = deg(x, P) + deg(x, Q).

* deg(x,tanh(P)) = 0.
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FPTIME and FPSPACE over the reals characterised with discrete ODEs 9

A tanh—polynomial expression P is essentially constant in x if deg(x, P) = 0.

A vectorial function (respectively a matrix or a vector) is said to be a tanh—polynomial
expression if all its coordinates (respectively coefficients) are, and essentially constant
if all its coefficients are.

Definition 2.3 (Bournez and Durand [11, 12], Blanc and Bournez [2]) A tanh—
polynomial expression g(f(x,y),h(x,y),x,y) is essentially linear in f if it is of the
form:

Alf(x,y), h(x,y), x,yl - f(x,y) + B[f(x,y), h(x,y), x, y]

where A and B are tanh—polynomial expressions essentially constant in f(x,y).

For example,

* the expression P(x,y,z) = x - tanh (x> — z) -y + y° is essentially linear in x,
essentially constant in z and not linear in y.

* The expression P(x, 260’), 7) = tanh(x? — 2) - 22 + 2/0) is essentially constant in x,
essentially linear in 2°0” (but not essentially constant) and not essentially linear
in z.

* The expression z + (1 — tanh(x)) - (1 — tanh(—x)) - (y — z) is essentially constant
in x and linear in y and z.

Definition 2.4 (Linear length ODE, Bournez and Durand [11, 12], Blanc and Bournez
[2]) A function f is linear length ODE definable from g, h, u, with u essentially linear
in f(x, y) if it corresponds to the solution of

of
2-1) £0,y) = g(y) and f;;j”

A fundamental fact is that the derivation with respect to length provides a way to do
some change of variables. This means f(x,y) depends only on the length of its first
argument: f(x,y) = f(2/@,y).

=u(f(x,y), h(x,y), x,y).

Lemma 2.5 (Bournez and Durand [11, 12]) Assume that (2-1) holds. Then f(x,y)
is given by f(x,y) = F(¢(x),y) where F is the solution of the initial value problem:

OF(t, ‘ ;
0 Ry =gy, ad TV _u@eyh@ - 1y,2 - 1Ly,

Then (2-2) can be seen as defining a function (with this latter property) by a recurrence
of type
(2-3) 2% y) =g(y), and fQ7'y)=ud2,y)hQ2 - 1,y),2"y)

for some u is essentially linear in f(2')y). As recurrence (2-2) is basically equivalent
to (2-1):
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10 M. Blanc and O. Bournez

Corollary 2.6 (Linear length ODE presented with powers of 2) A function f is linear
L—ODE definable iff the value of f(x,y) depends only on the length of its first argument
and satisfies (2-3), for some g and h, and u, essentially linear in £f(2',y).

We guess it is easier for our readers to deal with recurrences of the form (2-3) than with
ODE:s of the form (2-1). Consequently, this is how we will describe many functions
from now on, starting with some basic functions, authorising compositions, and the
above schemes. For example, x — 2™ can easily be defined that way. Consider

20 =1
2+l = 2.20 =242

where t = ((x). Similarly, we can produce x — 2°“®) for any polynomial p.
Furthermore,
(X1, x0) = 20O 0x2). )

can be obtained, using k such schemes in turn, providing the case of the polynomial
p(n) = n*.

When talking about space complexity, we will also consider the case where the ODE is
not derivated with respect to length but with classical derivation. For functions over the
reals, an important issue is numerical stability.

Definition 2.7 A bounded function f is robustly linear ODE definable from g, h, u,
with u essentially linear in f(x,y) if

(1) it corresponds to the solution of

of
4 f0y =gy amd ToY = uiy), by, x ),

(2) where the schema (2—4) is polynomially numerically stable.

The main issue for space is the need to prove the schema given by Definition 2.7
guarantees f is in FPSPACE when u, g, and h are. Assuming condition (1) of
Definition 2.7 would not be sufficient: the problem is that f(x,y) may polynomially
grow too fast or have a modulus function that would grow too fast. The point is, in
Definition 2.7, we assumed f to be both bounded and satisfying (2), ie polynomial
numerical robustness. With these hypotheses, it is sufficient to work with the precision
given by this robustness condition and these conditions guarantee the validity of
computing with such approximated values.
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We write a =, b for |ja — b|| < 27" for conciseness. (2) means formally there exists
some polynomial p such that, for all integer n, for e(n) = p(n + £(y)), considering any
solution of

y em) Y

h(r.5) = hx9)

f0,9) = &)

oD — ) ufr, §),hex, 9,1, 9)
then, we have

f(x, §) =) £x, ).

This corresponds roughly to the concept of polynomially robust to precision considered
in [4], and turns out to be a very natural concept for functions defined on a compact.

Remark 6 For linear length ODESs, we did not have to put explicitly numerical stability
as a hypothesis, as it comes free from the fact that we consider solutions at most at
some logarithmic value of their arguments. But this is required here to guarantee the
computability of the solution (and even polynomial space computability).

Remark 7 Notice that, over the continuum, even computable ODEs may have no
computable solution: see Pour-El and Richards [35]. Over the discrete, not all dynamics
can be simulated, and numerical stability is indeed an issue.

3 Some results about various functions

A key part of our proofs is the construction of very specific functions in ILIDLL°: we write
{x} for the fractional part of the real x, ie {x} = x — |x]. These functions will be used
to simulate the execution of the Turing machines in the following section. For many of
them, we have functions parameterised by some m, providing a way to approximate
some “ideal” function: the error between the function and the ideal function remains at
less than 27™. This sometimes holds on a subdomain controlled by some parameter 7.

Lemma 3.1 |1 + tanhx| < 2exp(2|x|) for x € (—o0,0].

Proof For x < 0, |1 + tanhx| = 1 + tanhx, and |x| = —x. We have f(x) =
2exp(2x) — tanh(x) — 1 = 2exp(2x) — [Ty — | = £2b55 > 0. O
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12 M. Blanc and O. Bournez

Lemma 3.2 |1 — tanhx| < 2exp(—2|x|) for x € [0, +00).
Proof This follows from Lemma 3.1, using the fact that tanh is odd. a

A first observation is that we can uniformly approximate the (very famous in deep
learning context) ReLU(x) = max(0, x) function using an essentially constant function:

Lemma 3.3 Consider (see Figure 1):

1 + tanh(2"12x)

Y(x,2"?) = 5

For all integer m, for all x € R,

|ReLU(x) — x¥(x, 2" 2)| <27

Figure 1: Graphical representation of xY(x, 2>*2) obtained with Maple.

To prove Lemma 3.3, we start by the following basic facts about function tanh.

Proof of Lemma 3.3 Let m € N. Consider Y(x,K) = %, with K > 0.

For 0 < x, ReLU(x) = x, and | ReLU(x) —xY(x, K)| = 7|1 — tanh(Kx)| < xexp(—2Kx)
from Lemma 3.2.

For x < 0, ReLU(x) = 0, and |ReLU(x) — xY(x,K)| = %H + tanh(Kx)| <
|x| exp(—2K|x|) from Lemma 3.1, which is the same expression as above for 0 < x.
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FPTIME and FPSPACE over the reals characterised with discrete ODEs 13

Function g(x) = xexp(—2Kx) has its derivative g’(x) = exp(—2Kx)(1 — 2Kx). We
deduce the maximum of this function g(x) over R is in %, and that the maximum

value of g(x) is ﬁ

Consequently, if we take K = 2m+2 then g(x) <27 for all x, and we conclude. O

We deduce we can uniformly approximate the continuous sigmoid functions (when
1/(b — a) is in LDILL°) defined as: s(a,b,x) = 0 whenever w < a, ;=% whenever
a <x<b,and 1 whenever b < x.

Lemma 3.4 (Uniform approximation of any piecewise continuous sigmoid) As-
sume a, b, hlfa is in ILDIL°. Then there is some function (illustrated by Figure 2)
C—s(m,a,b,x) € LDIL® such that for all integer m,

|C—s(m,a,b,x) — s(a,b,x)| <27™.

Figure 2: Graphical representations of C—s(2, %, %,x) and C—s(2°, %, %,x) obtained with Maple.

Proof We can write s(a,b,x) = RGLU(X_“;:I:eLU(’“_b). Consider C—s(z,a,b,x) =

— _ I4cy _(y— _ I+c —m—1—c
G—a)Y(x—a,z2 Z_Elx b)Y (x—b,2217¢) Thus, | C=s(m—+1+c,a, b, x)—s(a, b, x)| < MT’
using the triangle inequality. Take ¢ such that blfa < 2°. |

We prove the existence of a continuous approximation of a threshold, written in LIDLL°.
We will need it to express continuous approximations of discrete functions, such as the
fractional part (Corollary 3.6), the floor function (Corollary 3.7), a function to express
an adaptive barycenter (Corollary 3.8), the modulo 2 (Corollary 3), and the Euclidian
division by 2 (Corollary 3.10).
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14 M. Blanc and O. Bournez

Theorem 3.5 There exists some function (illustrated by Figure 3) ¢: N> — R in
LDL® such that for all n,m € N and x € [—2",2"], whenever x € [|x] + g, [x] + Z],

’aﬂﬂﬂm—{x—;ngﬂa

Figure 3: Graphical representations of £(2,4,x) obtained with Maple; some details on the right.

Proof If we take ¢’ that satisfies the constraint only when x > 0, and that values 0 for
x < 0, then % —&'(-, -, —x) would satisfy the constraint when x < 0, but values 3/4 for
x> 0. So,

3 3 1
EQ7, N, %) = EQMN, ) — €N~ + L = 70520, 5.

would work for all x. So it remains to construct & such that for all n € N, x € [0,2"]
and m € N, whenever x € [|x] + §, [x] + {1, [€/(2",2",x) — {x — §}| <27, and
|€'(2™ N, x) — 0] <27 for x < 0.

Let s(x) = 3 s(|x] + &, |x] + §,%). Over [|x] + &, [x] + {1, we have s(x) = {x — §}.
Actually, we will even construct ¢ with the stronger properties that whenever x €
[lx] +§ — 27" [x) + § 427", [€/@™, 2", x) — s(x — )| < 27

It suffices to define ¢’ by induction by

5/(2’"3 20,)() = %C_ﬁ(zma %7 %7)‘:)
gm 2t = @2 FQrtL 2 x)

where

1 3
FQ"™ ' K x)=x—K.C-s2""' K+ — K+ —

32 32
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Let 1), be [[x] + g, [x] + §1., x € I|,|, and let us first study the value of F(2™ !, 2" x):

* If x < 2", by definition of C—s, |[F(2"™!,2",x) — x| <27"*D with x € I .

* The case 2" < x < 2" + % cannot happen as we assume x € /.

o If 2" + § < x then [FQ"H!, 2" x) — (x — 2")| < 270D with x — 2" € I}, _on.

Now, the property is true by induction. Indeed, it is true for n = 0 by definition of
property y y
€(2™,2° x). We now assume it is true for some n € N. We have £/(2",2"! x) =
g@m+l on F@m+! 27 x)). Thus, by induction hypothesis,
|g'@m L 2m P 27 X)) — s(F™T 20 x) — 1/8)] < 27D,
Now:

+ If x < 2", by definition of C—s, |F(2"!,2" x) — x| < 270"*D 'and as s is
1-Lipschitz, [s(FQ2"+1, 2" x) — 1) —s(x— )| < [FQmH1,2" x) —x| < 270m+D,
Consequently, [£/(2", 2"+ x) — s(x — %)\ < 27™ and the property holds for
n+1.

* The case 2" < x < 2" 4 % cannot happen with our constraint x € /|| .

e If2"+ 3 < xthen |[F(2"T! 2" x)— (x —2")| < 27D and as s is 1-Lipschitz,
[S(FQmH1, 2" x) — §) — s(x — 2" — D) < [FQ™T1, 20, x) —x — 27| < 27(mFD),
Consequently, [£/(2™, 2" x) — s(x — 2" — %)| < 27" and the property holds
forn+1.

There remains to prove that the function ¢ is in ILDL°. Unfortunately, this is not
clear from the recursive definition, but this can be written in another way, from
which this follows. Indeed, we have from an easy induction that £'(2™,2" x) =
FQmtn=1 20 pmin=2 ol p@m+n=3 22 (. F@2™ 2" x))))), if we define:
3 17
FQ",2%0 = €22 x) = 7 C-s(2", o, 2, 0)
4 8’8
Then, we can obtain &'(2™, 2", x) = H(2™,2"~1 2" x) with:
H(@2",2°,2",x) = F(2",2""" %)
HQ", 22" x) = FQ™, 2" 1T HQ2", 2,20, )
— H(2m 2t 2n x) - 2n—l—t'C_5(2m+t 2n—l—l 2n—l—l‘

1
+ §7H(2m7 2t7 2n7x))

Such recurrence can be then seen as a linear length ordinary differential equation in the
length of its first argument. It follows that &’ is in LDIL®. O

From the construction of the previous functions, we obtain a bestiary of various
functions:
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16 M. Blanc and O. Bournez

Figure 4: Graphical representation of £;(2,4, x) and &(2, 4, x) obtained with Maple.

Corollary 3.6 There exists (see Figure 4) £1,&: N> x R — R € LDL® such that,
foralln,m € N, |x| € [-2" 4+ 1,2"],

« wheneverx € |x| — 1, [x] + 11, [&(2",2",x) — {x}| <27™, and
* wheneverx € [|x], |x| + 31, [&(Q2™,2"x) — {x}| <27

Proof Consider

m _ ppm 3001
51(2 7N7x)_§(2 ,N,)C 8) )
and £ N x) = £Q" N.x— 1), 0

8

Corollary 3.7 There exists (see Figure 5) 01,0, : N2 x R — R € LDL° such that,
foralln,m € N, |x| € [-2" 4+ 1,2"],

* wheneverx € [|x| — %, [x] + 11, |01(2",2",x) — |x]| <27, and
o wheneverx € I, = [[x], |x] + 31, 022", 2", x) — [x]| <27

Proof Consider 0;(2", x) = x — &;(2", x) with the function defined in Corollary 3.6. O

Corollary 3.8 There exist (see Figure 6) \: N2 x R — [0, 1] € LDL® such that for
allm,n € N, |x] € [-2"+ 1,2"],

* whenever x € [|x]| + Alf, |x| + %], IA@™, 2" x) — 0] <27™, and
o wheneverx € [[x] + 3, [x] + 11, @7 200~ 1] <277,
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Figure 6: Graphical representation of A(2, 4, x) obtained with Maple.

Proof Consider

AQ2™, 2" x) = F(EQ™!, 2" x — 9/8))
where F(x) = C-s(2™"1,1/4,1/2,x). o
Corollary 3.9 There exists (see Figure 7) mod;: N? x R — [0, 1] € LDL® such
that for all m,n € N, |x| € [-2" 4+ 1,2"], whenever x € [|x] — I, |x| + 11,

| mod,(2",2",x) — |x| mod 2| < 27™.
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18 M. Blanc and O. Bournez

Figure 7: Graphical representation of mod;(2,4,x) obtained with Maple.

Proof We can take
1 7
mody (2", N,x) =1 — 2" ,N/2, §x+ §)
where A is the function given by Corollary 3.8. |

Corollary 3.10 There exists (see Figure 8) +5: N?> x R + [0, 1] € LDL® such that
forall m,n € N, |x] € [-2" +1,2"], whenever x € [|x] — 1, |x] + 1],

| =2 (2™, 2" x) — |x]//2| <27™

where // is the integer division.

Proof We can take
1
=2(2™ N,x) = 5(01(2’",N, x) —mod,(2™, N, x))

where mod, is the function given by Corollary 3.9, and o> is the function given by
Corollary 3.7. O

3.1 Some properties of sigmoids
In this section, we encode a conditional function in LIDIL°. We observe that, for the

function
if(d, ) = 4s(1,2, 1/24+d+10/4)—2
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Figure 8: Graphical representation of +,(2,4, x) obtained with Maple.

with £ € [0, 1] we have: B
if(0,/) = 0
if(1,0) = ¢

Applying Lemma 3.4 on this sigmoid, we get:

Lemma 3.11 There exists C—if € LIDIL° such that, for £ € [0, 1],
» if we take |d' — 0| < 1/4, then |C-if(d’,¢) — 0| <27 ™, and
» ifwetake |d' — 1| < 1/4, then |C—if(d', () — £| <27™.

We start by proving the following lemma, which is about some ideal sigmoids:

Lemma3.12 For ( € [0,1],ifd € [—4, ], thenif(d,{) =0, and if d € [3, 3], then
if(d,0) =4(d—1)+ 4.
Consider if(d, ¢) = if(s(1/4,3/4,x), {).

 If we take |d' — 0| < 1/4, then if(d’, ¢) = 0, and

» ifwetake |d' — 1| < 1/4, then if(d’,0) = .

Proof Just check that for d < 1/4, we have 1/2 +d + ¢/4 < 1, and hence
s(1,2,1/2+d+(/4) = 0, so if(d,£) = 0. For 3/4 < d < 5/4, we have 5/4 <
1/2+d+¢/4 <2, and hence s(1,2,1/2+d+ ¢/4) =d + ¢/4 — 1/2, and hence
if(1,¢) = £. The other observation follows. O
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Then we go to versions using tanh:

Lemma 3.13 Consider C-if(2",d,l) = 4C-s(2"2,1,2,1/2 +d + 1/4) — 2. For
¢ € [0, 1], we have | C=if(0,£) — 0] < 27", and | C—if(1,£) — ¢| <27
Ifd € [—4, 1] then |C—if(2",d, £)—0| < 27", andifd € [3, 2], then | C-if(2",d, {)
—4(d — 1)+ 4] <27,
Consider C—if(2™,d, £) = C-if(2"+!,C-s(2"1,1/4,3/4,x),1).

 If we take |d' — 0| < 1/4, then | C—if(d’,¢) — 0] < 27™, and

o ifwetake |d' — 1| < 1/4, then |C—if(d', £) — ¢| <27™.

Proof This is direct from the previous lemma and Lemma 3.4. O

Then Lemma 3.11 follows.

Lemma3.14 Let oy, a,. .., a; be some pairwise distinct integers, and Vi, V,, ..., V,
some constants. There is some function in ILDIL°, that we write

C—send(2", o; Vi)ie{l ..... n}

that maps any x € [a; — 1 /4, «; + 1/4] to a real at a distance at most 2~™ of V;, for all
ie{l,....,n}.

We prove the following lemma about some ideal sigmoids: define cond(x) as
s(1/4,3/4,x) and C—cond(2",x) as C-s(2",1/4,3/4,x).

Lemma 3.15 Assume you are given some pairwise distinct integers «q,ao,. ..,
o, and some constants Vi,V,,...,V,. Then there is some function in LDL°,
written send(c; — Vi)ie(1,....n} » that maps any x € [a; — 1/4,0; 4+ 1/4] to V;, for all
ie{l,...,n}.

Proof Sortthe o; sothat oy < ap < ..., . Then consider T + cond(x — o )(T> —
T1) 4+ cond(x — ap)(T3 — E3) 4 - - - + cond(x — ay,— )T, — Ty—1). O

We can now go to versions with tanh.
Proof of Lemma 3.14 Sort the «; so that a; < ap < ..., «,. Then consider T} +

C—cond(2"+¢, x—a ) (T —T1)+C—cond(2" ¢, x— ) (T3 —T»)+- - -+C—cond(2"¢ x—
a1 )(Ty — T,,—1). for some constant ¢ so that n max;(T; — Tjy1) < 2°. O
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More generally:

Lemma3.16 LetN € N, oy, ay,...,qa, € N*, pairwise distinct, and, for 1 <i<n
and 1 <j <N, let V;; be some constants. Then there exists some function

C—send(2", (i, )) V= Vipie{1,...n}jef{l,...N}

in LDL®, such as, for all i € {1,...,n},j € {1,...,N}, it maps any x € [o; —
1/4,0;+ 1/4] and any y € [j — 1/4,j + 1/4] to a real number at a distance at most
27m OfV,'J'.

We start by proving the following lemma talking about some ideal sigmoids:

Lemma 3.17 Let N be some integer. Assume some pairwise distinct integers
a1, 0, ..., 0, and some constants V;; for 1 <i<n,and 0 <j <N are given. Then
there is some function in ILDIL°, that we write send((cy;, j) — Vijie{1,...n} je{0,..N—1} »
that maps any x € [o; — 1/4,0;+ 1/4] and y € [j — 1/4,j + 1/4] to V;;, for all
ie{l,...,n},je{0,...,N—1}.

Proof If we define the function

send((a, ) = Vijie(1,...n} je{1,...N} (X, ¥)

by send(Nei; +j = Vijieq1,...n}jef1,..ny(NX + y) this works when x = «; for
some i. Considering instead send(No; +j — Vijic(1,... n}jef1,..ny (Vsend(o; —
ie(1,...n} () + y) works for any x € [o; — 1/4, o + 1/4]. ad

We then go to versions with tanh:

Proof of Lemma 3.16 If we define the function

C-send(2™, (ai, /) = Vipie1,...nyjefl,..N}*Y)

by C-send(2", Na; +j = Vijicq1,...n}jef1,...ny (Nx + ) this works when x = a; for
some i. Considering instead

-----

that works for any x € [a; — 1 /4, ; + 1/4], for some constant ¢ selected as above. O
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4 Simulating Turing machines with functions of LDIL°

This section is devoted to the simulation of a Turing machine using some analytic
functions and in particular functions from LLDIL°. We use some ideas from [2] by Blanc
and Bournez but with several improvements, as we need to deal with errors and avoid
multiplications.

Consider without loss of generality some Turing machine M = (Q, {0, 1,3}, ginir, 9, F)
using the symbols 0, 1,3, where 0 is the blank symbol.

Remark 8 The reason for the choice of symbols 1 and 3 is that it enables us to have
additional properties on the numbers written on the tape of the Turing machine. We
explained it more accurately in Remark 9.

We assume Q = {0,1,...,|0Q| —1}. Let ... l_gl_j41...I_1lorory ... 7y. ... denote
the content of the tape of the Turing machine M. In this representation, the head is
in front of symbol ry, and /;,r; € {0,1,3} for all i. Such a configuration C can be
denoted by C = (g,1,r), where [, r € ¥* are words over alphabet > = {0, 1,3} and
g € Q denotes the internal state of M. Write: V0 : 2“ — R for the function that
maps a word w = wowwy ... to the dyadic vyoq(W) = Zn>0 wyd =t

The idea is that such a configuration C can also be encoded by some element C =
(g, 1,7) € N x R2, by considering 7 = 7,,0r4(r) and 1 = Yywora(D). In other words, we
encode the configuration of a bi-infinite tape Turing machine M by real numbers using
their radix 4 encoding, but using only digits 1,3. Notice that this lives in Q x [0, 1]%.
Denoting the image of Y,0q: % — R by Z, this even lives in Q x Z2. Notice that
is a Cantor-like set: it corresponds to the rational numbers that can be written using
only 1 and 3 in base 4. We write Zg for those with at most S digits after the point (ie
of the form n/45 for some integer n).

The key point is to observe that we can write a function in LIDLL° simulating a one-step
reduction of the TM M.

Lemma 4.1 Given a TM M, there exists some function Next in LDIL° simulating
one step of M : for any configuration C of M, writing C' the configuration after one
transition in M, for all m € N, |Next(2",C) — C'|| < 27™.

Remark 9 Our problem with such formalism is that the involved expressions are

sometimes discontinuous functions such as the floor function (x e R — [x] =n €N
such that n < x < n + 1) and the fractional part (x € R +— x — |x]) functions, and we
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would rather have analytic (hence continuous) functions. However, a key point is that
from our trick of using only symbols 1 and 3, we are sure that in an expression like
|47 |, either it values O (this is the specific case where there remain only blanks in r), or
that 47 lives in an interval [1, 2] or in interval [3,4].

Proof We can write [ = [yl* and r = ryr®, respectively the left part of the tape with
respect to the head and the right part of the tape, where [y and rg are the first letters
of / and r, and [* and r* corresponding to the (possibly infinite) word /_{/_, ... and
riry ... respectively. Notice that / is written in reverse order on the tape.

lo

lo ‘ro‘r

——A— —
[ r

The function Next is of the form Next(q, [, r) = Next(q, 'Ly, ror®) = (¢', I, r’) defined
as a definition by case:

1y = (¢, ’lox,r") whenever d(q, o) = (¢, x, —)
T (¢, I°, loxr®) whenever 6(q, ro) = (¢, x, <)

This provides a first candidate for the function Next: Consider the similar function
working over the representation of the configurations as reals, considering ro = [47]:

Nexr(qaia ?) = NEXI(%E, W) = (qlvﬁa ?)
(¢, I’lox,r*) whenever d(q, ro) = (¢, x, —)
(¢, I°, Ioxr*) whenever d(q, ro) = (¢, x, <)

o In the first case “—=: ' =47 [+ 47 'xand ¥ = 7* = {47}

4-1 - _ — _
=D o In the second case “«: I' = I* = {4l} and /' = 47 2{47} + 4 °x + |4]| /4

We introduce the following functions:
—:0x{0,1,3} — {0, 1}
(g,a) — 1 ifélg,a)=C(,-,—)
(g,a) — 0 otherwise
correponding to the head moving to the right, and
«—:0x{0,1,3} — {0,1}
(g,a) — 1 ifé(g,a)=C(,-, <)

(g,a) — 0 otherwise
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corresponding to the head moving to the left.
We also define nextq? = ¢ if 6(q,a) = (¢',-,-), ie values (¢’,x, m) for some x and
m e {«,—}.

We can rewrite Next(q,l,7) = (q’,Z/, ) as

_ i ,
I'= Z [—> (g, r0) <4 + z> + < (g, 70) {41}]

4510

and

J— 4 47
r o= Z [—> (q,r0) {47} + + (g, 10) <{4;} + % * Lél”ﬂ
4,70

and, using notation of Lemma 3.16, ¢’ = send((q, r) — nextq?)qEQme{o, 131(q, [47)]).

Then, following the intuition of Remark 9, we can replace |47| by o(47) if we take o
as some continuous function that would be affine and values respectively 0, 1 and 3 on
{0} U [1,2] U[3,4] (that is to say matches |47 | on this domain). A possible candidate
is o(x) = s(1/4,3/4,x) + 5(9/4,11/4,x). Then considering £(x) = x — o(x), then
£(47) would be the same as {47}: that is, considering ry = o(47), replacing in the
above expression every {4-} by &(-), and every |-] by o(-), and get something that
would still work the same, but using only continuous functions.

But, we would like to go to some analytic functions and not only continuous functions,
and it is well-known that an analytic function that equals some affine function on some
interval (eg on [1,2]) must be affine, and hence cannot be 3 on [3,4]. But the point is
that we can try to tolerate errors and replace s(-, -) by C—s(2"¢, -, -) in the expressions
above for o and &, taking ¢ such that (3 + 1/4%)3|Q| < 2¢. This would just introduce
some error at most (3 + 1/4%)3|Q[272~™" < 27,

We can also replace every — (g, r) in above expressions for 7 and ¥ by
C—send(k, (¢, r) —=— (q,1)(gq, 0(47))

for a suitable error bound k, and symmetrically for <— (g, 7). However, if we do so, we
still might have some multiplications in the above expressions.
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The key is to use Lemma 3.11: we can also write the above expressions as:

=2 {C_if <2m+c’c_send(22, (q,r) == (q,1)(g, 0(47)), i + z>
q,r

+ C_lf (2m+ca C_Send(227 (q; r) =< (‘L r))(% 0(4?))7 €(4i))}

7 =37 [CHf (27, Csend(22, (g, 1) = (¢, )(q, 0(4F)), £(4))
q,r

+ CHf (2’"+C,C—send(22,(q,r) i (g, D)y o @m), S8 1 X a(4l)>

42 42 4

and still have the same bound on the error. O

Once we have one step, we would like to simulate some arbitrary computation of a
Turing machine, by considering the iterations of function Next.

The problem with the above construction is that even if we start from the exact encoding
C of a configuration, it introduces some error (even if at most 2~). If we want to apply
the function Next again, we will start not exactly from the encoding of a configuration.
Looking at the choice of the function o, a small error can be tolerated (roughly if
the process does not involve points at a distance less than 1/4 of Z), but this error
is amplified (roughly multiplied by 4 on some component), before introducing some
new errors (even if at most 27"). The point is that if we repeat the process, it will be
amplified very soon, up to a level where we have no true idea or control about what
becomes the value of the above function.

However, if we know some bound on the space used by the Turing machine, we
can correct it to get at most some fixed additive error: a Turing machine using a
space S uses at most S cells to the right and the left of the initial position of its
head. Consequently, a configuration C = (g, [, r) of such a machine involves words
[ and r of length at most S. Their encoding [, and 7 are expected to remain in Zg .
Consider rounds () = [45F1]]|/45F!. For a point [ of Zg, 1, 45t!] is an integer,
and [ = rounds; (/). But now, for a point 1 at a distance less than 4=+ from
a point le Tst1, rounds+1(Z) = [. In other words, roundsy; “deletes” errors of
order 4~+2)_ Consequently, we can replace every [ in the above expressions by
o1 (2254, 22543 45+1]) /45+1  as this is close to rounds, 1 (), and the same for 7, where
o1 is the function from Corollary 3.7. We could also replace m by m + 2S + 4 to
guarantee that 27" < 4~05+2) We get the following major improvement of the previous
lemma:
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Lemma 4.2 For any TM M, there exists a function Next € ILDIL® simulating one step
of M, ie computing the Next function sending any configuration C of M to the next
configuration C , such as |[Next(2",25,C) — C || < 27™.

Furthermore, it is robust to errors on its input, up to space S: considering ||C — C|| <
4=+ ||Next(2m,25,C) — C || < 27™ remains true.

We can deduce the following proposition, adding a time complexity constraint:

Proposition 4.3 Consider some Turing machine M computing some function f: >* —
>* in some time T(¢(w)) on input w. Then, there exists some functionf: N2xR — R
in LD such that |[f(2", 27D ~,004(w)) = Ywora(F@))]| <27,

Proof The idea is to define the function Exec that maps some time 2’ and some initial
configuration C to the configuration at time ¢. This can be obtained using previous
lemmas by:

Exec(2™,0,27,C) = C
{ Exec(2™, 21 2T C) = Next(2™",27, Exec(2",2',27, C))
We can then get the value of the computation as Exec(2™, 2”“‘*’», 27w , Cinit) ON
input w, considering Ci,ir = (qo, 0, Ywora(w)). By applying some projection, we get
the following function £(2™, 27, y) = 73 (Exec(2™,27,27,(q0,0,y))) that satisfies the
property. a

To get FPSPACE, observe that we can also replace the linear length ODE with a linear
ODE:

Proposition 4.4 Consider some Turing machine M computing some function f: ¥* —
>* in space S(¢(w)), for some polynomial S, on input w. There exists some function
f: N2 xR — R in RLD® such that ||f(2", 254D~ 0a(w)) — Ywora(F(w)) < 277|.

Proof The idea is the same, but not working with powers of 2, and with linear ODE:
define the function Exec that maps some time ¢ and some initial configuration C to the
configuration at time ¢. This can be obtained using the previous lemma by:

Exec(2™,0,25,C) = C
Exec(2",t+1,25,C) = Next(2™,25, Exec(2™,t,25,C))

To claim this is a robust linear ODE, we need to state that Exec(2”,t,25, C) is
polynomially numerically stable, but this holds since to estimate this value at 27" it is
sufficient to work at precision 4~"@*m15+2) (independently of ¢, from the rounding).
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We can then get the value of the computation as Exec(2™, 25("8(‘*’))7 2S(£(‘*’)), Cinir) On
input w, considering Cinir = (40, 0, Ywora(w)). By applying some projection, we get
the following function (2,25 y) = 73(Exec(2™,S,25,(q0,0,y))) that satisfies the
property. O

5 Converting integers and dyadics to words, and conversely

One point of our simulations of Turing machines is that they work over Z, through
encoding Y., While we would like to talk about integers and real numbers: we need
to be able to convert an integer (more generally a dyadic) into some encoding over Z
and conversely.

We fix the following encoding. Every digit in the binary expansion of d is encoded by a
pair of symbols in the radix 4 expansion of d € ZN [0, 1]:

» Ifitis before the “decimal” point in d, digit O is encoded by 11 and digit 1 by
13.
o Ifitis after the “decimal” point in d, digit O is encoded by 31 and digit 1 by 33.

For example, for d = 101.1 in base 2, d = 0.13111333 in base 4.

Lemma 5.1 (From N to Z) There exists some function Decode : N* — R in LDL°®,
mapping m and n to some point 1y, , such that ||Yyera(n) — Nl < 27™.

Proof Recall the functions provided by Corollaries 3.9 and 3.10. The idea is to iterate

4(n) times the function

FT.T) = { (+2(§), (E +5)/4) whenever modg(i) =0

(+2(r1), (I +7)/4)  whenever mod,(77) = 1
over (n,0), and then projects on the second argument.
This can be done in LDIL° by considering
FQ",2M 71, 5) = C-send(2",0 — (=2 2", 2M 7)), (o + 5)/4),
L (22" 2% 7)), (L + T)/4)()
and then we define
Decode(2™, n) = w3(G(2" T, 210F1 210 1 0))

with
G@m,2M,21,2° n,0) = (n,0)
G@"2M 2"y = FQ™2M G@2™, 2, r, ).
The global error will be at most 27~ x f(n) < 27", O
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This technique can be extended to consider decoding of tuples: there is a function
Decode: NYt! — R in LDL® that maps m and n to some point at distance less than
27" from 7,,,e(N), with 0 defined componentwise.

Conversely, given d, we need a way to construct d. As we will need to avoid
multiplications, we state that we can even do something stronger: given d, and (some
bounded) A we can construct \d.

Lemma 5.2 (From 7 to R, and multiplying in parallel) We can construct some
function EncodeMul: N? x [0,1] x R — R in LDL® that maps m, 25, ~,,0ra(d) and
(bounded) \ to some real at distance at most 2~ from \d, whenever d is of length
less than S.

Proof The idea is to do as in the proof of previous lemma, but considering

(c(1677),21, + 0, \) whenever i(1677) = 5
(0(1677),2L + A\, \) whenever i(1677) = 7
(o(1677), (I + 0)/2,\)  whenever i(1677) = 13
(o(1677), (I + A\)/2,\)  whenever i(1677) = 15

F(1, 1, \) =

iterated S times over suitable approximation of the rounding roundsﬂ('yword(a), 0,),
with ¢ and £ constructed as an approximation of the integer and fractional part, as
before. O

6 Proofs and applications

6.1 Some statements from [2]

We repeat here some statements from Blanc and Bournez [2] . They are motivated by
repeating the arguments to prove Proposition 6.4, 1.

On the complexity of solving a linear length ODE  We have to prove that all functions
of LDIL® are computable (in the sense of computable analysis) in polynomial time.
The hardest part is to prove that the class of polynomial time computable functions is
preserved by the linear length ODE schema, so we start with it.

Lemma 6.1 The class of polynomial time computable functions is preserved by the
linear length ODE schema.
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We write ||---|| for the sup norm of the floor function: given some matrix A =
(Aijhi<i<ni<j<m, ||A]| = max;;[A;;]. In particular, given a vector X, it can be seen as
a matrix with m = 1, and ||x|| is the sup norm of the floor of its components.

Before proving this lemma, we prove the following result:

Lemma 6.2 (Fundamental observation) Consider the ODE

(6-1) F'(x,y) = A(F(x,y), h(x,y),x,y) - F(x,y) + B(F(x,y), h(x,y), x, y).
Assume:

e The initial condition G(y) =9 F(0,y) is polynomial time computable, and
h(x,y) are polynomial time computable with respect to the value of x.

o A(F(x,y),h(x,y),x,y) and B(F(x,y), h(x,y), x,y) are tanh—polynomial expres-
sions essentially constant in F(x,y).

Then, there exists a polynomial p such that ((||F (x,y)||) < p (x, &([ly|})) and F(x,y)
is polynomial time computable with respect to the value of x.

Proof The solution of ordinary differential equation (6—1) can be put in some explicit
form (this follows from [11, 12]):

x—1 x—1
6-2) Fr,y)= ) ( 11 (1+A<F<r,y>,h<r,y>,r,y>>> -B(F(u,y), h(u,y), u, y)

u=—1 \t=u+1

with the conventions that Hi_] k(x) =1 and B(-, —1,y) = G(y).

This formula permits to evaluate F(x,y), using a dynamic programming approach, from
the quantities y, u, h(u,y), for 1 < u < x, in several arithmetic steps that is polynomial
in x. Indeed: forany —1 < u < x, A(F(u,y),h(u,y), u,y) and B(F(u,y), h(u,y), u,y)
are matrices whose coefficients are tanh—polynomial. Their coefficients involve finitely
many arithmetic operations or tanh operations from their inputs. Once this is done,
computing F(x,y) requires polynomially in x many arithmetic operations: once the
values for A and B are known, we have to sum up x + 1 terms, each of them involving
at most x — 1 multiplications.

We need to take care of not only the arithmetic complexity, which is polynomial
in x, but also the bit complexity. We start by discussing the bit complexity of the
integer parts. Each of the quantities y, u, h(u, y), for 1 < u < x, are computable in
polynomial time, so their integer parts have a bit complexity remaining polynomial in
x and £(|[[y|[[). The bit complexity of a sum, product, etc is polynomial in the size of
its arguments, it is sufficient to show that the growth rate of the function F(x,y) can
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be polynomially dominated. For this, recall that, for any —1 < u < x, coefficients of
A(F(u,y),h(u,y),u,y) and B(F(u,y),h(u,y), u,y) are essentially constant in F(u,y).
Hence, the size of the integer part of these coefficients does not depend on £(F(u,y)).
Since, in addition, h is computable in polynomial time in x and ¢(y), there exists a
polynomial py; such that:

max(([|AF (u, y), h(u, y), u, y)||), L[ BEw, y), h(u, y), u, )|

(6-3)
< puCu, £([ly[D)

It then holds that:
LG+ 1L,ID < parCx, £([[ylD) + €([FGe, wID + 2

It follows from an easy induction that we must have

LIEC DD < UGN +x - ParCx, €yl +2)

which gives the desired bound on the length of the integer part of the values for function
F, after observing that, since G is polynomial time computable, necessarily £(||G(y)|||)
remains polynomial in £(||y])-

We now take care of the bit complexity of involved quantities to prove that F(x,y)
is indeed polynomial time computable with respect to the value of x. Given y, we
can determine some integer Y such that y € [27Y,2¥]. We just need to prove that
given n, we can provide some dyadic z, approximating F(x,y) at precision #n, ie with
|F(x,y) — z|| < 27", in a time polynomial in x and Y.

Basically, this follows from the possibility of evaluating F(x,y) using formula (6-2).
This latter formula is made of a sum of x+ 1 terms, that we can call Ty, Ty, ..., T, each
of them T; corresponding to a product of k& matrices (or vectors) T; = C;C; ... Cy),
with k(i) < x + 1, were each C; is either some B(F(u,y), h(u,y),u,y) for some u or
some (1 + A(F(¢,y),h(z,y), t,y)) for some .

To solve our problem, it is sufficient to be able to approximate the value of each T;
by some dyadic d; with precision 27", considering m with x + 1 < 2. Indeed,
taking z, = ) ;_,d; will guarantee an error on the approximation of F(x,y) less than
(x+ D27r=m <27

So we focus on the problem of estimating T; = C;C; ... Cy;) with precision 27",
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If we write C,- for some approximation of C;, we can write:
|CiCa... Ciiy— CiCa... Chop|
< HCICZ - Crip—1 (Criiy — Ck(i)) H
+|CiC2 . ... Criy—2 (Cri—1 — Cri—1) Cra
) +[|C1Cs ... Ciy—3 (Criy—2 — Ciip—2) Criy—1Ciar |

+[(Ci = Cy) C1Cy... Cr|

We just need then to compute some approximation Ck(,-) of Cy;), guaranteeing the first
term in (6-4) to be less than 27"~""~"™  and then choose some approximation Ck(i)_l
of Cy(;)—1, guaranteeing the second term in (6—4) to be less than 277"~ and so on.
Doing so, we will solve our problem, as Cléz ... Ck(i) will provide an estimation of T;,
with an error less than (x 4+ 1)27"7"=" < 27"7" by (6-4). For the first term of (6-4),
the point is that we know from a reasoning similar to previous computations (namely
bounds such as (6-3)) that we have

H‘Clcz R Ck(i)—l ‘H < 2P1(%,Y)
for some polynomial p; .

Consequently, it is sufficient to take HCk(,-) - Ck(,-)H < 27n=2m=pisY) o guarantee an
error less than 277",

A similar analysis applies for the second and other terms that involve finitely many
terms. The whole approach takes a time that remains polynomial in x and Y. |

The previous statements lead to the following:

Lemma 6.3 (Intrinsic complexity of linear L—ODE) Let f be a solution of the linear
L-ODE:
f0,y) = g
of(x, y)
or

where u is essentially linear in f(x,y). Assume that the functions u, g, h are computable
in polynomial time. Then, f is computable in polynomial time.

u(f(x,y), h(x,y), x,y)

Proof From Lemma 2.5, f(x,y) can also be given by f(x,y) = F({(x),y) where F is
the solution of the initial value problem:

F(l,y) = gy

aFét;y) = H(F([, y)azt - 17)’)
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Functions u are tanh—polynomial expressions that are essentially linear in f(x,y). So
there exist matrices A, B that are essentially constants in f(¢,y) such that

6f(axé y) = A(f(x,y),h(x,y),x,y) - f(x,y) + B(f(x,y), h(x,y), x,y).

In other words, it holds that

F(t,y) = AF(t,y),1,y) - F(t,y) + BF(1,y), 1, y)

by setting:

K(Fl(t7 y)7t7 Y) = A(F(tv y)vh(zt - 17y)>2t - 17Y)
E(F(t? y),ta Y) = B(F(t, Y),h(zt - 1ay)a Zt - 1,3’)

The corresponding matrix A and vector B are essentially constant in F(z,y). Also,
functions g, h are computable in polynomial time, more precisely polynomial in ¢(x),
hence in ¢, and #(y). Given ¢, obtaining 2" — 1 is immediate. This guarantees that all
hypotheses of Lemma 6.2 are true. We can then conclude by remarking, again, that
t=0(x). O

This proves Lemma 6.1.

6.2 Proof of the main result

Theorem 1.3 follows from point (1) of the next proposition for one inclusion, and
previous simulation of Turing machines for the other.

Proposition 6.4 (1) All functions of LDIL° are computable (in the sense of com-
putable analysis) in polynomial time.
(2) All functions of RILID° are computable (in the sense of computable analysis) in
polynomial space,

with LDL° = [0,1,7rf-‘,€(x),—|—,—,tanh,%,%;composition, linear length ODE] and

RILD° = [0, 1,75 £(x), +, —, tanh, 3, 35 composition, robust linear ODE] .

The proof consists in observing this holds for the basic functions and that composition
preserves polynomial time (respectively, space) computability and also by linear length
ODEs. This latter fact is established by computable analysis arguments, reasoning on
some explicit formula giving the solution of linear length ODE. The proof is similar to
the statement about LIDIL® in [2] from Blanc and Bournez.
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Proof of Proposition 6.4, 1. This is proved by induction. This is true for basis
functions, from basic arguments from computable analysis. In particular, tanh is
computable in polynomial time from standard arguments.

Now, the class of polynomial time computable functions is preserved by composition.
This is proved in Ko [28]: in short, the idea of the proof for composition(f, g), is that by
the induction hypothesis, there exists My and M, two Turing machines computing in
polynomial time f: R — R and g: R — R. In order to compute composition(f, g)(x)
with precision 27", we just need to compute g(x) with a precision 27" where
m(n) is the polynomial modulus function of f. Then, we compute f(g(x)), which,
by definition of M; takes a polynomial time in n. Thus, since polynomial time with
an oracle in polynomial time is polynomial time, composition(f, g) is computable in
polynomial time, so the class of polynomial time computable functions is preserved
under composition. It only remains to prove that the class of polynomial time computable
functions is preserved by the linear length ODE schema; this is Lemma 6.1. |

We now go to various applications of the proposition and our toolbox. First, we state a
characterisation of FPTIME for general functions, covering both the case of a function
f: N 5 R f: R - RY asa special case; only the first type (sequences) was
covered by [2] from Blanc and Bournez.

Theorem 6.5 (Theorem 1.5) A function f: R x N — RY js computable in
polynomial time iff there exists f: RY x N¢'*2 — R? < LDIL® such that for all
xR, X eN,xe [-2X2X], me N, n e N, [[f(x,m,2%,2") — f(x,m)|| <27".

The reverse implication of Theorem 6.5 follows from Proposition 6.4, (1.) and arguments
from computable analysis.

Proof of Theorem 6.5 Assume there exists f : RY x N¢'+2 3 R ¢ LDL° such that
forallx e R, X e N, x € [—ZX,2X] ,me N neN, |[fx,m, 2X 2" —f(x, m)|| <
27",

From Proposition 6.4, (1.), we know that f is computable in polynomial time (in the
binary length of its arguments). Then f(x, m) is computable: indeed, given X, m and n,
we can approximate f(x, m) at precision 27" on [—2X, 2X] as follows: approximate
f(x,m,2%,2"*1) at precision 27+ by some rational ¢, and output g. We will then
have:
lg — fx,m)|| < [lg — Fx,m, 2%, 27| + [[F(x, m, 2%, 2" 1) — f(x, m)
< =41 4 =41
<27
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All of this is done in polynomial time in »n and the size of m, and hence, we get that f
is polynomial time computable from definitions.

For the direct implication, for sequences, that is to say, functions of type f: N?" — RY
(ie d = 0, the case considered in Blanc and Bournez [2]) we are almost done: reasoning
componentwise, we only need to consider f : N?" 5 R (ie d’ = 1). As the function is
polynomial time computable, this means that there is a polynomial time computable
function g: N1 — {1,3}* so that on m, 2", it provides the encoding ¢(m, 1) of
some dyadic ¢(m, n) with ||¢(m, n) — f(m)|| < 27" for all m.

Remark 10 This is basically what is done in Blanc and Bournez [2], except that we
do it here with analytic functions. However, as already observed there, this cannot be
done for the case d > 1, ie for example, for f: R — R. The problem is that we used
the fact that we can decode: Decode maps an integer n to its encoding 7 (but is not
guaranteed to do something valid on non-integers). There cannot exist such functions
that would be valid over all reals, as such functions must be continuous, and there is no
way to map continuously real numbers to finite words. This is where the approach of
the article Blanc and Bournez [2] is stuck.

The problem is then to decode, compute and encode the result to produce this dyadic
using our previous toolbox.

More precisely, from Proposition 4.3, we get g with
8(2°, 27" ™) Decode(2¢,m, n)) — Ywora(g(m, )| < 27¢

for some polynomial p corresponding to the time required to compute g, and e =
max(p(max(m, n)), n). Then we need to transform the value to the correct dyadic: we
mean

f(m, n) = EncodeMul(2°,2',3(2°,2', Decode(2¢, m, n)), 1)

where t = p(max(m, n)), e = max(p(max(m, n)),n) provides a solution such that
[fm, 27) — fam)|| < 27" O

To solve this, we use an adaptive barycentric technique. For simplicity and pedagogy,
we discuss only the case of a polynomial time computable function f: R x N — R.
From standard arguments from computable analysis (see, eg Ko[28, Corollary 2.21]),
the following holds, and the point is to be able to realise all this with functions from
LDL°.
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Lemma 6.6 Assume f: R x N — R is computable in polynomial time. There exists
some polynomial m: N> — N and some f: N* — 7 computable in polynomial
time such that for all x € R, [27"f(|2""Mx |, u,2M 2") — f(x,u)| < 27" whenever
s € [—2M,2M].

Assume we consider an approximation o; (with either i = 1 or i = 2) of the
floor function given by Lemma 3.7. Then, given n,M, when 2"y falls in
some suitable interval I; for o; (see the statement of Lemma 3.7), we are sure that
(2, 2mnMAX+L omnM) vy i at some distance upon control from |27 |. Conse-
quently, 27" f(g;(2"CAMFXHL omuM) ) 3y OM 9my provides some 2" —approximation
of f(x,u), up to some error upon control. When this holds, we then use an ar-
gument similar to what we describe for sequences: using functions from LDL°,
we can decode, compute, and encode the result to provide this dyadic. It is pro-
vided by an expression Formulai(x,u,M,n) of the form EncodeMul(2¢,2",f(22, 2",
Decode(2¢, 5;(2¢,2M  2mnM)yyy) 2=y,

The problem is that it might also be the case that 2" falls in the complement of
the intervals (Z;);. In that case, we have no clear idea of what could be the value of
0;(2¢, 2mmMFX+1 omnM) vy "and consequently of what might be the value of the above
expression Formula;(x,u, M,n). But the point is that when it happens for an x for oy,
we could have used o3, and this would work, as one can check that the intervals of type
I cover the complements of the intervals of type I, and conversely. They also overlap,
but when x is both in some I; and I, Formula;(x,u, M, n) and Formula,(x,u, M, n)
may differ, but they are both 27" approximations of f(x).

The key is to compute some suitable "adaptive" barycenter, using function A, provided
by Corollary 3.8. Writing ~ for the fact that two values are closed up to some controlled
bounded error, observe from the statements of Corollary 3.8 and 3.7

o that whenever \(-, 2", x) ~ 0, we know that 05(-,2",x) ~ |x];

* that whenever A(-,2",x) ~ 1 we know that o;(-,2",x) ~ |x]; and

* that whenever \(-,2",x) € (0,1), we know that o(-,2",x) ~ |x] + 1 and

02(+, 2", %) & [x].
That means that if we consider
AG, 2% x)Formulay (x, u, M, n) + (1 — (-, 2", n))Formulay(x, u, M, n)

we are sure to be close (up to some bounded error) to some 27" approximation of
f(x). There remains that this requires some multiplication with A\. But from the form
of Formulai(x,u, M, n), this could be also be written as follows, ending the proof of
Theorem 6.5.
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EncodeMul(2¢,2",f(2°,2', Decode(2¢, oy(2¢, 2 2mm:M) 1y
A(2¢,2M pmnM)yyp—my

+EncodeMul(2¢,2',F(2°, 2!, Decode(2¢, o5(2¢,2M  2mm:M) 1))y
(1 — \Q2¢,2M 2mnM) y)p =y

(6-5)

Proof of Theorem 1.3 We know that a function f: RY — R from LIDL® is poly-
nomial time computable by Proposition 6.4, (1.). That means we can approximate it
with arbitrary precision, in particular, precision }L in polynomial time. Given such an
approximation ¢, if we know it is some integer, it is easy to determine which integer it

is: return (componentwise) the closest integer to q.

Conversely, if we have a function f: N? — N that is polynomial time computable,
our previous simulations of Turing machines provide a function in ILDIL® that computes
it at any required precision, in particular 1/4. |

Since we have the reverse direction in Theorem 6.5, it is natural to consider the operation
that maps f to f.

Theorem 6.7 A continuous function f is computable in polynomial time if and only if
all its components belong to LDLL°, where

LDL° =[0,1, 7Tl]~‘ , 0(x), +, —, tanh x, %, g; composition, linear length ODE, ELim]
with ELim defined in Definition 1.4.

For the reverse direction, by induction, the only thing to prove is that the class of functions
from to integers computable in polynomial time is preserved by the operation ELim.
Take such a function f. By definition, given x,m, X we can compute f (x,m, 2%, 2")
with precision 27" in time polynomial in n. This must be, by definition of ELim
schema, some approximation of f(x, m) over [—2%, 2X], and hence f is computable in
polynomial time. This also gives directly Theorem 1.5 as a corollary.

From the proofs, we also get a normal form theorem, namely formula (6-5). In
particular:

Theorem 6.8 Any function f: N? x R4 — R can be obtained from the class LDL°
using only one schema ELim.
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We obtain the statements for polynomial space computability (Theorems 1.6 and
1.7) replacing LDL° by RLD®, using similar reasoning about space instead of time,
considering point 2. instead of 1. of Proposition 6.4, and Proposition 4.4 instead of
Proposition 4.3.

We now comment on the relations with formal neural network models. In this article,
we are programming with tanh and sigmoids. We expressed the sigmoids in terms of
the ReLU function through Lemma 3.3. Function tanh could be replaced by arctan:
the key was to be able to approximate the ReLU function with tanh (Lemma 3.3), and
this can be proved to hold also for arctan, using error bounds on arctan established in
Graga [25].

. . 4 . .
Now, given some function f: R4 — R? some error and some time 7, our expressions
provide explicit expressions in LIDL° of an approximation of what is computed by a
Turing machine at time ¢ uniformly over any compact domain.

Remark 11 The formula 6-5 can be seen as a function that generates uniformly a
family of circuits/formal C—s approximating a given function at some given precision
over some given domain. The functions we generate are the composition of essentially
linear functions, which can be considered as layers of formal neural networks'.

7 Conclusion

In this article, we proved that functions over the real computable in polynomial time
can be characterised using discrete ordinary differential equations (ODE). It gave us an
algebra for FPTIME N RF and FPSPACE N RE.

Actually, our characterizations also cover FPTIME N ﬂRNdXRd’ and FPSPACE N
ﬂRNdXRd/ for integers d and d’. In particular, this extends even the characterisations
for sequences over the reals from Blanc and Bournez [2], ie the case ' = 0. A major
improvement of our characterisation, in comparison to the one for sequences in Blanc
and Bournez [2], is that it was obtained using only analytic functions (ie no need for
sign function). It required some continuous approximation of several discontinuous
or non-analytic functions (floor function, the Euclidean division...). Furthermore, it

'With a concept of neural network that is not assuming that the last layer of the network is
made of neurons, and that result may be outputted by some linear combination of the neurons in
the last layer.
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required a barycentric method, inspired by some constructions of Bournez, Campagnolo,
Graca and Hainry [8]. Eventually, our characterisations cover space complexity.

In a more abstract view, all of this was done by proving that we can simulate Turing
machines with analytic discrete ordinary differential equations. We believe this result
opens the way to many applications, as it opens the possibility of programming with
(discrete time) ordinary differential equations with an underlying well-understood time
and space complexity.

Regarding future work, our characterisations use discrete ODEs. We are investigating
whether similar statements could be using classical continuous ODEs, which, from an
ordinary differential point of view, are more natural.
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